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Abstract. Hypergeometric functions are of special interests among the complex analysts
especially in looking at the properties and criteria of univalent. Hypergeometric functions
have been around since 1900’s and have special applications according to their own
needs. Recently, we had an opportunity to study on g-hypergeometric functions and
quite interesting to see the behavior of the functions in the complex plane. There are
many different versions by addition of parameters and choosing suitable variables in
order to impose new set of g-hypergeometric functions. The aim of this paper is to
study and introduce a new convolution operator of g-hypergeometric typed. Further,
we consider certain subclasses of starlike functions of complex order. We derive some
geometric properties like, coefficient bounds, distortion results, extreme points and the
Fekete-Szego inequality for these subclasses.

Keywords: analytic functions, univalent functions, starlike functions, linear operator,
Fekete-Szego problem

1. Introduction

Recently, Darus and others in [1] and [2] have used the g-hypergeometric
functions in studying certain families of analytic functions in the open unit
disk. The g-hypergeometric functions are the generalized form of the classi-
cal hypergeometric function. Then by letting the limit ¢ — 1, it will return
to the classical hypergeometric function. The notion of hypergeometric
functions have been used and introduced by many great mathematicians
started by Euler in (1748), Gauss (1813) and Cauchy (1852) and after
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that, Heine(1846) converted a simple notation limg % = a into a
systematic theory of hypergeometric functions parallel to the theory of
Gauss hypergeometric function.

Here, we can say that many of the results for classical hypergeometric
functions can be generalized to g-hypergeometric functions.

In this work, we shall introduce a new subclasses of univalent func-
tions involving new operator £q*(a;, b;) which generalizes many well-known
operators and derived some geometric properties for this new subclasses.

Denote A the class of functions f of the form

f(z) :z+2an2" (1.1)
n=2

which are analytic and univalent in the open unit disk & := {z € C: |z| < 1}.
A function f € A is said to be starlike of complex order if the following
condition (see[3]) is satisfied:

lff@)
d* f(z)

R{1+ -1} >pB,(0<8<1anddeC\{0}) (1.2)

For complex parameters ay, ....., a; and by, ..., b, (b; € C\{0,—1,—-2,-3,....},
j=1,..rq] <1), the g-hypergeometric

_ o (a1, Q)n--.-(at, @)n n
= 72) (Q7 q)n(bl, q)n....(br, q)n (1.3)

(t=r+1t,reNg=140,1,2,...};2z €U).
The g-shifted factorial is defined by
(a,q)o =1 and (a,q)p = (1 —a)(1 —aq)(1 —ag?)...(1 —ag" ),n €N,
where a any complex number and in terms of the Gamma function

Lyla+n)(1—q)"

(qaaQ)n = Fq(a) )

such that I'y(y) = %70 < ¢ < 1. We note that and by using

ratio test, the series (1.3) converges absolutely in open unit disk U, |¢| < 1
and t =r + 1. Now,if £t =2 and r = 1, then we have the following

> (a17q)n(a27q)n
v =y e Dn o <1z el
2 n—0 (an)n(blaQ)n (’q‘ )

is the g-Gauss hypergeometric function [4].
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Recently, Mohammed and Darus [1] defined the the following:
I(ai;bj;q)f - A— A

a17 n 1----(at7Q)n—1
T(ai;bjiq — e 1.4
(a Z+Z n 1 bla ) 1---'(br,Q)nflc : ( )

The Srivastava-Attiya operator Js, : A — A is defined in [10] as:

Tt =5+3 (322) ot (15)

where z € U,a € C\{0,—-1,-2,-3,...},s € C and f € A). This linear

operator Js, can be written as

Tsaf (2) = Gsa(2) * f(2) = (L +a)*(6(2,8,a) —a™7) x f(2),

by using the Hadamard product(convolution). Here,

o0 n

¢(Za5’a) = Z (nj_ia)s,

n=0

is the well-known Hurwitz -Lerch zeta function(see [5], [6]). It is also an
important function of Analytic Number Theory such the De Jonquiere
function:

o0 n

Lis(z) = Y 7o = 2®(z,5,1), (Re(s) > 1 if |2| = 1),

n=0 (’I’L)

We define the linear operator L£g“(a;,b;)(f): A — A as follows:

E (CL _Z+Z a17 n 1----(ataQ)n—1 <1+Q>SC Zn
! v n 1 b17 ) 1----(br7Q)n—1 n+a n :

(1.6)
(z€eU,a € C\{0,-1,-2,-3,..},s € C,a;,b; € C,b; € C\ {0,—-1,-2,...},
lgf <1landt=r+1).
It should be noted that the linear operator (1.6) generalised many op-
erators studied by several earlier authors as follows: 1- If s=0, then

£0%(ai,b)1(2) = My(ai.by),

where M,(a;,b;) is the linear operator introduced by Mohammed and
Darus [1].

For ¢ — 1,a; = ¢“,b; = ¢%, where a;,B; € Cand 5; # 0 (i = 1,
2,..,tand j =1,2,..,7), we have the following operators:
2-Ift=2r=1a01 = A+ 1,aa = A+ 1,81 = v+ 1, then we obtain the
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operator considered by Prajapat and Bulboaca [7].

3-Ift=2r=1a01 = N\as = 1,8 = v+ 1, then we have the operator
considered by Noor and Bukhari [8].

4-If s =0,a=0,t =2,7= 1,01 = \,ao = 1,81 = v + 1, then we obtain
the Choi-Saigo-Srivastava operator [9].

5-If t = 2,r = 1,1 = By, = 1, then we obtain the Srivastava-Attiya
operator [10].

6- If s = —x,t =2,r = 1,00 = B1,a5 = 1, then we obtain the Cho and
Srivastava operator [11].

7-If s = —k(k € N),a =0,t =2,r = 1,aq = X\ = 1,0 = 1, then we
obtain the Salagean operator [12].

8- If s = 1,t = 2,r = 1,1 = B1,9 = 1,a > —1, then we obtain the
Bernardi operator [13].

9-If s=0,a=0,t =2, =1,0001 = A\, a0 = 1,81 = v, then we obtain the
Carlson-Shaffer operator [14].

10- If s = 0,t = r 4+ 1, then we obtain the Dziok-Srivastava Operator [15].
Some of these operators contained some other operators (see for example
116;17))

Definition 1. A function f € U is said to be in the classSq*(d, B) if the
following condition holds:

1 (2L5%as,b)f(2)
Re 1+—< 4~ ) 1) >p 1.7
g (s D

(deC\{0} and 0 < B < 1)
Motivated by the work given by Srivastava and Gaboury [18], we investi-

gate some geometric properties like coefficients estimate, distortion bounds,
extreme points and the Fekete-Szego problem for the current function class.

2. Coefficient Estimate

Theorem 1. For 0 < g < 1,d € C\ {0} and if f(z) € A satisfies the
following

[e.e]

(a1, @) n—1---(at, @)n-1 14+a\?
S n-slay st — (158 lal <1-0d, @1

n=2

then f € Sg(d, 3)
Proof. Suppose that (2.1) holds. Then if
2(L3%aib)f(2) (1 1)
iz TP
H(z) = -7

T 2Ly %(ai b)) f(2)) 1
AL @)@ (1 gy 4
dLy*(aiybi) f(z) G+6-1)
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Therefore its enough to show that |H(z)| < 1,that is

2(L£5% (ai,by) f(2))
+h-1)~
ALy (aib;) f(2) ( b )
2(L£3 " (ai,b) f(2))’ 1
~(+p-1)+1
ALy (as,by) f(2) (@+6-1)
. Bdz+ 30, qq(:llq&?,ql);n(:ff]&t,qln 1 < (n —1—fBd)cpz"

(2 _ ﬁ)dz _ Z (a1,9)n—1..-(at,@)n—1 ( ) n +1-— /Bd)cnzn

n=2 (¢,q)n-1(1,9)n—1-...(br,q)n

thus by using (2.1) we have

[H(z)| <
el + 3 griagetentiny (L (n—1=Bld])en 2"

qqn 1(b17Q)n 1o-(bry@)n—1

< <

Jr
d ((llyq)n 1~~~~((lt7(In 1 1_ﬁd n
(2= B)ldll=] - 22 (@:0)n—1(01,0)n—1---(br,@)n—1 n+ |d])enl 2]

Bld] + Z )y e o o (iii) n—1=pldl)e,

-0 - & et (He) (e

and the proof is complete. O

3. Distortion Bounds

Theorem 2. For 0 < g < 1,d € C\ {0} and let f(z) of the form (1.1) be
in the classSy“(d, B). Then

(1 _6)‘61‘2 2 - (Q7Q)n—l(blaQ)n—l----(br7Q)n—1 n-—+a 5
" Re(@) ey \15a) =
e( n=2 (@1, @n—1---(at, @ n—1(n — 1+ T@l)) a
<[f(2)l <

(1_6)|d|zr2 - (q,Q)n 1(b17 )n 1----(br Q)n 1 <TL+CL>S
) \Tva)

<r+
Re(d) n=2 (G17 Q)n—l----(at7 Q)n 1(” -1+ (17

(lz2|=r<1) (3.1)
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PO )2 0 < N U7 RN R/ S P 287 (32) <
Re(d) 7= (a1, @10, ur (n — 1+ SR N +a )=
<|f(2) <
(1_ﬁ)|d|2 = n(QaQ)nfl(blv )n 1----(br Q)n 1 <n+a>s
<1 2 I
ST TR 2 (ar, @t a0 @t (1 — 1+ LBE AE) \T+a

(lz|=r<1) (3.2)
Proof. Let f(z) be of the form (1.1). Then by using Theorem 2.1, we have
[e.9]
)| 22l =) leall2"| 2
n=2

A=p)ld? > (2 Dn-1(b1, -1 (br, Q)1 nta
. e |
|d] ) 14a

B Re(d) s (a1, Q)n—1-.-.(as, @) p—1(n— 1+(17

and

[eS)
F) < L2l + ) feallz"] <
n=2

r wr2 .- (q’Q)nfl(bly ) 1----(br Q)n 1 n+a
<r+ Re(d) = (a1, On-1.--(a, Q)p_1(n— 1+( |d|z)’<1+a> |.

()
(lz| =r<1)

Also from(1.1), we have

/)21 = nlealle"1 >
n=2
_ (1—5)‘0”2 - (g, Qn—1(01, Qn—1---(br, @)n—1

<n+a>
pu— ,r. J—
Re(d) 2= (a1, @)n1.w- (a1, a0 — 1+ SHHE) \1+a

and

1F/(2)] <1+ nfeallz" 1 <
n=2
(1 _ﬁ)|d|27a - n(q,Q)nfl(bl,Q)nfl----(br,Q)nfl <n+a>s

<1
+ l1+a

< Re(d) = (a1, )n—1--(at, )p—1(n — 1+ %)
(lz] =7 < 1).
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Therefore, the results (3.1) and (3.2) are obtained. The proof is com-

plete.
O

4. Extreme Points

In this section we take the subclass S5*(d, 8) of the class S5*(d, 3) con-
sisting of all the functions f(z) € A of the form (1.1) and samsfy (2.1).The
following theorem determine the extreme points of the subclass S; (d,B)

Theorem 3. Let
filz) =2 (4.1)

and

n

(@, @)n—1(01, D1 (br, @)n—1] (1 = Bld]) ‘<n+a>8
( ’d’)‘(ala )n—l"'-(at7Q)n—1‘ 1+a
(n#1). (4.2)

Then f € §§’a(d, B) if and only if

Z) = Znnfn(z) <77n > 0; Znn = 1) (4-3)

Proof. Let f € §g’a(d, B). Then in virtue of (2.1), we can set

n =
—(n— (a1, @)n—1---(at, Q)n—1 14+a)\® .
= (0~ D G (e b
(n#£1). (4.4)

which give our result (4.3).
Conversely,let

= Z M fn(2)
n=1

- Y101, Ot (bpy Q1| (1 = Bld|) | (4 a\*
= +Z n—ﬁ‘d‘)’(al, Dn—1---(at,q)n—1] ‘<1+a>

n

Then

i(n _ Bld])— A1 D100, D (1 + a)s

(¢, )n-1(b1,@)n—-1.--(br, @)n—1 \n+a

n=1
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(@ @)n1(b1, Q1o (brs @ma | (L= Bld]) | (n+a
Tin (n—ﬂ’d’)‘(al, ) ....(at,q)n_1] ‘<1+a> ‘

:1—ma§)m:u—6wm1—m)

Therefore, we have f € §§’“(d, B).

5. The Fekete-Szego Inequality

Let S;“(¢) be a a class consisting of all the functions f(z) € A of the
form (1.1) and satisfies the following

1 (2L5%a;,b;)f(2) 1+ Az
14+ = 47 -1
a(Emere Y < T
(z€eU,a € C\{0,-1,-2,-3,..},s € C,a;,b; € C,b; € C\ {0,—-1,-2,...},

lgf < 1 and t = r+ 1,d € C\{0}), where < denotes subordination
,—1<B<A<LL.

In this section, we shall find the upper bounds of the Fekete-Szegd func-
tional for the classSy;(¢). We need the following lemma due to Ma and
Minda [19] to prove our theorem involving the Fekete-Szegd inequality.

Lemma 1. If p(z) = 1 +d1z+daz? + .... is an analytic function in U with
positive real part, the for any complex number p,

|dy — pd?| < 2maz{1, |2 — 1|}. (5.2)
The result is sharp for functions given by

1+ 2 1+ 22
d =
1—2 and p(z) = 1— 22

Theorem 4. Let ¢(z2) = 1+ Biz + Bez? + ...,and f(z) given by (1.1)
belongs to Sy“(¢). Then

p(z) =

2
les — pcd| < 2maz{1, |_,u — 1} (5.3)
o2

Proof. Let f(z) € Sg“(¢). Then by definition of subordination, there exists
a Schwarz functionw(z) withw(0) = 0 and |w(z)| < 1, analytic in the open
unit disk such that

1 (2L4%(ai,bi)f(2) Y _ iz
1+d<@%%@ﬁ@) Q¢((» (5.4)
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Define 1t w()
it is clear that Re(pi(z)) > 0 and p;(0) = 1. Let

o L (2Lg%(ai, b)) f(2)
=1+ 5 (e

Therefore, in view of the above equations, we have

= 1—|—d12—|—d222—|—..., (55)

— 1> =14 hiz+ hp2? + ... (5.6)

p(z) = o221 1)

pi(z) +1
and since
pi(z)—1 1 &2, 3 ;
S = iz (dp — )2+ (ds + o — dida) 2+
p(z)+1 2 124 (dy = )2+ (ds + 7 — dida)2" +
thus
) — 1 1 1 1o 1 2| .2
pi(z) +1 :1 2 9 Y n e
¢(P1(2)+1) +gBidiz + | 5Bi(dz — 5di) + 7 Bacy | 27+

By comparing the coefficients for z we obtain
1
hy = §B1d1

1 1 1
2 2
= = - = + - df.
h2 2Bl(d2 2d1) B2 1
Then, with the help of (1.6), we get

Z['Csfa(aiabj)f(z) . c (a1,9)1....(at, q)1 14+a\® s
L£7%(ai, b)) f(z) bre ((q,Q)1(517q)1----(br,q)1 <2+a> > +
(a1,q)2....(at, q)2 1+a\® B
" <263 (CL Q)2(b1,Q)2----(br,Q)2 <3—|—CL>

ey (@101 (ar, ) (1 + a>3>2 2

(2, 0)1(b1, @)1 (br, @)1 \2+a

(a1,q)3....(at, q)3 1+a
+<%ﬂ%@amﬂkwwm@3<
(a1,q9)1-...(at, q)1

)
*C%%qnwhwymwmml<;iz>vs
)
(

g (g (a1, 0)2--(ar, )2 1+a
3( (q,9)2(b1,q)2....(br, q)2 (
. <c (a1,9)1----(at, q)1
(

2 ¢:9)1(b1,9)1....(br, g1
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Therefore, from (5.6) we obtain

bhy = c (a1, @)1----(as, @h <1+a>s
(¢, 0)1(b1, @)1 (br, )1 \2+a

(a1,q)2-...(at, q)2 <1+a>s
bhy = 2¢ _
2 4, 201, @)oo (br@)2 \ B+ a

(ot (L)Y

_ dBidi (¢,9)1(b1,9)1.---(br, @1 <2 +a>s
2 (a1,q)1-.-(as, @)1 l1+a

then

C3 =

d dl 2 ( )1(b1,q)1....(br,q)1 24+a\’
< Bidy + — (b B} (. Do (an )1 <1—|—a> —d(B; —Bz))>-

. (q,9)2(b1,9)2....(br, q)2 <3+a>s‘

(a1,q)2-...(at, q)2 14+a

Therefore, we obtain

2
€3 — pCy =

d 43 9 0 (q,q)1(b1,@)1...(br )1 (240 8_ _ )
(Bld 3 (bB (a1,q)1---(as, @) <1+a> 4B BQ))>

. (q,9)2(b1,9)2....(br, q)2 <3+a>s_

(a1,9)2-..-(at,q)2 1+a

—u (dBldg (¢, 0)1(b1, )1 (br, 91 <2+a>8>2.

2 (a1(,q)1....(at, q)1 14+a
Then JB
o
c;»,—uc%z i 2(d2—d%7’),
where ) B )
_ (1.2 - _
T = 2(1 B1 + (2,&0_2 1)d3101)
and .
S (¢, 0)1(b1,9)1--(brs @)1 <2+a>
(a17q)1----(at7q)1 1+a

g9 =

(4,9)2(b1,@)2----(br, )2 (3 n a>s |

(a17q)2----(at7q)2 1+a
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Now, using Lemma 5.1 we get

2
s — pd| < 2maz{1,] £ — 1]}
02

The result is sharp for the functions f given by

_ 1+ 22

142
P(Z)—l_—zg,

11—z

p(z)

O

Here, we can mention that this result generalizes many recently results

which investigated in several earlier works. In fact, some other work related
to g-analoque can also be seen in [20-22].
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Awnnoranusi. ['unepreomerprdaeckue OYHKIINN BBI3BIBAIOT OCOOBII HHTEPEC B TEOPUU
GbYHKINI KOMIIEKCHBIX TTEPEMEHHBIX, OCOOEHHO IPU PACCMOTPEHHUM CBOMCTB M KPHUTE-
pueB omHOMUCTHBIX GyHKIui. ['unepreomerpudeckne GyHkuu cymectsyoT ¢ 1900-x
rOJIOB M UMEIOT CIIEIUAJILHBIE TPUJIOKEHUsI B COOTBETCTBUH C UX COOCTBEHHBIMU MOTPEG-
HocTsimu. HemaBHo y Hac 6bLIa BO3MOXKHOCTb M3Y4YHWTb @-THIIEpreoMeTpudeckue (pyHK-
WM U YBUIETH JIOBOJBHO MHTEPECHOE MOBeJeHNe (DYHKINI B KOMILIEKCHOM IJIOCKOCTH.
CyIecTByeT MHOXKECTBO Pa3jIMYHBIX BEPCHil MmyTeM J00aBJIEHUs] IAPAMETPOB W BBIOO-
pa TOIXOISAIINX TMEPEMEHHBIX, YTOOBI MOJYYUTh HOBBI HAOOD (-TUIIEPreOMETPUIECKIX
byuknumii. [leapto HacTOsIIIEH PAOOTHI SIBJISIETCSI U3YYEHUE U BBEJIEHUE HOBOI'O OIEPATO-
pa CBEPTKH C ¢-THIEPreoMeTpudeckoit dyHkImeit. PaccMoTpeHbl HEKOTOPBIE MOIKIIACCHI
3Be3/1000Pa3HBIX (PYHKIMI CJI0KHOTO MOpsiaKa. [[oIydeHbl HEKOTOPBIE NEOMETPUYIECKUE
CBOMCTBA, TaKWe KaK OIEHKN KOI(D(DUIIMEHTOB, TEOPEMbI MCKAXKEHUN, IKCTPEMATbHBIE
TOo4YKM 1 HepaBeHCTBO Pekere — Ceré jjist 9TUX IMOIKIACCOB.

KuroueBbie ciioBa: aHajuTudeckue (PYHKIUU, OJHOJUCTHBIE (DYHKIUHU, 3BE31000-
pasuble DYHKIINK, TUHEHHBIA oneparTop, 3amada Pekere — Ceré.
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