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Abstract. As it is known, Chebyshev polynomials provide the best uniform approach
of a function. They are a special case of Faber polynomials. A. I. Shvay (1973) proved
that the Vallee-Poussin sums are the best approach apparatus in comparison with the
partial sums of the series in the Faber polynomials. Therefore, from the point of view
of the best approach, it is natural to consider the approach of functions by means of the
Vallee-Poussin sums over Chebyshev polynomials. The study of these sums from any
point of view is of definite interest. As O.G. Rovenskaya and O. A. Novikov (2016) note,
?during the last decades, the Vallee-Poussin sums and their special cases (Fourier sums
and Fejer sums) have been extensively studied by many outstanding specialists in the
theory of functions.”

The authors (2017) of this article proved a theorem on the summability of a universal
series in Chebyshev polynomials. In this paper we find a subsequence of transformed
Vallee-Poussin sums satisfying the conditions of this theorem, that is, these sums are a
special case of special sums constructed in the theorem of the authors mentioned above.
Thus, the above subsequence of the Vallee-Poussin sums has the universality property.
With the help of so-called matrix transformations, a generalization of this property is
also obtained for these sums, which consists of the following: on the basis of the selected
subsequence, sums are constructed, which uniformly approaches any function from a
certain class on the specially defined compact sets. Thus, the sums constructed have
the property of universality, which many authors have studied over the years for the
functional series. In particular, it was studied for the Fourier series, Dirichlet, Faber,
Hermite and other series. Then generalizations of this property were studied. For
example, W. Luh (1976) generalized the universality property of a power series.

The existence of universal series and their generalizations was proved in various ways,
depending on the specifics of the functions under consideration and the applicability of
the methods. The first author (1990) developed a method of matrix transformations,
which was subsequently used to solve similar problems (1997, 2012, 2013, 2017). The
same method is used to prove the main result of this paper. W. Luh used another method.
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1. Introduction

The Chebyshev polynomials serve as the apparatus of the best approx-
imation of the function [20, p.363]. As is well known, they are a particular
case of the Faber polynomials [21, p. 56], for which the Vallee-Poussin sums
in its turn are a better approximation than the partial sums of the series
on the Faber polynomials [19].

In this paper, we consider the approximation of the function by special
Valle-Poussin sums on Chebyshev polynomials, that is, we proved the uni-
versality property of these sums, which was studied in the papers [2; 3; 5-9;
11; 13; 14; 16; 17] for different functional series. Valle-Poussin sums were
also studied by many authors, for example, in papers [1; 4; 10; 12; 15; 18;
19; 22].

We will introduce necessary definitions and notations.

The Chebyshev polynomials T}, (z) are defined by the formula

T (z) = cos(karccosz),

where k = 0, 1, 2, ...[20, p. 75].

Let I be a compact set in the complex plane z, where the complement
of this set is a domain containing an infinite point.

Denote by C4(F) the class of functions continuous on F' and analytic at
each inner point of this set.

Definition 1. A series on Chebyshev polynomials
ZanTn(z) (1.1)
n=1

is called universal if for every set F' specified above and any function f(z) €
Ca(F') there is a subsequence {Spn,},_, o of partial sums of the series

(1.1), is converging to f(z) uniformly on F.
The Vallee-Poussin polynomials are denoted as

1 An—1
Ui = — Z Su(2), m=1,2,..., A\,

vV=An—m

where

Su(2) = arTy, () (1.2)
k=0
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is the partial sum of a series on Chebyshev polynomials:

ZanT)\n (Z) (13)
n=0

We define the domain in which the universality property of the studying
sums will be executed. Let the function W=®(z) maps the exterior of the
segment [—1,41] complex plane z onto the exterior of a certain circle I" of
the radius p < 1 with the center at the point w = 0 of the complex plane
w.

Definition 2. Under the curvilinear angle ¢ is understood as the domain
described by the Jordan arc connecting the point of the circle I' with the
point w = oo, when rotating the plane w by an angle ¢ around the point
w=0 [17].

Let D be the domain not containing the segment of the actual axis [-
1,41], this domain by mapping W=a®(z) goes over in the curvilinear angle
27T, where 7 € (0, 1].

Let {\,}n=12,... be a subsequence of the natural numbers which has the
density

lim — =7, 0<7<1. (1.4)

n—o0 n

2. Universal Vallee-Poussin sums

We consider an arithmetic average of the Vallee-Poussin sums of the
form

An—1

Qx, (2 Z Z S (2.1)

m=1 V)\n

where S),(z) is the partial sum (1.2) of the series on Chebyshev polynomials
(1.3), and we show that they satisfy the conditions of the theorem from [7].
The universality property of the sum (2.1) follows from this theorem.

Theorem 1. [7] Let {\,}n=01,.. be subsequence of the natural numbers
which satisfies the condition (1.4).

Let A={a,, } be a lower triangular infinite matriz whose elements satisfy
the conditions:

n
lim Y oy =1, Tim an, =0 V. (2.2)

n—oo
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Then there exists a series on Chebyshev polynomials

[e.e]
Z anTh, (2),
n=0

which has the following property: for each compact set F' contained in an
arbitrary domain D from the above class of domains, and any function
f € Ca(F), there is a subsequence of the natural numbers {Am, tr=01,...,
which depend from F and f, such that

Amy,

S, (2) =D an, iQr,. (2), k=12, (2.3)
i=1

where

Qx,, (2) =Y anTy, (2),
n=1

converges to f(z) uniformly on F'.

Note that for sums (2.1) we will have a special case of the matrix whose
elements satisfy the condition (2.2). From this, according to theorem 1,
there exists a series on the Chebyshev polynomials having such a property
that for any compact set F from the above domain D and for each function
[ € Ca(F) there is a subsequence of the natural numbers {An, };_o;
which depends from F' and f, such that

where S, (z) is a partial sum (1.2) of the series (1.3) uniformly converging
to f(z) on F. Thus, from theorem 1 we obtain universal sums (2.3), which
are substantially used in the following theorem 2, representing the main
result of this paper.

3. Theorem on approximation of analytic functions by universal
Valle-Poussin sums on Chebyshev polynomials

Using sums (2.3), we spread theorem 1 on special Vallee-Poussin sums,
that is, for these sums we will obtain an analogue of the theorem 1, differ-
ing so that the columns of the considering matrix are taken with certain
lacunas, and in theorem 1 they are given without lacunas.

Note that the law of the lacunas of columns is also different from the
law of lacunas used in the theorem of the paper [8]. Thus, in this paper
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the investigating sums differ from the sums considered in the papers [7]
and [8] in content and structure, although the consideration of Vallee-
Poussin the sums with the same structures as in [7] and [8] also presents the
certain interest. This is an analogy of how, for example, the power series
were investigated with different lacunas structure (Hadamard, Ostrovski
lacunas). This study made it possible to obtain overconverging series and
universal series is a special case of overconverging series. In this work,
we built the special sums generalizing the partial sums of the series on
Chebyshev polynomials and having the property of universality. Namely,
the generalization of the universality property of sums (2.3) represents

Theorem 2. Let the conditions of theorem 1 be satisfied.

Then there is a Vallee-Poussin sum of the form (2.1), having the following
property: for each closed bounded set F contained in the domain D, and
any function f € Cu(F), there exist subsequences of the natural numbers
{Amy ez, and {An, }p—g 1. s these subsequences depend from F and f,
such that

k
U)\mk(z) :ZaAmkAiSAni(Z)’ k:O,l,..., (3.1)

converges to f(z) uniformly on F, where

v

S, (2) Z Z R,(2) =) anTy,(2).

= v= )\n n=0
To prove the theorem 2, we need the following

Lemma. Let the conditions accomplish:

1) B = {Bry} — a lower triangular infinite matriz whose elements
satisfy the conditions of (2.2);

2) {Mtp—10, — a sequence of positive integers which satisfies the
condition (1.4), {Me,, bz12,. {)\Em}mzl ,  — its subsequences;

3) we have a universal series

ika)\k (Z) (3.2)
k=0

Then on compact set F' given the above what is in the theorem the function
f € CA(F) can be uniformly approximated by polynomials of the form

m«H

Z Baiy o nOg (2); (3.3)
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where
A A —1
1 11 u
JAEi(z) = Z - Z R,(2), Mg,y — 00
i m=1 V:A%.—m

7

Proof. According to defining of the universal series of form (3.2) for each
compact F' of the above given, arbitrary € > 0 and any function

f(z)/(BAkaAi(ka —m+1)) € Ca(F) we have

lox;, (2) = [(2)/ (Bxg,, i (R = m A+ D) < e/(IBx, 2ol (B —m + 1))

(3.4)
ati=mm+1, ..., knt;; m>N.
Using (3.4), we obtain
karl
‘ Z BkkaAiU)\Ei(Z) - f(Z)‘ <
i=m
karl
S 1Bu, allon (2) = ) Bre, a st =+ 1)] < &
i=m !
O

Proof of the theorem 2. For the proof we will apply the method of [5].
The set of polynomials of the form (3.3) we will place in the sequence

Po(z), P1(2),.... Pn(2), ... . (3.5)

Due to of the above proved Lemma, it can be uniformly approximated
by polynomials (3.5) any function f(z) € C4(F), where F' is an arbitrary
compact contained in the domain of D.

Inside the curvilinear angle 277 we take a set of all possible closed
bounded simply connected domains of the plane w, the boundary of each
of these domains consists of the arcs I'; and T'y of the circles |w| = n + 2
and |w| =1+ 7%#2’ n=0,1,..., with ends at the points with rational polar
coordinates and two non-intersecting with each other broken lines ; and
~2, having vertices at points with rational polar coordinates. We will place

these domains in the sequence Dy, D1, ..., Dy, ... . Let
F,=®YD,), n=0,1,2,..., (3.6)

where w = ®(z) is a function that maps the exterior of a segment [—1, +1]
onto the exterior of a circle |w| = 1.

Let {ex}x=12,.. be a monotone decreasing sequence of positive numbers,
€r — 0 when k£ — oo.
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To construct the sum of the form (3.1), uniformly converging on F' from
(3.6) to the function f(z) € C4(F), it is enough to construct the sums

X (2) = Oé)\m(l))\OS)\nO (2) + ...+ O A Sx, " (2), (3.7)
k k k k my

where k = 0,1,...; 1 =0,1,...;kand A oy < A ¢y at k <k ork=F
my, my,

and [ < I’, which satisfy the conditions
[Pi(z) —ox ) (2)] <ex (1=0,1,....k) (3.8)
M

at z € F, (k=0,1,...).

Indeed, assume that sums (3.7), satisfying the condition (3.8), are con-
structed. Using the Lemma proved above, for any ¢ > 0, compact set
F from (3.6) and function f(z) € Ca(F) it is possible to choose in the
sequence (3.5) the polynomial P;(z) such that
€
2

After that, taking k so large in order to F' C Fj and g < /2, we will
have at any z € I

()= ox @ < 1f() = P +1B() = 03, ()] < e

at z e F.

f(2) = Ri(2)] <

The construction of the sum (3.7), satisfying (3.8), can be done in the
following way.

Select from the sequence (3.5) the polynomial
(2)

T 0 (2) F ax 205y (2) Fan a0, (2) F ot an ga O ©)
o o mo ™o ™o my

such that [Py(2) — o, (2)] <o at 2z € Fy.
"0

Due to above Lemma, take into consideration conditions (2.2), there are
polynomials in the sequence (3.5)
+ ...+ Oé)‘mgo) )\mgo) S

Ax A o  OA An g
mg ) m(() )+1 mgo)

n
w0 41

O‘/\m(l)AﬁIm)ﬂSA Ty )X ) S '’
1 1 1 1 my

n
w0 11

mg‘” < mgo) < m§°> < mgo) < m§”,

such that at z € F}
|P0(Z) — 0O\ (0) (Z)| < €1,
™1

[P1(z) — o ) (2)] <en,

1

WzBectusi IpkyTCKOro rocyjapCTBEHHOIO yHUBEPCUTETA.
2018. T. 24. Cepusa «Maremarukas. C. 12-23



APPROXIMATION OF ANALYTIC FUNCTIONS 19

where

Ix (2) = A\ (0 20 (2) + o+ W A Sxn o () + ...
1 1 1 0 mg

™1

Ix (2) = O‘/\m(l))\oSAnO (2) + - + A A () Sxn o, () + ...
L 1 1 0 mg

ot OzAm(l)Am(o) S)\n © (Z) + ...+ OZ)\m(l))\m(l) S)\n " (Z)
1 1 my 1 1 my
Assuming that the next sums are constructed
T o) (2), T o) (2), A (2)y ey Tx (2)y ey Tx (2),
0 1 1 k k
satisfying the condition (3.8), we choose from a sequence (3.5) polynomials

+1 Myt g, +1 Mpt1 Mgt myly

O‘Amwﬂﬂﬁ(mﬂﬁm(k) (Z)+"'+O‘Am<k+1)/\m(k+1>SAn ey B
k+1 k my 41 k+1 k+1 My

where m,(co) < m](;)) < m,(;)ll < ﬁl,(gzl < m,(ﬁlll <. < m,(;fll),
such that, assuming in (3.7) k + 1 instead of k, we obtain

|Pl(z) —O0x (Z)| < €k+1;
Mt

(l=0,1,...k+1)at z € Fi41.

Hence, According to the mathematical induction, the existence of sums
(3.7), satisfying (3.8), and hence the existence of sums (3.1) with the
necessary approximation property, follows.

O
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IIpubaum>kenue aHaauTUUYEeCKUX (PYHKIUN YHUBEPCAJTbHBIMUI
cymmamu Basute- Ilyccena mo mHorousienaM YeObrména

JI. K. Jonynosa, A. A. Areiikun

Huotcezopodexuti 2ocydapemeennonti yrusepcumem umenu H. H. Jloba-
yeackoeo, Huocnuti Hoszopod, Poccutickas Pedepayus

Anvporanusa. Kak u3BecTHO, MHOrowiIeHbl 1eObIIIEBA OOECIEUMBAIOT HAMJIYUIIee
paBHOMepHOe npubskenne GyHKuyur. OHM SIBJISIOTCS YACTHBIM CJIyYaeM MHOIOYJICHOB
Dabepa. A. 1. Ulsait (1973) mokaszan, aro cymmsr Baste-Ilyccena siBastiorest srydmmm
armapaToM IPUOJINKEHN 10 CPABHEHUIO C TACTUIHBIMU CyMMaMU PsiJia 110 MHOTOJICHAM
Dabepa. [TosToMy ¢ TOUKHU 3peHMsT HANITY IIINX TPUOJIMIKEHII €CTECTBEHHO PACCMOTPETh
npubsmkenne GyHKIH ¢ momorsio cymMm Baste-Ilyccena mo muorowrenam Yeboimésa,
XOTsl U3yYEeHHNEe STUX CYMM C JIIOOBIX TOYEK 3PEHHUsl [IPEJICTABJISET OIPE/IeJIEHHbII NHTe-
pec. 1 xak ormewaror asropel O. I. Posenckas n O. A. Hosukos (2016), «B Teuenme
nocjeHUX Aecsitriiernii cymmbl Basure-ITyccena n ux ocobble caydan (cymmbr Dypoe
n cymmbl Deifepa) MHTEHCUBHO U3y9aJMCh MHOTUMH BBLIAIOMIAMUCS CIEIAATUCTAMEA B
Teopuu OYHKIUN».

Asropamu (2017) naHHOI CTATHU JOKA3aHA TEOPEMA O CYMMHUPYEMOCTH YHUBEPCAJb-
HOrO psifa 1o MHorowieHam Jebwimnésa. B Hacrosimeit pabore HaiifieHa I0JII0CIE0Ba~
TeJILHOCTh Ipeobpa3oBaHubIx cyMM Base-Ilyccena, ymosierBopsiiomast yCJIOBUSIM 3TOM
TEOPEMBI, TO €CTb 3TH CYMMBI SIBJISIIOTCS JACTHBIM CJIydaeM CIEIHAJBHBIX CyMM, IIO-
CTPOEHHBIX B YIIOMSIHYTON TeopeMme aBropoB. Takum o6pasom, yka3aHHasi BBIIIE IO/
rocJsie1oBaTeabHOCTE cyMM Baste-Ilyccena obsamaer cBoiictBoM ynmBepcasbHocTn. C
[TOMOIIBI0 TAaK HA3bIBAEMBIX MATPUYHBIX IIPeOOpa30BaHUil [TOJIyYeHO TakKe 0bobIeHue
9TOT0 CBOMCTBA ISl JAHHBIX CYMM, KOTODOE 3aKJ/IIOYAeTCs B CJIEAYIOIIEM: Ha OCHOBE
BBIJIEJIEHHON IIOIIOCJIEI0BATEIHBHOCTH CTPOSITCS CYMMbBI, PABHOMEPHO IIPHUOJINIKAIOIIIE
00y10 (DYHKIHIO W3 ONPENEIEHHOrO KJIAacCa HA KOMITAKTHBIX CHEIUAJIBHBIM 00Pa3zoM
OIIpeIeJIEHHBIX MHOYXKECTBaX. Takum 06pa3oM, MOCTPOEHHBIE CyMMBbI 06J13/1a10T CBOMCTBOM
YHUBEPCAJIBLHOCTH, KOTOPOE B PA3HOE BPEMsI U3ydaJsll MHOI'HE aBTOPbI /Il (DYHKIIMOHAb-
HBIX psifioB. B wactHOCTH, mist psigoB Pypwe, dupuxie, Pabepa, dpmura u ap. 3aTemMm
n3y9gaamucy 0600menust sroro csoiicrsa. Hanpumep, W. Luh (1976) 0606mun cBoicTBO
YHUBEPCAJIBLHOCTH CTEIIEHHOIO Psijia.

CyuiecTBOBaHNE YHHUBEPCAJIBHBIX PSJIOB U UX ODOOOIIEHUI JIOKA3BIBAJIOCH PA3HBIMHU
crrocobaMy B 3aBHCHMOCTH OT CIEIUMUKU PACCMATPUBAEMbIX (DYHKIHI U IPUMEHUMO-
¢t Mero10B. IlepebiM aBropoM (1990) paspabGoTaH MeToj MATPHYHBIX LIPEOOPA3OBAHNI,
KOTODPBIA B JaJIbHEHINEM IPUMEHSLIICS IPY PereHnu mogobubix 3amaq (1997, 2012, 2013,
2017). DTOT K€ METOJ, UCIOJIL3YETCsI IIPH [OKA3ATEILCTBE OCHOBHOIO PE3YJIbTATa JaHHON
paborer. W. Luh ucnosp3zoBan apyroit metos,.

KiroueBsle ciioBa: cymmbr Basue-Ilyccena, muorounensr Yebbimnésa, yHUBEpCAIb-
HBIA P51, PABHOMEPHAs CXOJUMOCTb.
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