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Hprymexut 2ocydapcmeennoti yrusepcumem

Awnunoranusi. [lpencrasmenus: byHKIMIT HaJ KOHEIHBIMY TOJISIMH, B TOM YUCJIE TIOJIIHO-
MUAJIbHBbIE, B HACTOSIIEE BpeMsi aKTUBHO uccaeayorcs. OHUM U3 OCHOBHBIX HAIIPaBJie-
HUI 9TUX WUCCIIEOBAHUI SBISETCS CJIOXKHOCTH TAKWX IpeCcTaBaeHnii. Bonpocer moanHo-
MUAJIBHBIX MIPEJICTaBJIeHU OyJIeBbIX (PYHKIUI JTOBOJIBHO XOPOIIO U3ydeHbl. Jjist MHOTHX
KJIACCOB TIOJIMHOMOB HAWJIEHbI TOYHBIE 3HAYCHUS CJIOKHOCTH TAKUX MPECTABICHUN.

B nociteinee BpeMst BO3poc MHTEpEC K MOJMHOMUAIBHBIM TPEACTABACHUSIM (DYHKITHI
HaJl KOHEYHBIMH TIOJISIMHU TOPSIKa OOJIbIIe JBYX U KOJIBIIAMHU BBIYETOB IO COCTABHOMY
momytio. VccenoBanne CII0KHOCTH TAKUX TPEICTABIECHUN COMPSIZKEHO C OIMPEIETICHHBIMU
TPYJHOCTSMU, U JlayKe B JIOBOJIBHO MPOCTBHIX KJIACCAX IMOJUHOMUAIBHBIX (POPM HAaliIeHbI
TOJIBKO HECOBIIQIAIOIINE BEPXHUE U HUKHIE OIEHKU CJIO2KHOCTH.

B nacrosimeit pabore BHUMaHUE YIAEJIEHO TOJSPU30BAHHBIM IOJIMHOMAM HAaJ KOHEU-
HBIM mosieM topsinika 4. [losmmHOMBI 5TOTO KiTacca MpeaCcTaBISIOT COOOH CyMMBI TTPOM3-
BEIEHUIT MHOXKHUTEJIEN OIPe/e/IEeHHOrO BUAa. KayK/plil MOJUMHOM Peain3yeT HEKOTOPYIO
N-MECTHYIO (DYHKIMIO HaJl KOHEYHBIM moJieM. 1107 CI0:KHOCTBIO MOIMHOMA MOHWMAET-
Csl 9UCJI0O HEHYJIEBBIX CjlaraeMbiX B HeM. Kazkmasi (pyHKIMsT MOXKET OBITH peain30BaHa
HECKOJIbKUMHU Pa3JIUIHBIME TOJTMHOMAMHA U3 OJHOTO Kiacca. Ilom cimokHOCTBIO DyHKINNI
B KJIACCE TOJMHOMOB TMOHUMAETCS MUHUMAJBHO BO3MOXKHAS CJIOXKHOCTH PEATN3YIONIErO
ee TOJIMHOMA, U3 9TOr0 KJIacCa.

Panee 6b11m n3BecTHBI 9 (DEKTUBHBIE HUYKHIE OIEHKN CJIOKHOCTU B KJIACCE TTOJISIPHU-
30BaHHBIX IIOJIMHOMOB JJIs CJIydasi OyJIeBBIX M TPEX3HAYHBIX (DYHKIMI U Gosee ciiabast
MOIITHOCTHAS OIEHKA JJIsl CiIydast (DYHKIINI HaJl KOHEIHBIM MOJIEM IIPOCTOTO MOPSIKA.

B nacrosimieit crarbe nostydena a3 deKTHBHAS HUXKHSS OIEHKA CJIOXKHOCTH (DY HKITHIA
HaJT KOHEIHBIM TOJIEM TOPsIKa 4, aHAJOTUYHAs paHee U3BECTHBIM OIEHKAM TSl OYJIEBBIX
¥ TPEeX3HAYHBIX (DYHKIUA.

KuroueBble ciioBa: KOHEYHOeE IIOJIE, ITOJISIPU30BAHHBIN IIOJIMHOM, KpOHEKepoBa (dhopMa,
HU2KHsISI OIIEHKA CJIOYKHOCTH.
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1. OGo3HaveHUd U onpeaesIeHus

Byunem ucnosnb3oBaTh ciieayiomue 0003HAYEHUs U COTTIAIICHMUS:
#S5 — ducIo JeMEeHTOB KOHETHOI'O MHOXKECTBA S
N=1{0,1,2,... } — MHOXKeCTBO HATYPAJIbHBIX TUCEJL;
min S obo3HAYMAET HAUMEHBIIIH, a max S — HAMOOJIBIINIA 9JIEMEHT KO-
HEYHOro HEIycToro Muoxkecrsa S C N;
ecin o > 0 — geficTBurenbaoe yncao, 1o |« = max{i € N|i < a};
HoTaiws AfiBepcona [3]: eciim R — HEKOTOpOEe yTBEPXKIEHUE, TO

1, ecnu R wcruHHO,
[R] =

0, ecmu R noxHo;

YCJIOBHMCSI, 9TO €CJu ¢ < j, TO ONHOMHAIBHBIN KO3MDdUIIEnT (;) =0;

ecan M — marpuna pasmepa mxk, 1 <i<m, 1 < j <k, o M[i,j] —
3JIEMEHT, CTOSIINIA Ha IIePeCeYeHH i-ii CTPOKHU M j-ro cTojbdua M
ecsm My — marpuna pasmepa mi X ki, My — MaTpuna pasmepa ms X ko,
to marpuna M = My ® My paszmepa mimsg X kiks, B KOTOPOil 111 BCeX
01,02, J1,72, 1 < i1 < mq, 1 <dg <ma, 1 < ji < ky, 1< o < ko,
soinosiasiercss M[(iy — 1)me + ig, (j1 — 1)k2 + jo] = Mq[i1, 1] M[i2, j2],
HA3LIBAETCS KPOHEKEPOBBIM IpousBegenueM marpun, My u Mo;

F, — xomeunoe mose nopsiaka ¢, I — eaunnna, a () — noss most Fg;

yerosumcst, ato a’ = 1 st Beex a € Fg;

M, [mx k] — MHOXKeCcTBO BcexX MATPHI] pa3Mepa m Xk ¢ 3JIeMEHTAME 13
Fg;

I, € My[mxm| — enunnanas marpuna, Ip[i, j] = [i = j];
Ft={v|v=(v1,...,vm), vi € Fy, 1 <i<m} — m-meprOE BEKTOP-

HOe ImpocTpancTBo HaJ F, ¢ onepanusaMu ITOKOMIOHEHTHOTO CJIOXKCHHS

I YMHOYKCHUSA Ha 37eMeHTHl n3 [Fg;

ecm u € F', v € IF";, To 3amuch w = (u,v) 0bo3HATACT BEKTOp W €

F;”Jrk, rie w; = [t < m] + vi_m[t > m] gust Beex 1 < i <m+ k;

Z(v) =#{i | vi =0,1<i<m} — KOJIUIECTBO HYJIEBBIX JIEMEHTOB

BekTopa v € Fi";

bymkmmo f : Fy — F, 6yaem oroxaectsaars ¢ sexkropom f € Fy,

f=(fi,...,fv), nonaras fy = f(c*) nna scex k, 1 < k < N = ¢",

rae o', ..., 0" — BCe BEKTODHI U3 Fy, ynmopsimouennble sieKcukorpadn-
. n N

uecku, u Bmecro f: Fy — [Fy Oynem mucars f € Fy'.

Hasee 6yjiem cunTaTh, 9TO ¢ — CTEIEHb IIPOCTOTO Yncia, [Fy — KoHewuHoe

nosie opsinka ¢, n € Nu N = ¢".

Omnpenesienne 1. ITycmov v € Fy . Buipaotcenue

QU (x1,...,x,) = Z ez +v1)% (@ 4 vp)7, (1.1)

oclkFy
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2de c € IF;V , G 6CE ONEPAUULU CAOHCEHUA U YMHONCEHUS BLINONHAIOMCA 6 NO-
se Fg, nasosem nosapusoeanmvim nosuHoMOM NEPEMEHHILT X1, . . ., Ty HAOD

noaem Fy ¢ noaspusayuets v u sexmopom xoaphunyuernmos c.

Ecin nmepemeHHBIM 21, ..., T, IPHIABATL BCEBO3MOXKHBIC 3HAUCHHS U3
Fy, To mommmom @7 u3 (1.1) 3amaer mexoropyto dynxmmo ®p € Fy. Crox-
HOCTBIO nosimHOMa HazoeM Besmuanny L(PY) = #{c; | ¢t # 0, 1 <t < N}.

Crnoxuocreio bynkmun f € F B KTacce MOIAPH30BAHHBIX TOJMHOMOB
nasosem sesmanny Lp(f) = min{L(®y) [ c € Fy, v € Fy, &Y = f}.

Croxnocteio Muoxkectsa dynkmmit F' C F)Y B K1acce moisipusoBannbix
nosimHOMOB HazoBeM Beanauny Lp(F) = max{Lp(f) | f € F}. Jnsa onenkn
CJIOZKHOCTH KJIACCa BCEX NM-MECTHBIX (yHKImiT BBeseM Beaudauny Lp(n) =
Lp(F)).

[TonsiTHe MOJISIPU30BAHHOTO MOJIMHOMA HCIIOIB30BAJIOCh B paborax [1; 4;
5, 6. B paGote [5] 6110 nokazano, uro Lp(n) = |32"| nust ¢ = 2. B
pabore [4] 6buT0 MOKaAzano, wro Lp(n) > |33"| ana ¢ = 3. B pabore [1]
JIJIsl IPOCTOTO ¢ OBLIO MOKa3aHo, 410 Lp(n) > %q" —o0(q™). B macrosieit

pabore st ciaydas ¢ = 4 ycranaBiuBaercs olieHka Lp(n) > L%4"J.
IIycrs K C M,[gx¢g] — MHOXKeCTBO HEBBIPOKAEHHBIX Marpuil. Ompese-
M MHOZKecTBo K®™ cemyromun o6pasom

K®n:{M1®®Mn‘M177Mn€K}

IIlycte M € K®" ¢ € Y. Hapy (M, c) nasoseM KpoHekepoBoii cop-
Moii, nopoxaenuoil MmuoxkectBoM K. Kponekeposa dopma (M, c) 3anaer
nekoropyto dynxmuo f € Fy, onpenensemyio pasencrsom f = Mec. Ilon
CJIOYKHOCTBIO KPOHEKEPOBOil (pOpMBI OyIeM MOHUMATH BEJIUIUHY

L((M,c)) =#{ct | et # 0,1 <t < N}

CoxkHOCTBIO (byHKINN f € Ffl‘r B KJIacCe KPOHEKEPOBBIX (POPM, MOPOHK-
JIEHHBIX MHOXKeCTBOM K, HA30BEM BEJIUUUHY

Lye(f) =min{L((M,c)) | M € K®", c € F, f = Mc}.

ChnoxHocThio MHOXKecTBa (hyHKImit F C Ff]" B KJjlacce KPOHEKEPOBBIX
dopM, TTOPOXKIEHHBIX MHOXKECTBOM K, HA30BEM BEJIUIUHY

Lyge(F)=max{Lgs(f)| f € F}.

Takxe BBeem obosnadenne Lye(n) = Lge(F)).

[TomsiTre KpoHekepoBoit (hopMer 66110 BBeneHO B [2]. Tam ke st most I,
6b110 IMOKa3ano, uro ecan I'p ={T, € Mylgxq| | T,[i, j]= (Z.‘:ll)a‘j_i‘, aclF,},
To Lp(n) = LT;? (n).
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2. OcHOBHOI1 pe3yJbTaT

[Monoxkum ¢ = 4, n € N, N = 4", Duementsr nosst Fy obozuaxinm
uudpamvu (0, 1, 2, 3, nabpanabiMu KypcuBom. CJIOXKeHUE W yMHOYKEHUE
B nosie F4 3aj1aiuM ciiemyomuMu TabIuIaMu

+lo1 2 3 x|0 1 23
oj0 123 010 000
1103 2 110123
202 80 1 200 2 3 1
33210 300 31 2

Hestoe uncsio k B KOHTEKCTE onepaluii ¢ ajieMenTamMu 1moJjist Fy OymeM oToxK-
JecTBAATL ¢ (0, eciiu k derHoe, u ¢ 1, ecoiu k HEUETHOE.
Jastee OyzeM cauTaTh, UTO BCE OIEpAIlUU ¢ MATPUIAMHM U BEKTOPAMU
BBITIOJTHSIOTCS B 110J1e [Fy.
Omnpegenum dbyuxmun ¢" € FY u h" € F) pexyppeHTHO ciie/ryiomnum
obpazoM:
90:(0)7 h° :(1)7
gn—l-l — (gn7 gn +hn739n + hnjgn + 5)hn)7 (21)
Rt = (A", 297 29" + 2R, g™ + 2h7).

Omnpenennm byuknun f;* € F) pekyppeHTHO CiefyommM o6pa3oM:
fo=g", fir="~r", ftn+2 = ftn+1 + 2f
O6parnm BanManue, uto ff 5 = 2 f*. [leiictBuTensHo,
Jts = fla+ 208 =3l + 21l = [l + [l = 211 (2.2)
BrinmieM HeCKOJIBKO Hava/IbHBIX 3HAYEHHN fi':

fo =9 fir="h", fi=2g9"+ 1",

2.3
f3=2g"+ 30", fr =g"+h", f&=2g". (2:3)

O6paruM BHHMaHHe, YTO IIOC/IEI0BATEILHOCTh (DYHKIW f;* sBiseTcs
HePUOANYecKoll ¢ TepuosioM 15, Tak Kak fi' 15 = 23f1 = fr.

Jlemma 1. ITyemv n > 1, My € My[NxN], M, € M4[%x%], U nycmo
t1,...,t4 € N way,...,aqs € Fy maxoso, wmo svinosnaomes eexmoproie
PaABEHCMEA

Mig"= (aMaffl, .. aaMaff), Mih™ = (arMaff iy, ... aaMaffi,y).
Tozda dan scex t € N svinoansemesn lefﬂ =(artMafl iy, .. aaMaff y).
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Zloxaszameavcmeo. JlokazaTenbcTBO MHIAYKIHEH 10 t.

Baszuc naaykiuu. Ilpu t = 0 u t = 1 yrBepKIeHre 09I€BUIHO, TOCKOIBKY
n+l _ n+l n+1l __ hn+1
T o —9 yaf 1 = .

[MTar uaayknuu. [lycts ¢ > 2. Ilo npeamo/ioxKeHnio NHIyKIINK
1
My = (e Maff oy oy aaMaffy 1y o),
1
MifI = (@ Maffi gy, aaMaffyy y).

Mycrs My fi ™ = (ug, ug, uz, us). Mockombky fit = frtt 42 L mveent:

Ui = aiM2ft:~L+t—1 + 2aiM2ft:L+t—2 = aiM2(ft:~L+t—1 + 2f[§+t_2) = az-szZfH

npu 1 <4 < 4. Uro u TpeboBaIoCh T0KA3aTh.

O

Hust kaxgoro a € Fy onpenemum marpuity T, € My[4x4], smemenTs
KOTOPOIT OIpeJie/IeHbI CIIEIYIONIM 00pa30M:

BHUMaHHE, 9TO (

Toirg) = (1Z3)ab ™",
Baganum muOoKecTBO Tp C My[4x4] kak Tp = {1}, | a € F4}. O6parum

j—1

1<i,j<4

(2.4)

1—1) = 0 mpu ¢ > j, TO3TOMY MATPUIIBI U3 MHOXKeCTBa 1'p —
BEPXHUE TPEYTOJbHBIE U UMEIOT CJIEIYIONTUiT BU/T

100 1111 1231 1821
010 0101 0103 0102
To=1p o 1 Ti=Voo 1112 o012 o013
000 000 1 000 1 000 1
KpOMe TOFO, BBITIOJIHAXOTCSL CJIE,HYIOH_[I/IG ManI/I‘{HbIe paBeHCTBa.
A L I L I N A
T h" 2¢"+ h" R 2¢g"+ h" mofy (2.5)
O 129"+ h™ 2g"+3h™| T | 29"+ h" 2g"+3h" A
_Qg"—l—é’h" g+ h"_ _29”—1—3’11" g+ h"_ i VES ff_
[ g" Rl [ g"+3n™ gn+2n™|  [Sfy SfF]

- W' 2"+ b |2¢"+2R" 3g" 21205 (96
L1 2gn+ h™ 2¢g"+3h" 2h" 3¢g"+2h" 21 2fp '
|29"+3R"  g"+ K| |29"+3R" g"+ K| | f§ A
[ 9" hl o [2g"+2h" 39" 1 T[eri 258
T h" 2¢"+ h" g"+3R"  g"+2Rh" 3fy 3fp 2.7)
2 an_|_ hn 29n+3hn gn hn f(? fln .
2g"+3h" g"+ B*| | 2g"+8R" g™+ AM| | f} R
[ " T 2h" 3g"+2h™]  [2f1 2f)]

T " 2¢"+ A" 3g" 3h" Sfr 3fP 2.8)
S 2¢g"+ h" 2¢"+3h" 3¢g"+3h" g+ 3h" 3fy 3f2 '
| 2g"+3R™  g"+ h" | 29" +3h™  g"+ h"] 3 1]
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Iycrs v € IF'"H v=(u',u? v ut), tneut, ... ut € F, M € M4[%x%]
u My € My [4><4] Toma 110 OlIpesieJIeHUI0 KPOHEKEepOBa IIPOU3BEeIeHUs IPU
1<i<Nul<t<4umeem

(Mo ® M)v)—1)x+i ZZZMM RIM i, jlog—1)n+,
k=1j=1

4 N 4
=" Molt,k] > Mli, jluf = Mo[t, k](MuF),,
k=1 j=1 k=1

9TO B MaTPpUYIHOM BUAE MO2KHO 3allUCaTb KakK

1
2
4

IS ST~

Jlemma 2. ITyemv My,..., M, € Tp, M = M} ® --- @ M,. Tozda dan
aobozo t € N

4
> Z(Mf) =4m
=0

Jlokasamenvcmeo. Tlockosbky 110 (2.2)

4 4 4
DZML) =Y Z(M [y meas) = D Z(M T, (2.10)
=0 =0 1=0
JOCTaTOYHO OOKa3aTb, 9YTO

4
> zZ(Mfp . (2.11)
t=0

JlokazaTeIbCTBO MPOBEIeM MHIYKIINEH 10 N.

baszuc naaykmuu. Ilycrs n = 0. Torma M cocTonT m3 OZHOTO SJI€MEHTa
M1 =1, u Mf = f0. Uz (2.1) u (2.3) nonyuwaem f3 = (0), f{ = (1),
f3=1(1), f§ =(3), f@ = (1). Orxysma,

4
S Z(Mf)=1=4°
t=0

Tar neayknuu. [ycte n > 0, M = M ®---QM,,, tne My, ..., M, € Tp.
[To npe/noioyKeHnio UHAYKIUU BbioiHseTcst (2.11).
[Tycrs My € Tp. Paccmorpum marpuiy M’ = My ® M u noKazkeM, 9TO

4
Z Z n+1 471"1‘1
t=0
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ITo onpenenenuio (2.1) umeem g" 1 = (g™, g™ + A", 8g™ + h™, g" + 3h™),
Rt = (k™ 2g™, 29"+ 2R", g —i—?h”) Torpa, yanrsiBast (2.9) u (2.5)—(2.8),
a Takxke JeMMy 1, mosrydaem

n+1 n+1

=Ty @ M)fi"™ = (M f{", M1, M [’ o, M f]3),
ﬂ”l (Ty @ M) f{* = (3M fl, 2M fl\ 4, M f7 0, M f15),
fiH = (T ®M) P = (2M Ly, SMff o, M T, M [T 5),

= (T (2M f'q, M f", SM f 4, M f]'y3)

B cayuassix Mo = Ty, Mg = T7, Mg = Ts, My = T3 cOOTBETCTBEHHO.
YunreiBast (2.10) 1 npeioioKeHue WHYKIMN, BO BCEX CJIyUasiX MOJIydaeM

n+1 ) tn—i-l

4 4
ZZ fn-i-l Z Mft — 4. 4" — gntl 0
t=0

t=0

Jlemma 3. ITyemv My,...,M, € Tp, M = My ® --- @ M,. Tozda dan
aobozo t € N

Z(MP) = % + (=1 <§ 4 b#0 (m0d5)]> o (212)

20e b= —bg + by +2bs, by =#{i |1 <i<n, M; =T,}, a € Fy.

Jloxasamesvcmeo. JlokazaTeabCTBO MPOBEIEM UHIYKIUEH 110 Nn.

Basuc nuaykmun. Hyers n = 0. f9 = 2860 = (0) mns Beex k € N.
Ecm e t = 5k + i, tme k € Nu 1 < i < 4, 10, nockosbky 2% # 0 u
(0) & {f01 1< i <A} = {(1),(3)}, mveent [0 = 219 £ (0). Marpmia M
cocrouT u3 eauHCTBeHHOrO djtemenTa M1, 1] = 1, u mosromy Mv = v s
Beex v € FL, a smadur, Z(M fP) = [t =0 (mod 5)].

Iyers B = & 4+ (—=1)" (3 — [t + b £ 0 (mod 5)]). Ilockoabky n = 0, TO
by = 0, mist Bcex a € Fy, a cremoBarenbro, b = 0. Torma

o_1 4 _
By = e + E [t £ 0 (modb)] = [t =0 (mod5)].
Bnaunt, ) = [t =0 (mod 5)] = Z(M f}), n 6a3uc WHIYKIMN BBITIOIHEH.

[MTar waaykmuu. [Iycten > 0, My,... , M, € Tp, M = M1 ®---®M,. Ilo
[PE/IITOJIOKEHUIO MHYKIMH Juist Beex ¢ € N BormosiasieTcst paBeHCTBO (2.12).

ITycts My € Tp. Pacemorpum marpuity M’ = My ® M u nokazkem, 4To
yTBepzKJIeHne JeMMbl BblIoJHseTca s M’ To ecthb, nis Beex t € N

4n+1

—  (—1)" (% —[t+V #£0 (mod5)]> , (2.13)

n+1
Z(M ) = =

rae b = —b), + b, + 2bly, b, = by + [My = T,), a € Fy.
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Ecmf gt = (u1,...,uq), A" = (vy,...,v4) u BexTOpHI M'g"t U
M'h™*! npencraBuMBI B BHIC

4
(M/ n+1 ZMO 1,7 M’LLJ MZM()[Z,]]’LL) = atiMft:L’
] 1 31:1 (214)

M/hn+1 Z Z ] M’U] MZMO[Z,]]’U] = atiMfg—i-h
j=1 Jj=1

TO II0 JIEMMe 1 BBIIOJIHSIETCSI

M = (g, Mf L an M) (2.15)

B cBoto ouepesib, paBeHCTBa (2.14) BBINOIHSIIOTCSI, €CJIH CIPABEJJINBO CJIe-
JyIoIlee MaTPUIHOE PABEHCTBO

My[1,1] ... My[1,4] ] [w v A T
: : S e : : . (2.16)
Mo[4,1] ... Mo[4,4] | | ug vs ay fiy e, fiia

U3 (2.5)—(2.8) caemyet, uaro (2.16) Beimosnnsercs st aoboit My € Tp.
YuuTbiBasi KOHKPETHbIE 3HAYEHUS 11, . .., {4 u3 (2.5)—(2.8), moayuaem

Z((To @ M) f*1) = Z(M [P )+ Z(Mf0) + Z(M fl0) + Z(M f1y5),
Z((T; ® M)ft"“) =Z(Mflo) +Z(Mf )+ Z(Mfy) + Z(M [ 3),
Z(Ty @ M) f{) = Z(M [l y) + Z(M f70) + Z(M f] ) + Z(M fl3),
Z((Ts @ M) = Z(Mf0) + Z(Mf ) + Z(Mf7y) + Z(M £ ).

[Tpumensist teMMy 2 U IPEIIIOJIOXKEHNE UHIYKIINN, UMeeM

Z(To@ M) f+) = 4"—Z<Mfﬁ+4>=4"—£—<—>< —[t+b # 1 (mod 5))),
Z((Ty M) fi*) =4"—Z(M ' >—4"—4—”—( 1)"(3—[t+b # 0 (mod 5)]),
Z((To@M) fH)=4"—Z(M[fl\,) = 4"~ 4 —(—1)"(—[t+b # 4 (mod 5)),
Z((Ts@M) fi)=4"—Z(M[l\,) = — (- 1)”(%—[t+b¢3<mod5>]>
Kax sierko nposeputh, b = b + [My = Ty| — [My = Ts| — 2[M, Ts].
[TosTomy,
Z((Tg ® M)fP) = £ 4 (=1)" 1 (£ = [+ £ 0 (mod 5))) ,
Z((Ty ® M)fPH) = £ 4 (=1)" 1 (£ = [+ £ 0 (mod 5))) ,
Z((To @ M) ) = = 4+ (=)™ (2 — [t + 1 # 0 (mod 5)))
Z(Ty @ M) ;) = + (=1 (2 = [t + b #0 (mod 5)]) .

Takum obpasom, juist jioboro My € Tp Bemosssiercs (2.13). Jlemma
JOKa3aHa. O
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Teopema 1. B nose Fy cnpasedausa ouenxa LT7<§> (n) > [24"].

Hoxazamenvcemeo. g nadasa 3ameTuM, 4To 1, L= 1T_,. HeiictBuTesbao,
npu 1 < i < j < ¢ Beinosasiercs (cM., Hanpumep, tabuiy 199 B [3])

q . J .
.. k— il fi— i k— - i
(-}l =3, (D) ()M (D) a4 =32 (50) (o) (o) =
= =17
) J o )
iy e g L o
= (2] S0 = () - 1 ==
=1
Taxum obpazom, 1,1, = I,, B cuny BepxHeil TpeyrosbnocTn Marpui 1, n
T_q. Torna, Tp ={M ' | M € Tp} u Ty ={M~" | M € TH}.
ITo stemme 3, yunThiBast nesodncaeHHocTs GyHKImn Z(v), v € FY | nmeem
max{Z(Mg") | M € T} < % + 1+ 2[n = 0 (mod 2)]. ITockomnbky
L((M,c)) =4" — Z(c), nmeem

Lyg(g") = min{L((M,c)) | M € T§, c € F}, Mc = g"}
=min{4" — Z(M~¢") | M € T5} = 4" — max{Z(Mg") | M € T3}
> 40— (£4+1+3n =0 (mod 2)]) = $4"—1-2[1 =0 (mod 2)] = |47

CrnenoBaresbHo, LT7<§> (n) = maX{LTg ()| feFY} > |24n]. O

CrnencrBue 1. B nose Fy cnpasedausa ouenra Lp(n) > L%ZL"J.

Jlokasamenvemeo. U3 emum 1 u 4 paborsr [2] ciaeayer, uro Lp(n) = LTS’ (n).
Buauur TpebyeMast OIeHKa CJIeLyeT U3 TeopeMbl 1.
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A. S. Baliuk, A. S. Zinchenko

Lower Bound of the Complexity of Functions over Finite Field
of Order 4 in the Class of Polarized Polynomials

Abstract. The representations, including polynomial, of functions over final fields
have been actively investigated. The complexity of such representations is the main
stream of research. Polynomial representations of Boolean functions have been studied
well enough. The exact values of the complexity have been found for a lot of polynomial
classes.

Recently, the interest to polynomial representations of functions over finite fields and
over finite rings is being increased. There are a lot of difficulties in studying of the
complexity of these representations. Only not equal upper and lower bounds has been
obtained, even for sagnificantly simple classes of polynomials.

This paper is about polarized polynomials over finite field of order 4. Such a poly-
nomial is a finite sum of products. Every polynomial represents an n-variable function
over finite field. A complexity of a polynomial is a number of nonzero summands in it.
Every function can be represented by several polynomials, which are belongs to the same
class. A complexity of a function in a class of polynomials is the minimal complexity of
polynomials in the class, which represent this function.

Previously, the constructive lower bounds in the class of polarized polynomials have
been known only for the case of Boolean and three-valued functions. Also, the weaker,
non-constructive lower bound has been known for the case of functions over arbitrary
prime finite field.

In this paper the constructive lower bound has been obtained for functions over finite
field of order 4 in the class of polarized polynomials. The lower bound is equivalent to
previously known lower bound for Boolean and three-valued functions.

Keywords:finite field, polarized polynomial, Kroneker form,complexity,lower bounds.
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