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1. Introduction

Suppose G is a group, =,y € G. In [2, Theorem 3.1], P. Hall obtained
the following collection formula:

(xy)" = 2"y q5® . .. q]ez;? (mod T'4(G)), s> 2, (1.1)

where ¢1 = %,q2 = Y, g3, - - -, qj(s) are commutators in z, y arranged in order
of increasing weights; I's(G) is the s-th term of the lower central series of
G, which is defined as follows: I'1(G) = G, I'y(G) = [['4-1(G),G], k > 2
(see [13, sections 10.2, 11.1]); for H < G and a,b € G, we write a = b
(mod H) iff a = be for some ¢ € H. It was proved [2, formula (3.21)] that
the exponents e; of the commutators can be expressed as integer-valued
polynomials in n:

w(qs) n
ein) = ax (k> (1.2)
k=1
where w(g;) is the weight of ¢;, and non-negative integers aj do not depend
on n. In this paper we use the following notation for commutators: [y, z] =
y e tya, [y, 0] = ys [y, i) = [y, im12), 2], 0 > 15 [y, @, 2] = [[y, 2], 2].
Based on formula (1.1), P.Hall introduced a generalization of Abelian
p-groups. A finite p-group G is called regular if, for any =,y € G and for
any « € Ng, there exist Rs,..., Ry € I'2({x,y)) such that

(zy)?" = 2P y*" RE" .. R, (1.3)
From the collection formula (1.1) and expression (1.2) for n = p® it follows
that every finite p-group of nilpotency class less than p is regular since every
binomial coefficient in (1.2) will be divisible by p®.
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THE COLLECTION FORMULA AND REGULAR P-GROUPS 115

In various works, there is a need for information (explicit form, divis-
ibility properties, etc) about the exponents of the commutators in (1.1).
For example, the exponent (Zj:l) of the commutator [y, ;z], i > 1, was used
to prove the (p — 1)-th Engel congruence for a group of prime exponent p,
which was the key to investigation of the restricted Burnside problem for
groups of prime exponent [13, p. 327]. With use of the exponents for more
complex commutators, E. F. Krause proved the 14-th Engel congruence for
groups of exponent 8 in [7;8]. Also, explicit collection formulas (1.1), for
metabelian and transmetabelian groups, are considered by A.I. Skopin and
Yu. G. Teterin in the works [14;16-18] and used, for example, to find the
nilpotency class and estimate the order of groups of Burnside type [3;15].

In [6, Corollary 1], the following necessary condition for the regularity
of a finite p-group was obtained in terms of the segment of formula (1.1).
Let G be a regular p-group, p > 2, and x,y € G. Suppose that every
commutator in z and y: 1) that has more than 2 occurrences of y, equals 1;
2) weighting more than p — 1, has an order 1 or p. Then there exists an
element d € I'y((z,y)) such that

—3)/2
d’ = [yvp—lx] [yvp 2, y H yap 2— vx [y,vxﬂ(il)“—l (mOd Fp+1(G)).

This necessary condition was used to prove the non-regularity of the Sylow
p-subgroup of the general linear group G L, (Zym) for n > (p+2)/3, m > 3
when (p + 2)/3 is an integer [6, Theorem 2|. This led to a partial solution
to Wehrfritz’s problem in the Kourovka Notebook [19, Question 8.3].

A condition, stronger than 1), assuming that every commutator with
more than 1 occurrence of y equals 1, yields the congruence

d’ = [y, p—1z] (mod I'y11(G)).
This fact was used in solving Wehrfritz’s problem for m = 1,2 [4] and in
solving its analogue for Chevalley groups over Z, and Z,» [1, Lemma 7].

The aim of this paper is to prove the following necessary condition for
the regularity of a finite p-group, which generalizes the above.

Theorem 1. Let G be a reqular p-group, p > 2, and x,y € G. Suppose
that every commutator in x and y:

1) that has more than 3 occurrences of y, equals 1;
2) weighting more than p — 1, has an order 1 or p.

Then there exists an element d € I's((z,y)) such that
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(p—3)/2 »
& = [y, p17] [y, p2m. Y] s p-szioy] [ [ p-2—v], [y, 02]) T
v=1
p—4 [(p—4)/3]
H Hyv p—3—vT, y]7 [y7 Ux]]av H [[y: p—3—2vx}7 2[y7 vx]]ﬁu
v=1 v=1

[((p—5)/3] p—4—2v
H H [[y7p—3—v—mx]7 [y7 vx]v [y> mxH%’m (mOd Fp+1(G))7

v=1 m=v+1

where o, = (=1)(v + 2), By, = (%JLI), Yom = (—1)”+m(”t7f;r2), and the

symbol [-] denotes the integer part of a number.

In Section 2, we derive the collection formula for (zy)", n > 1, when
all commutators that have more than 3 occurrences of y are equal to 1
(Lemma 1). Note that we collect the commutators not in order of increasing
weights to minimize the number of types of arisen commutators.

Section 3 is devoted to the universal existence conditions (Lemmas 2-4),
i.e. logical formulas with use of which one can calculate the exponents of
the commutators arising in collection formulas. Finding the exponents in
an explicit form is a difficult problem, especially in the Hall’s form (1.2),
which is crucial when finding the exponents modulo prime n.

In Section 4, we note that the coefficient a4, in (1.2), which is congru-
ent to the exponent e;(n) modulo n when n is prime and w(g;) = n, can be
calculated much more easily than the other ones (Remark 1). We find an
explicit form of the coefficient a,,(4,) for the commutators we are interested
in (Lemmas 5-7).

Using the obtained results, we prove Theorem 1 in Section 5.

w(g;

2. The collection formula for (zy)”

In [5, Theorem 1], the following parameterization of the uncollected part
of formula (1.1) was introduced. Let G be a group, x,y € G. Then, for any
n € N, we have

n—12n—k_19n—k_1

(J:y)n = xnyn H H H [y)w(il)wi(ig)yL (21)
k=1

=1 i1=1 i2=0

where w(i) is the binary weight function, which is equal to the number
of units in the binary representation of the non-negative integer i. This
formula is the result of two steps of the collection process when all z’s and
then all y’s are collected. The right-hand side of (2.1) contains the following
commutators:

[Y,uZ,oy], n—12u>1, n—1>v>0. (2.2)
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THE COLLECTION FORMULA AND REGULAR P-GROUPS 117

Suppose all commutators that have more than 3 occurrences of y are
equal to 1. Then only three series of commutators remain:

[y”l«aj]? [yﬂux7y]7 [y)ux72y]7 n_1>u> 1

Let us collect the commutators in the following order:

[y, z], [y,2x], ..., [Y,n-17].

Then we get four new series:

[[y,uzv] [y7v$]] n—12>u > 1; (2 3)
[y, wsyl [y, ozl], n—12uv > 1; (2.4)
[[Z/,u ]72[:%1133“7 n—1>zu>v2=1 (2 5)
[y, vz, [y, vz], [Yy mz]], n—1Zu,o,m>=1 u>v, m>o. (2.6)

All the remaining commutators have at least 2 occurrences of y. There-
fore, they can be collected in any order since they all commute with each
other. The exponents g, (u,v) and f,(u,v) of commutators (2.2) and (2.3),
respectively, are found in the Hall’s form (1.2) in [10, Theorems 2 and 4]:

gn(u, U>§§1<?) (i;1> ( Y 1)’
u+v-+2 . vy
o SO (D) ),

By [10, Corollary 2], if the weight of the commutators is a prime p, then

gpp—v—10) = (—1)1’7”71 = (—1)" (mod p); (2.7)
frlp—v—20v) = (—1)7’7”72 = (—1)erl (mod p). (2.8)

The exponents a,(u,v), by (u,v), and ¢, (u,v,m) of commutators (2.5),
(2.4), and (2.6), respectively, can be calculated by [10, Theorem 3], which
gives an explicit expression for the exponents of complex commutators.
However, that expression is quite cumbersome since it includes multiple
combinatorial sums and complex binomial coefficients. So, analyzing this
expression to find ay,(u,v), by(u,v), ¢,(u,v,m) modulo prime n = p is very
difficult. The Hall’s form (1.2) for these series of commutators is not known.

Thus, we get the following

Lemma 1. Let G be a group, x,y € G. If all commutators in x and y that
have more than 8 occurrences of y are equal to 1, then, for any n € N, we
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have

n—1 n—1 n—1

()" = 2"y" [ [y, wad @O T Ly, wr, ) T [y, w, o)

u=1 u=1 u=1

| R T | A 1 (N 72 (e | R

n—1>u>v>1 n—1>u,v>1

[I (wwalalyoal™ T (sl v onl. fyma] 0,

n—1>u>v>1 n—1>u,v,m>1;
u>v; m>v

where an(u,v), by(u,v), cy(u,v,m) are some integer-valued functions.

3. Universal existence conditions

In this paper we use the approach to studying the exponents of the
commutators that arise in collection formulas obtained for positive words
of a free group. This approach was introduced in [11;12] and it is based on
P.Hall’s idea that he used in the proof of formula (1.1). Here we will very
briefly describe the basic concept.

The collection process is a construction of the sequence of words:

Wo =To, Wi =q'Th, Wa=¢i'¢5*To, .., Wj=qi*...q7 Ty, ... (3.1)
by the following rules. The initial word Wy is a positive word of the free
group F' = F(ay,...,ay,), n > 2. All occurrences of the letters aq,...,a,
(commutators of weight 1) have labels (integer sequences) assigned to them,
and different occurrences of the same letter have pairwise different labels
of the same length. The word Wj, j > 1, is obtained from W;_; by
moving step by step all the occurrences of an arbitrary commutator g;
to the beginning of the uncollected part T;_1 with use of commutators:

where A,A, is the concatenation of the labels A, and A,.

The set D(ay), k € 1,n is an arbitrary fixed set of integer sequences of
the same length that contains all labels of the occurrences of a; in Wy. If a
commutator R arose during the collection process (3.1) and the parenthesis-
free notation of R is (ai,, ..., i, R)), then any occurrence of R has a label
that belongs to the Cartesian product D(R) = D(a;,) X =+ X D(aj,p)-

Suppose that some uncollected part in (3.1) contains occurrences of the
commutators R and ). The existence condition of the commutator R is
the predicate Eﬁ, A € D(R), that is equal to 1 iff there exists a word
in (3.1) such that its uncollected part contains the occurrence R(A). The
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THE COLLECTION FORMULA AND REGULAR P-GROUPS 119

precedence condition for the commutators R and @ is the predicate Pé\llf;?,
A1Ay € D(Q) x D(R), that is equal to 1 iff there exists a word in (3.1) such
that, in its uncollected part, Q(A1) precedes (is to the left of) R(Asg).

For the exponent ej, j > 1, in (3.1) we have

= {A € D(q;) | By, = 1}]. (3.2)

For commutators Ri, Ra, the predicate R < Rs is equal to 1 iff there
exist commutators g;, ¢j in (3.1) such that ¢; = R1, ¢; = Ra, @ < j, i.e., the
occurrences of R were collected at an earlier stage than the occurrences of
R in the variant of the collection process (3.1).

The universal existence condition Er of a commutator R is a logical for-
mula with the following properties: 1) Eg contains at most the operations of
conjunction, disjunction, and the following predicate symbols: Eq,, Py, q;,
<, =, where i,j € 1,n; 2) if occurrences of R arose during some variant
of the collection process, then £4 = E&, A € D(R), for the standard
interpretation (according to the definitions above) of all predicate symbols
in the formula £p.

In [12, Theorem 1], it was shown that g can be obtained with use of
the following recurrence relations:

w1
Ab.AL ABAL ALAL L,
B i = Folm N\ Priry s w=1 (3-3)
k=1
ALLALAZ. A2 .
ortue s equal to

[QlauRlL[QQavRﬂ

AbLAL L AZLA2

[Q1,uR1] [Qz,sz]Fl’ ifutov>1, Bi=Ry, Q=0 (3.4a)

AfAy ASLAT HAGAS ifud+v>21, Rl =Ry, Q1# Qo, (3.4b)
[Q1,uR1] [QviPQ] Q1,Q27 u= Oéw(Ql): v=0=w(Q2)=1; :

E

AL AL A2 ,
Egr, . riFias, vRQ]F% ifu,v>1, Ri# Ry; (3.4c)

where [Q1,,R1] # Q2 for u > 1 and [Q2, ,Re] # Q1 for v >

Ay € D(Q1), A € D(Q2), Af,..., Ay € D(R1), AF,..., A} € D(Ry),

min{u, v}

u k 1
:Pé\f)f\gzv(A(l) :A2 <u<v /\ A :Ak \/ R1 Rz /\ A _Ah)>
= h=1

~ALAZ
[ Rail,Q

AlA A2

= (F1 < R2)P, Q1[0 Rs]"

(R2 =< Rl)
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CALAZLAZAS

Lemma 2. The universal existence condition 5
Hy,uz]72[y7vxﬂ

v, for

u,v = 1, u# v, is expressed as follows:

AL A DAL, pazaz Al oaRAZ P
NN Pt A P\ PR A Pt /\PM ’
= k=1

min{u,v}

u k 1
/\<ng,\,§legv(A(1):A2 ((w<o) /\ (A2=AL)v \/ Pt A\ (A :A,ﬁ)))
k=1 h=1

v k—1
3A2
A(PﬁéAg VA3 = A \ P A (A3 = A%)).
k=1

h=1

ALAZ.AZA3.A3

Proof. Applying relation (3.3) to E[[ymsc]ﬁ[yww]]

, we have
ASALALAZAZ A2 JAZA2LAZABA3. A3
[yvux}v[yvvx] [y711$]7[y117$] ’

Applying (3.4a) to each predicate symbols P and then simplifying, we have

ASALLAL L A2A2. A2 L ABAS. A

[y,ux} [y,vx} [yﬂ)x]
u min{u,v}
A<PA5A3v(A1 —AQ)((u<v)/\(A2—A \/ P /\ (A2 —Al))>
Yy 0 =120 =Ap) v, y = Ay
k=1 h=1

A (PﬁéAg V2= A\ P A (4 = A%)).

k=1 h=1
The application of (3.3) to the predicate symbols E completes the proof. [

A ALAZAZ..A3

Lemma 3. The universal existence condition & , foru,v > 1,
[y, u,yl, [y,v»ﬂ

is expressed as follows:

u—1
AjAL AN Pt AgAZ
A A PN /\Pm LA Py

min {u,v}

) u k: 1
/\(PyA,éAgv(Ag:Ao )((w <) /\ (A3 = Al)v \/ AR A3:A,11))).
k=1 h=1

. . AL ALAZAZ..A3
Proof. Applying relation (3.3) to E[[y,u%y},[y,vx]]

, we have
ALALALAZA3A3. A3
[yvuxvy]r[yv’ux} ’
If u = v, then we apply (3.4a) to the symbol P. If u # v, then we use
(3.4c) and notice that x < y is true for any variant of the collection process
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THE COLLECTION FORMULA AND REGULAR P-GROUPS 121

where the commutator [y, .z, y], [y, vx]] has arisen. In any case, we get

ABALLALAZ ABASL A3 U ALALALABAS. A3
(Y, u,y] [y, v] [Ys wz], [y, v ] '

Applying relation (3.3) to the first predicate symbol E on the left, we have

ASALALAZ ABA3. A3 JALALLALAZAS. A3

P[y?ufc} Y E[y, o] [Ys uz],[y, va]

Applying (3.4a) to all symbols P and simplifying, we have

ALAL AL L ABA3. A3 JALA2
E[y?uﬂd E[% ] Pyy
AjAG 1 3 A 3 e WA 3 1
AR v (4 = A (<o) A4 =D v R A )l
k=1 h=1

The application of (3.3) to the predicate symbols E completes the proof. [J

CALAZLAZASLAS

m

Lemma 4. The universal existence condition E-9 ,
[[y,um] [yﬁvx} [y,mx]]

foru,v,m > 1, u# v, v#m, is expressed as follows:

/\PMMAPW /\PM’“HAPW /\PM’““

u min{u,v} _
/\<PyAyA0V(Ao Ag)((u<v)/\(A2:Ak \/ pyy /\ A2—Ah>>
k=1

mln{u m}

U —1
/\(PyAyAO\/(AO— ) ((w<m) /\ (A3 = ALV \/ PREM /\ A3:A}l))>.
k=1 h=1

AL ALAZLAZASAS,

Proof. Applying relation (3.3) to E[[ymm] [ywx} [%mm]] , we have

ALALLALAZAZ. AZAZAZ..AZ,
[[y,ux],[y7ux”7[y,mx} ’
If u = m, then we apply (3.4a) to the symbol P. If u # m, then we use
(3.4c) and notice that = < [y, ] is true for any variant of the collection
process where the commutator [[y, ,z], [y, vz, [y, mz]] has arisen. In any
case, we get
ALALLALAZAZ A2 _AZAZ. A, AIALLALAZAZ. A3,
[y, ][y, vx]] [y, mx] [y, wx],[y, ma] :

Applying (3.3) to the first predicate symbol E on the left, we have

ASALALAZAZ A2 ABAB A3, ALALLALABAS. A3,
[y,ur],[y,vw} [yvmw} [y,ux],[y,mx} ’
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Applying (3.4a) to all predicate symbols P and simplifying, we have

E[A(l)Al uEAQAQ UEA3A5 A3
Yo u] [y, 0] [y, ma]
ALA u min {u,v} k—1
/\<P°’°\/(A0 (u<v/\A2:Ak \/ piA /\AQZA}LD)
k=1 h=1
min {u m}

u k: 1
/\<Pyy 5V (AL = A3) (u<m A =Ahv \/ Pt A\ A3:A}l))).
k=1 h=1

The application of (3.3) to the predicate symbols E completes the proof. []

4. The exponents of the commutators

We continue to use the approach described in the previous section. For
the word (zy)™, n > 1, we use the same labeling as P. Hall in [2]:

z(Dy(M)z(2)y(2) ... z(n)y(n).

Then D(z) = D(y) = {1,...,n} and D(R) = {1,...,n}*® for any com-
mutator R in z,y of weight w(R) that has arisen during the collection
process. As for the existence and the precedence conditions, we have

EQ(CM) E()‘l) 1, PO\1 A2) = =[A\1 < A2] V [\ = Ao, (4.1)
Py = PEN = P = < M), (4.2)

where A\, A2 € {1,...,n}.

From the definition of the universal existence condition &£ 1% and relations
(3.3), (3.4) it follows that, for the commutator R of weight w, the exis-
tence condition E(’\l’ ) g expressed by an L-condition of rank at most

w [9, Definition 2] i.e. a formula containing only the logical operations:
disjunction, conjunction, negation and the predicate symbols: [A; < Aj],
[Ai = Aj], where 1 < 4,5 <w

By [9, Theorem 1], the Cartesian product {1,...,n}" is a union of
pairwise disjoint classes:

Goonr=U U (@0,
t=1 [U..UL={)1,..,Aw }
LNj=0&i#]

where the class
. =Xk (MEL) (N EDL),
(B 1) = { Qs d) € 41} | Aystitet)
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THE COLLECTION FORMULA AND REGULAR P-GROUPS 123

has cardinality (’Z), and, for any L-condition C' of rank at most w, all
elements of the class satisfy C' or none of them [9, Lemma 1].
Thus, the exponent of the commutator R of weight w is equal to

O ) €L n? | B =13 =3 g <Z> (4.3)

where aj is the number of the classes of cardinality (Z) whose elements

satisfy the L-condition E}(;f‘l""’)‘w),

Remark 1. When finding the coefficient a,,, we must consider only the

classes ((I1,...,I,)) whose elements (A,...,\,) have pairwise distinct
components, i.e. A\; # \; for all ¢ # j, since the number of the sets I, ..., I,
and the number of the variables Aq,..., A, coincide.

Lemma 5. Suppose u,v > 1. If the commutator [y, «x,y], [y, +2]] has
arisen during a collection process applied to the word (xy)™, n > 1, then,
in the Hall’s form (1.2) of its exponent, we have

uU+v+2
Ay+v+3 = < w ) (v+2).

Proof. Taking into account Remark 1 and Lemma 3, we find ay4,+3 as the
number of the classes ((I1,...,I,)) whose elements satisfy the condition

ALAZ CABAR DAIAY A ALALL 8
P,y 0P, 0 p, ot /\Pm + /\wa /\Pm +

where the sequence Ag = ()\f ) for all possible i, j. By formulas (4.1), (4.2),
we get the following system of relations:

M<AE M M<oo<al Ml <ad

Since A} is the smallest variable, we have I; = {A\}}. Then we distribute
the variables Ai,..., AL among u+ v +3 — 1 sets in (“+”+2) ways. Further
we place A2 in any of u+v+2—u=0v-+2sets. The remaining variables
A3, ..., A3 are distributed among v+2 —1 = v+ 1 sets in only one way. [J

Lemma 6. Suppose u,v > 1, u # v. If the commutator [y, wz], 2[y, vz]]
has arisen during a collection process applied to the word (zy)", n > 1,
then, in the Hall’s form (1.2) of its exponent, we have

u+20+2\ (2v+1
Ayu420+3 = u v .



124 V.M.LEONTIEV, Ya.S.FISKOV

Proof. Taking into account Remark 1 and Lemma 2, we find a,2,43 as the
number of the classes ((I1, ..., I,)) whose elements satisfy the condition

ufl v—1
ALA2 SAZA3 AFAL A2A2 AZAZ 3
P,y 0P, OPyx /\Pw PAPSY N\ Pk “APW /\Pm +

where the sequence Ag = ()\f ) for all possible i, j. By formulas (4.1), (4.2),
we get the following system of relations:

MN<A <A M<o<Ah X< <N M<< )l

Since A} is the smallest variable, we have I; = {\}}. Then we distribute
the variables Al,... AL among u + 2v + 3 — 1 sets in (“+2v+2) ways. After
that, A3 becomes the smallest variable. Therefore, I; = {\3} for the small-
est j such that I; is empty. Further we distribute the variables A}, ..., \2
among u + 2v + 2 —u — 1 sets in (2”:1) ways. For the remaining variables
A3, ..., A2, there is only one way to distribute them among 2v+1—v = v+1
sets. O

Lemma 7. Suppose u,v,m > 1, u # v, v # m. If the commutator
Y, wz], [y, o], [y, mx]] has arisen during a collection process applied to the
word (xy)™, n > 1, then, in the Hall’s form (1.2) of its exponent, we have

<u+v+m+2><v+m+2>
Qytv+m+3 = .

u v+1
Proof. Taking into account Remark 1 and Lemma 4, we find ay4y4+m+3 as
the number of the classes ((I1, ..., I,,)) whose elements satisfy the condition

u—l v—1
ASAZ HAGAS MMy, pAZA2 ARAT A4
PRt PPt A\ Pk A P A Pk A Pt /\ PRt

where the sequence Ag = ()\f ) for all possible 4, j. By formulas (4.1), (4.2),
we get the following system of relations:

MN<AS A< A <<l << < <Al

Since A} is the smallest variable, we have I; = {\}}. Then we distribute

the variables A}, ..., AL among v+ v +m + 3 — 1 sets in (“+”+m+2) ways.
v+m+2)

v+1
ways. For the remaining variables A3,..., A2 . there is only one way to

distribute them among v + m+2 —v —1=m + 1 sets. O

Further we distribute )\g, ..., A2 among u + v +m + 2 — u sets in (

UsBectus MpkyTcKOro rocy1lapcTBEHHOTO YHUBEPCUTETA.,
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5. Proof of Theorem 1

Consider the collection formula in Lemma 1 for n = p modulo I'y41(G):
(xy)? = 2PyPRT ... Rf* (mod T'py1(G)), (5.1)

here R, ..., Ry are the commutators of weight less than p+1. Note that, for
any R and @ such that w(R) = p, 1 < w(Q) < p, we have RQ = QR modulo
I'y+1(G). Therefore, by rearranging step by step consecutive occurrences
of elements, we transform (5.1) into the following form:

(zy)? = acpprZl ...RZ“R;? Rjezb (mod I'y11(G)),

where R;,, ..., R;, are the commutators of weight less than p, R;,,..., R;,
are the commutators of weight p. Further we get

R % R, 1y PrP(zy)P = R;fl . R?" (mod T'py1(G)).

iq i1 Jb
From (4.3) it follows that the exponents e;,,...,e;, are divisible by p, i.e.
€i, = Péi,,...,ei, = pé, Then, by [13, Corollary 12.4.1], there exist ¢,d €
I'y({x,y)) such that

R % R “tyPrP(zy)P = (R;éi“ . R._éily_lx_lxyc)p =d’.

la 11 a 11

Thus, we have . ..
d? = RY' ... R (mod Tpi1(G)),

91 b

where R;, ..., R;, are the following commutators of weight p:

[ Y, p— lx] [yvp 2T, y] [y7p 33772y]' [[y7p—2—’ux]7[yavm]]a ? Zv 2z 17 (5 2)
[[yapfovxa y]v[ya vx” zv =2l (5 3)
[y, p-3-202], 2[y, )], [P35~ ]2 > 1; (5.4)
[[yup 3—v— mx] [yavx]a[yvmx]h[@] v}l,p—4—2@2m2v+l ( )

3
By Lemma 1 and formulas (2.7), (2.8), the exponents of the commutators
(5.2) modulo p are equal to: 1;—1;1; (—1)*"! respectively.
To find the exponents of the remaining commutators modulo p, we
analyze the coefficient a,, in formula (4.3) with use of the congruence
(pgl) = (—1)" (mod p) [10, Proposition 1]. From Lemmas 5, 6, and 7 it

follows that the exponents of (5.3), (5.4), and (5.5) modulo p are equal to:
-1 _ v 1\ (20+1) _ (2v+1
(3L )(0+2) = (<17(0+2) (mod p): (%) (271) = (71) (mod p):

(p_?f’__l}_m) (”J;TTQ) = (—1)vtm (”J;TYQ) (mod p) respectively. O
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