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Hayunas crarbs

AwusapanbHble 1 KBAaTEPHUOHHBIE IO/IrPYyNNbl aBTOTOIIU3MOB
II0JIyII0JIEBBIX IPOEKTUBHBIX ILJIOCKOCTel mopsiaka p

O.B. Kpasnosa'™, JI. C. Ckok!

1 Cubupckuii denepaibublii yHuBepcuTeT, KpacHosipck, Poccuiickass Pemeparus
= 0l71@bk.ru

Awnnoranusi: Ormedaercst, aro B 1959 r. /I. P. Xbio3 BBIABUHY/ NMPEANOIOKEHNE, ITO
IOJIHag I'PYIa KOJJIMHEAIM BCAKON KOHEYHOI Heae3aproBOi ITOJIYIIOJIEeBOIl IIPOEKTUB-
HOI miockocTr paspemmMa (cM. Takzke Bonp. 11.76 H. 1. Iogydanosa B «Koyposckoit
Terpazu» ). MeTo/| peryisipHOro MHOXKECTBa, [IPEJIIaraeTCsl UCIOJIb30BATD JJIsl UCKJIII0Ue-
HUS HEKOTOPBIX MPOCTBIX HEAOEJIEBBIX TPYIII M3 CHUCKA BO3MOXKHBIX MOATPYII aBTOTO-
U3MOB (KOJIIMHealwi, bUKCUPYIOIMX TPeyroibHUK). Hacrosimas craThst IpOgoJKaer
IUKJI PE3YyIbTATOB O 2-TIOATPYIIAX U 2-3JIeMeHTaX B I'PYIIe aBTOTOnm3MoB. EcrecTBen-
Hble OT'DAHUYEHUs, IIOJIyYeHHbIE PaHee, ITO3BOJISIOT 3aBEPIINTH OIMCAHUE TUSIPAIbHBIX
¥ KBaTEPHUOHHBIX IOJI'PYHII HOPsIKa 8 B I'DYyIIIE aBTOTONU3MOB, C YKa3aHUEM HUX I'eo-
METPHUIECKOTO cMbIcia. [lorydeno MaTpudHOe MpeACcTaBIEHUE PETY/IsipHOTO MHOXKECTBA
JJISl TIOJIYIIOJIEBO IIPOEKTUBHOMN IIOCKOCTH HEYETHOrO IOPsIKAa M pa3dMepHocTH 4 HAJ
IEHTPOM, B 3aBUCHMOCTH OT XapPAKTEPUCTHKU €ro IPOCTOro mojmnossd. JlokazaHo, 4To
OU3pasIbHAs HOArPYIIa aBTOTOIN3MOB IOPSIKA 8 003aTEIHHO COAEPXKUT IEPCIEKTHUB-
HOCTH U TIO9TOMY HE MOXKET OBITHb MOATrPYIION HUKAKON MPOCTOil HeabesaeBO#l TpyIIbI.
s cotydasi KBATEPHUOHHOM IOIPYIIIBI aBTOTOIN3MOB 0€3 IIEePCIEKTHBHOCTEN ITOCTpOe-
HBI IIPUMEPHI MOJIYIOJIEBBIX TPOEKTUBHBIX IJI0CKOocTel nmopsanakos 81 n 2401 ¢ TOYHOCTHIO
1o uzomopdusma. CrUCOK UCKIIOUEHUI JOMOJHSIET KIACCUIEeCKne pe3yibrarhl X. JIroHe-
Oypra u ApyTUX O MPOEKTUBHBIX CIIEIINAIbHBIX JIMHEHHBIX TOATrPYIIax Kosmnuearuit. M-
MOJIb3YEMBIIl METOJI, M OMMCAHHBIE AJITOPUTMBI JIOITYCKAIOT 00OOINEHNE Ha CJIydail apyToi
Pa3MepHOCTH UJIN JIPYrOro MOPsIKa.

KuaroueBsle ciioBa: moJyoseBast IJI0CKOCTD, IOJIYIIOJE, PErY/IsIPHOE MHOXKECTBO, IPYII-
18, aBTOTOIM3MOB, TPYIIa KBATEPHUOHOB, TPYIINA JUApa, TpodbaeMa Xbr3a

Buaaropgapaoctu: Pa6ora nojepkana KpacHosipckuM MaTeMaTHIeCKuM IEHTPOM, du-
narcupyeMbiM Muno6puayku P® (Cornamenue 075-02-2026-1314).

Ccoelnka mjiss nurupoBanus: Kravtsova O.V., SkokD.S. Dihedral and Quaternion
Autotopism Subgroups of Semifield Projective Planes of Order p* // Ussecrus WpxyT-
CcKOTO rocynapcTBennoro yausepcurera. Cepust Maremaruka. 2026. T. 56. C. 145-159.
https://doi.org/10.26516/1997-7670.2026.56.145

1. Introduction

A classical problem in projective geometry is the description of the
collineation group (automorphisms) of a finite projective plane, as well as
the classification of planes of fixed order that admit a certain collineation
group (for translation planes, see [5]). The first significant result concerning
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DIHEDRAL AND QUATERNION AUTOTOPISM SUBGROUPS 147

projective planes of order n admitting a collineation group isomorphic to
PSL(2,q) was obtained by H. Liineburg in 1964; it was a characterization of
Desarguesian projective planes of order n = ¢ [9]. In 1989, G.E. Moorhouse
enumerated [12] projective planes that admit PSL(2,q) for n < ¢. In a 2007
survey, A. Montinaro [11] provided a solution for n < ¢? along with some
examples of translation planes admitting PSL(2, q).

Closely related to this problem is D. Hughes’ 1959 conjecture [3] on the
solvability of the collineation group of a finite non-Desarguesian semifield
plane (Question 11.76 by N.D. Podufalov in the Kourovka Notebook). All
currently known projective planes coordinatized by non-associative finite
semifields possess this property. We propose an approach based on the
classification of finite simple groups and J. Thompson’s theorem on minimal
simple groups. The spread set method allows us to determine conditions
for the existence of a semifield plane with a given autotopism subgroup
(collineations fixing a triangle) and to construct examples, including com-
putational ones. By excluding certain simple non-Abelian groups from
possible autotopism subgroups, we can make significant progress in solving
this problem.

The results on projective linear groups imply that a non-Desarguesian
semifield plane of order n does not admit a collineation group isomorphic to
PSL(2,q), ¢ > n. In previous publications by the first author, other useful
results have been proved on the autotopism group A of a non-Desarguesian
semifield projective plane of order p”¥, where p is prime and N = 2™ . s with
s odd. In particular, for p > 2 group A contains no subgroups isomorphic to
PSL(2,2?") and PSL(2,5"). For p =1 (mod 4) it contains no subgroups
isomorphic to PSL(2,q), where ¢ = 1 (mod 2™*?) or ¢ # +3 (mod 8).

These results are based [6] on the boundedness of the order of cyclic or
elementary Abelian autotopism 2-subgroup without central collineations.
The spread set approach involves first constructing matrix representations
of autotopism subgroups isomorphic to the dihedral group Dg or the quater-
nion group Qg of order 8. For p = 1 (mod 4) such a subgroup necessarily
contains central collineations [6;7] and thus cannot be embedded in any
simple non-Abelian autotopism subgroup.

The case p = —1 (mod 4) requires special consideration due to the
different geometric meaning of an autotopism of order 4. In [8], the au-
thors derive matrix representations for generators of autotopism subgroups
isomorphic to Dg or Qs. For dimension N # 0 (mod 4), this excludes
most simple non-Abelian groups as possible autotopism subgroups, except
possibly: PSL(2,2"), n > 2, PSU(3,2"), n > 2, Sz(2"), n is odd, n > 1,
PSL(2,q), ¢ = %3 (mod 8), J; or 2G2(3"), n is odd, n > 1 (due to [2]).

This paper focuses on the case || = p?, p = —1 (mod 4), aiming to
construct matrix representations of spread sets for semifield planes with
autotopism subgroups H ~ Dg or H ~ Q. We show (theorem 1) that the
first case is impossible. For the second case (theorem 2) the existence is con-
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firmed by examples of orders 3* and 7*. Note that for “good” characteristics,
examples of semifield planes of orders 5% and 13% were constructed by the
first author earlier. For H ~ Qg we exclude the existence of a subgroup
F ~ SL(2,3) without central collineations.

2. Main definitions and preliminary discussion

The study of finite semifields and semifield planes started more than a
century ago with the first examples constructed by L.E. Dickson [1]. A
semifield (term from 1965) is called a non-associative ring @ = (Q,+, ")
with identity where the equations ax = b and ya = b are uniquely solved
for any a,b € Q, a # 0. The absence of an associative law in a semifield
leads to a number of anomalous properties in comparison with a field or a
skewfield or even a near-field. Moreover, the coordinatization of points and
lines of a finite projective plane by the semifield elements provides special
geometric properties.

We use main definitions, according [4;5], see also [6], for more detail.

Consider a linear space W, n-dimensional over the finite field GF(q) and
the subset of linear transformations R C GL,(q) U {0} such that:

1) R consists of ¢" square (n x n)-matrices over GF(q);

2) R contains the zero matrix 0 and the identity matrix E;

3) for any A,B € R, A # B, the difference A — B is a nonsingular
matrix.

The set R is called a spread set [4]. Consider a bijective mapping 6 from
W onto R and present the spread set as R = {6(m) | m € W}. Define
the multiplication on W by the rule z x m = z - 0(m) (z,m € W). Then
(W, 4, ) is a right quasifield of order ¢" [4]. Moreover, if R is closed under
addition then (W, +,x) is a semifield.

To construct and study finite semifields, we use a prime field Z, as a basic
field, p is prime. In this case the mapping 6 is presented using only linear
functions; it greatly simplifies reasoning and calculations (also computer).

A semifield W coordinatizes the semifield projective plane 7 of order
p" = |W| such that:

1) the affine points are the elements (z,y) of the space W & W,

2) the affine lines are the cosets to subgroups

V(o) ={(0,y) [y e W}, Vi(m) ={(z,20(m)) | x € W} (m € W);

3) the set of all cosets to the subgroup is the singular point;
4) the set of all singular points is the singular line;
5) the incidence is set-theoretical.

The finite plane 7 is Desarguesian (classical) if W is a field, then R ~
W ~ GF(p").
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The solvability of a collineation group Autm for a semifield plane is
reduced [4] to the solvability of an autotopism group A (collineations fixing
a triangle). Without loss of generality, we can assume that autotopisms are
determined by linear transformations of the space W & W:

A0
v > @) (5 ).
here the matrices A and B satisfy the collineation condition (see also [10])
A7'9(m)B € R VO(m) € R. (2.1)

To shorten the record, we will often use the notation diag(A, B) for the
block-diagonal matrix. Note that throughout the article, the blocks-sub-
matrices have the same dimension by default.

The collineations fixing a closed Baer subset have special properties. It
is well known [4], that any involutory collineation is a central collineation
or a Baer collineation.

A collineation of a projective plane is called central (or perspectivity), if
it fixes a line pointwise (the azis) and a point linewise (the center). If the
center is incident to the axis then a collineation is called an elation, and a
homology in another case. All the perspectivities in an autotopism group
are homologies and form the normal cyclic subgroups [6]:

H, = {diag(E, M) | M € R},
H, = {dia’g(M’ E) | M e R:Tl}?
Hy = {diag(M, M) | M € R}}.

The matrix subsets R;, R,,, R, are defined by a spread set:

R, ={M € GL,(p) U{0} | MO(m) = 0(m)M ¥O(m) € R},
R, ={M € R | MO(m) € R ¥0(m) € R},
R, ={M € R|6(m)M € RV0(m) € R},

they are called left, middle and right nuclei of the plane 7 respectively [4].
An autotopism group of a semifield plane of odd order contains three
involutory homologies (clear, in the center of A):

hi = diag(—E,E), hg=diag(E,—FE), hg=diag(—E,—E). (2.2)

A collineation of a projective plane 7 of order m is called Baer collinea-
tion if it fixes pointwise a subplane of order \/|7| = \/m (Baer subplane).
We use the following results on the matrix representation of a Baer in-
volution 7 € A and of a spread set obtained earlier, for more detail,
see [6].
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Let 7 be a non-Desarguesian semifield plane of order p” (p > 2 is prime).
If its autotopism group A contains the Baer involution 7 then N = 2n is
even and we can choose the base of 4n-dimensional linear space over Z,

such that
L0
T = (0 L> , (2.3)

where the matrix L € GLsg,(p) is block-diagonal L = diag(—FE, E). The
spread set R in G Lo, (p) U {0} consists of matrices

0(V,U) = (m‘(/U) / (I}/)) : (2.4)

where V € Q, U € K, Q,K are the spread sets in GL,(p) U {0} (but
maybe E € Q), m, f are additive injective functions from K and @ into

GLn(p) U{0}, m(E) = E.

3. Matrix representation of spread sets

Theorem 1. Let 7 be a non-Desarguesian semifield plane of order p*,
where p > 2 is prime, and let A be its autotopism group. Then any dihedral
subgroup H < A of order 8 necessarily contains central collineations.

For p =1 (mod 4), this statement was proved in [7]. For the remaining
case p = —1 (mod 4) this proof approach is inapplicable due to the par-
ticular geometric meaning of autotopisms of order 4, see [6]. We shall find
the matrix representation of the spread set for the plane 7 in this case.

Lemma 1. Let w be a non-Desarguesian semifield plane of order p*, where
p = —1 (mod 4) is prime, and let its autotopism subgroup H without ho-
mologies is isomorphic to Dg. Then the base of the 4-dimensional linear
space over Z, can be chosen such that the spread set R C GL4(p) U {0}
consists of matrices (a,b,c,d,j € Zp)

t az by cx

—az t —bxr cy

jy —jx t dz
T Y z

0($)y7zvt): s x,y,Z,tEZp.

Proof. As proved in [8] for |r| = p*, the subgroup H can be generated by
the autotopism « of order 4 and the Baer involution 5:

o = diag(S,E,S,E),  f = diag(L,L,L,L),

-10 0 1
a Baer involution. The spread set matrices can be written, therefore, as
(2.4), with K ~ GF(p?).

where S = 0 1>, L = <_1 0>. Here 7 = o? = diag(L,L) (2.3) is
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The collineation condition (2.1) allows us to determine all submatrices.
Since « and S are collineations, the products

-1 -1

S 0 S 0 L0 L O

(02) wn@r) (oz) woli)
must belong to the spread set R for any V € @Q and U € K. Matrix
multiplication yields:

a) LVL € Q,

b) VS € Q,

¢) f(LVL) = Lf(V)L,

d) f(VS)==Sf(V), YV € Q;

e) LUL € K,
£) m(LUL) = Lm(U)L,
g) Sm(U) =m(U)S, VU € K.

From the conditions (a) and (e), respectively, we have the form of blocks
V and U:

v (Vl(y) Vz(x)>, = <u12(t) M2(Z)>7 nyateZ,  (31)

T Y t

Since v;, p; are linear functions, with V.S € Q and F € K, we obtain:

_ (J;J ;x> U= (2 df). (3.2)

Note that the coefficient d of the linear function us(z) is necessarily not a
square in Z,, since any nonzero matrix U must be non-degenerate.
Let us express the block m(U) as:

m(U) = (ml(z’ 2 mQEz’ t)> (3.3)

m3(z7t) my
From the condition (f) we have:
mi(z,t) = mi(—=z,t), i =1,4; —mg(z,t) = mi(—2,t), k=2,3,

t az

and, given linearity and m(E) = E, it follows to U = .

). Condition
(g) gives @ = a. Similarly for block f(V), from (c) we get:

_ (h(y) fa(z)
1= (50 700): 4

and from (d): fi(y) = by, fa(x) = cz, f3(x) = bz, f4(y) = cy. Addition-
ally, all the blocks are either zero or non-degenerate. O
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To complete the proof of the theorem 1, we show that among the nonzero
matrices of the obtained set R, there are necessarily degenerate ones. Com-
puting the determinant:

det O(x,y,z,t) = t* + bejat — ct?2? — bjt*a® + bejyt — ct?y?—
— bjt?y? + 2bcjz’y? — a’dzt 4 at22% — dt?2% + abda?2?—
—acjx?2® + abdy®2* — acjy*2>.

Let M = 22 + 32, then:

det 0(z,y, z,t) = bej M>+M (abdz* —acjz* —bjt* —ct?) +(t* — 22d) (t* +a?2?).

Let us consider the case z = 0 and decompose this quadratic polynomial

into factors:
12 t2
det O(x,y,0,t) = bcj (M - b'> (M - ) .
]

Cc

As is known, in a finite field of odd characteristic, any element can be
represented as the sum of two squares. Therefore, choosing an arbitrary
t # 0, we can find x and y so that
2, ot 5, ot
M=x+4+y"=— o M=z"+y =—.
bj c

For the chosen nonzero row (z,vy,0,t), the determinant of the matrix van-
ishes, so R cannot be a spread set of the semifield plane 7. The resulting
contradiction proves the theorem.

Thus, the proved result completely excludes for the semifield plane of
order p* the situation when the Sylow 2-subgroup of autotopisms ¥ < A
contains two non-commuting involutions. The bound on the number of
commuting Baer involutions in A was proved earlier: for || = p* the order
of an elementary Abelian 2-subgroup without homologies does not exceed 4
(for more detail, [6]). Taking into account the presence in A of homologies
hi, ha, h3 = hiho of order 2 from the center of the group, we have the
corollary.

Corollary 1. If ¥ is a Sylow 2-subgroup of the autotopism group A for
a non-Desarquesian semifield plane m of order p*, where p > 2 is prime,
then its elementary abelian 2-subgroup F' < ¥ has order 4, 8 or 16, with
|[F'NZ(A)| = 4.

Now consider the autotopism subgroup H ~ (Jg, where the only involu-
tion is 7. For p = 1 (mod 4) this involution must be a homology [8]. For
= —1 (mod 4), 7 € H could be Baer. Using the result [8] on the matrix
representation of the subgroup H generating elements, we find the matrix
representation of the spread set.
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Theorem 2. Let 7 be a non-Desarquesian semifield plane of order p*,
p = —1 (mod 4) is prime, the autotopism subgroup H is isomorphic to
Qs and does not contain homologies. Then the base of the 4-dimensional
linear space over Z,, can be chosen such that the spread set R C G L4(p)U{0}
consists of matrices (a,b,c,d,j € Zp)

t az bxr cy
—az t by —cx
Jjy —jxr t dz
x y z

O(x,y,z,t) = . X,y 2t € Z)p.

Proof. According to the results of [8], the subgroup H ~ Qg can be gener-
ated by autotopisms « and 3 of order 4:

a = diag(S,E, S, E), B = diag(C,L,C, L), (3.5)
where S and L are as above, C? = —F, CS = SC, o? = 2 = 7. It’s not
1 €2
c2 —C1

Repeating the reasoning from the proof of Theorem 1, from the collinea-
tion condition for v and § we obtain:

a) LVC € Q,

b) VS € Q,

c) f(LVC)=-Cf(V)L

d) f(VS) ==Sf(V), VV € @;
From conditions (a) and (e), respectively, similarly to the previous one, we
have the form (3.1) of the blocks V' and U. Further, from the linearity of

the functions v, p; and the conditions V.S € (Q and E € K we again see
(3.2). For the block m(U) of the form (3.3), from conditions (f) and (g)

hard to show that for || = p? the matrix C = < ,ch+cd=—1.

e) LUL € K,
£) m(LUL) = —Cm(U)C,
g) Sm(U) =m(U)S, YU € K.

we obtain: m(U) = ( fzz ; . For f(V'), unlike (3.4), the condition (c)
bx cy
gives f(V) = (by —cx) O

Remark 1. Note that the coefficient d of the linear function ua(z) is
necessarily not a square in Z,, since any nonzero matrix U must be non-
degenerate. Since —1 is not a square in Z, and non-squares form a coset
in the multiplicative group of the field, then we will write —d? instead of
d, now assuming that the element d € Z, is arbitrary:

t az bxr cy
—az t by —cx
jy —jr t —d’z

T Yy oz t

0(z,y,2,1) = , 1,y z,t € Z,, (3.6)
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It should be noted that in the case of H ~ Qg this subgroup cannot
be contained in F' ~ SL(2,3). Indeed, in this case there would exist
an autotopism 7 given by the block-diagonal matrix diag(D1, D2, D3, Dy),
commuting with the involution 7 and satisfying the condition v ‘ay = 3,
and for matrices (3.5) this is obviously impossible.

Corollary 2. Let © be a non-Desarguesian semifield plane of order p*,
p = —1 (mod 4) is prime, the autotopism subgroup F does not contain
homology. Then F cannot be isomorphic to SL(2,3).

4. Examples

We now construct examples of semifield planes of order p* that admit
the autotopism subgroup H ~ Qg without homologies.

As noted in [8], the complete list of semifield planes of order 81 ad-
mitting a Baer involution contains exactly one plane with a homology-free
autotopism subgroup H ~ (s, and none with H ~ Dg, consistent with
Theorem 1. The spread sets for order-81 examples were previously written
in an another form, so we recomputed them for matrices 6(z,y, z,t) (3.6),
for both p = 3 and p = 7. Computer calculations show that in the first
case there are 8 coefficient rows (a, b, ¢, d, j):

(17]"2’]‘7]‘)7 (1717272?1)’ (]"2’]‘7]‘7]‘)? (172?1?271)7
(2,1,1,1,2), (2,1,1,2,2), (2,2,2,1,2), (2,2,2,2,2),

in the second we obtain 792 tuples. Note that distinct parameter rows
may correspond to isomorphic planes, so we must to classify them into
isomorphism classes. It is clear that for p = 3 we should end up with
unique class.

The first step in solving the isomorphism issue will be to calculate the
nuclei orders for the constructed semifield planes.

Lemma 2. Let 7 be a semifield plane of order p*, p = —1 (mod 4) with
the spread set (3.6). The orders of its right, middle, and left nuclei are
determined as follows.

1. If a>d*> =0, ab+ c = 0, then |R,| = p?, otherwise |R,| = p.

2. Ifa®> —d*> =0, a = j, then |R,,| = p?, otherwise |Ry,| = p.

3. If 2-d*> =0, jb+c =0, then |Ry| = p?, otherwise |R;| = p.

Proof. It will be convenient for us to write down an arbitrary matrix of a
spread set as a decomposition 0(x,y, z,t) = X + yY + 2Z + tE, where

00 b 0 000 ¢ 0 a0 0
00 0 —c 00b0 —a 00 0
X_O—jOO ’Y_jOOO’Z_ 0 00 —d?
1 000 0100 0 01 0
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We detail the proof for the right nucleus (others follow similarly). If M is
a matrix from the right nucleus R,, then for any matrix from R all products
0(x,y, z,t)M must remain in R. It is sufficient to check this condition only
for the base elements X, Y, Z, E of the spread set: XM, YM,ZM,M € R.

Let’s write M as X + yY + 2Z + tE and calculate the product X M:

bjy —bjx bt —bd*z cy abx bt caz

| —cx —cy —cz —ct | | —abc cy baz —ct
XM = jaz —jt —jby gjex | | jaz —jt cy —dPbx |’

t az bx cy t az bx cy

because it is 0(t, az, bz, cy) € R. For the corresponding elements, we obtain
the equations:

ab+bx:0> b1 — :07
Ec ab;;)g 0 (ac +bd*)z = 0, é J cgy

N v cy = 0,

. 2N (ab+c)z =0, Y 0
e htir = (c+bj)y = 0.

Since ¢ # 0, then y = 0, and only the first five conditions remain. For
the product Y M with y = 0 we similarly obtain x = 0 and (ac — bd?)z =
(ab+c)z = 0, and for the product ZM with x = y = 0 we add the condition
(a® —d?)z = 0. Consequently, if at least one of the elements a? — d?, ab+c,
ac + bd? is nonzero, then z = 0 and M = 6(0,0,0,t) = tE, then R, ~ Z,.
When a? —d? = ab+c = ac+bd? = 0 we obtain M = 6(0,0, 2,t), |R,| = p*.

For the matrix M from the middle kernel R,,, we check the conditions
MX MY MZ,M € R, and the conditions MX = XM, MY = YM,
MZ = ZM for M € R;. ]

For order-81 planes, calculation result is consistent with [8]: all nuclei
have order p?> = 9. For order 74 results are summarized in Table 1.

We can divide any class K; into isomorphic subclasses, taking into ac-
count that the base replacement with the transition matrix diag(T, W)
makes the spread set R to the form T-'RW (for more details, see [10]).
We will choose the transition matrix so that the subgroup H is preserved.
Therefore, we need to find the centralizer and normalizer of H in the group
GLg(p). Let us present the reasoning for the centralizer.

Table 1
Class | |Ry| | |Rm| | |Ri| | Number of spread sets
K| p | p | P 72
K> p? P P 144
Ks p p? p 144
Ky P P p? 144
K5 D p D 288
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Since the matrix diag(T, W) must commute with o? = 82 = 7, it is
block-diagonal of the form diag(Ty,To, W1, Wa). The commutativity imply
the equalities 715 = STy, W1.S = SWq, T7C = CTy, W1C = CWy, 1oL =
LTy, Wo L = LW5. From the first four conditions, we obtain scalar matrices
T, =t1E, W7 = w1 FE, and from the last two the diagonal matrices To =
diag(ta,ts), Wa = diag(wa,ws). Thus, the centralizer of the subgroup H is

C(H) = {diag(tl,tl,tg,tg,wl,wl,wg,wg) ‘ ti,w; € Z;, 1= 1,2,3}.

Let us compose the matrix of the new spread set as T0(z,y, z,t)W, replac-
ing 7! with T to simplify the notation (it possibly due to arbitrariness):

t1tuy tiazuy;  tibrus  ticyus
—trazuy  tituyr  tibyus —ticrus

tgjyul —tgjxul t2tU2 —tzdzzu:;

tgl‘ul t;;yul t32U2 t3tU3

— 9/(17/7 y/) 2/7 t/)7

/ /

where 2/ = tzzuy, ¥ = tzyuy, 2’ = tzzug, t' = tstuz. Comparing the
coefficients a’, V/, ¢/, d’, j' of the matrix of the new spread set with the
corresponding coefficients for the original plane, we obtain:

2 2
t t1t t t t

a’:a—z,b’:b—l—l,c’:c 2 , d? = d? 2 ,j/:j—z.
t3 to t3 t3 t3 t3

Let’s make the substitution t3/t3 = u, t1/ts3 = v and rewrite the result.

Lemma 3. Let © and 7' be the semifield planes of order p* with the
spread sets (3.6) for the coefficient rows (a,b,c,d,j) and (a’',b',c,d',j"),
respectively. If there exist nonzero elements u,v € Z, such that
02
d=au, V=b—, =c? d?=d%2% j =ju,
U

then the planes ™ and 7' are isomorphic.

Direct comparison of the coefficients in the case p = 3 shows the iso-
morphism of all the constructed planes. For the case p = 7, the classes K;
from the Table 1 are divided into 22 isomorphism classes, with 36 spread
sets in each. The final list is presented in Table 2 with the choice of one of
the class representatives.

Remark 2. By the conditions of lemma 3, we may assume without loss
of generality that, for instance, the coefficient a (or the coefficient j) in
(3.6) is equal to 1. Further, we can assume that the coefficient ¢ is equal
to 1 if it is a square, and —1 otherwise.

Clearly, a complete classification up to isomorphism requires determin-
ing the transition matrices diag(T, W) from the normalizer of the subgroup
H. We omit these computations, as extensive calculations in our cases yield
the same result.
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Table 2

Class | Plane |a | b | c|d | j|Class | Plane |a | b | c | d ]| j
Ky m 11|61 |1] Ky mp |1 |1]6]1]2
K 2 1{6]1]1]1 Ky 12 111|614
Ky 3 112|163 [4| Ky mg |1 |6]1]1]2
Ko Ty 1141622 Ky T4 116|114
Ko m | 1|3|1]2]2] Ks | m5 |1]2]6]2]1
Ky 6 115|113 |4]| Ks me | 1416|332
K mm (1|26 1 1| Ks | 77 |1]1]6]2]4
K3 8 11461 |1| Ks mg | 1111631
K T |1|3|1 11| Ky | 70 |1|3]1]3]2
Ky | mo |1|5 |11 1| Ks | m0 |1]5]1]2]1
Ks T21 116|124

Ks 29 116131

Theorem 3. There exists a unique semifield plane of order 81 whose
autotopism group contains a perspectivity-free subgroup isomorphic to Qg.
There exist exactly 22 pairwise non-isomorphic semifield planes of order T*
satisfying this condition.

5. Conclusion

If D. Hughes’ assumption on the solvability of the autotopism group
for any non-trivial finite semifield is incorrect, then the composition series
of the autotopism group must contain simple non-Abelian factors. Having
excluded the possibility of the existence of a simple non-Abelian autotopism
subgroup, we will have to proceed further to the development of compu-
tational technique for the quotient-group. Given the complexity of the
problem, it seems natural to continue searching for solutions in the case of
the smallest possible dimension over the center, that is, for the order p* of
a semifield plane.
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