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1. Introduction

The notion of a conformal (Lie) algebra emerged in [17] as a tool in the
theory of vertex algebras which goes back to mathematical physics [6] and
representation theory (see, e.g., [8]). From the algebraic point of view, the
structure of a vertex algebra is a breed of two structures: a differential
left-symmetric algebra and a Lie conformal algebra [4].

The structure theory of (finite) Lie conformal algebra was developed
in [10], irreducible representations of simple and indecomposable semisim-
ple finite Lie conformal algebras were described in [9]. Given a finite
conformal module M over a Lie conformal algebra L, the representation
of L on M is a homomorphism from L to the Lie conformal algebra of
conformal endomorphisms gc (M), see [17, Ch. 2]. The latter is an analogue
of the “ordinary” Lie algebra gl (V') of a linear space V' in the category of
conformal algebras. As in ordinary algebras, gc (M) is the commutator
algebra of an associative conformal algebra Cend(M). Thus the study of
associative conformal algebras (and Cend(M), in particular) is essential
for representation theory of Lie conformal algebras and, as a corollary, for
vertex algebras theory. A systematic study of Cend(M) was performed
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in [7], its simple subalgebras were described in [19]. The most interesting
case is when M is a free H-module of rank k, then Cend(M) is denoted
Cendy,. This system plays the same role in the theory of conformal algebras
as the matrix algebra My (k) does in the ordinary algebra.

The homological studies for conformal algebras starts from the paper [3].
Conceptually, to define (co)chains, (co)cycles, and (co)boundaries for a
particular class of algebras over a field k, one needs to know what a mul-
tilinear mapping is, how to combine such mappings, and how symmetric
groups act on multilinear mappings. All these notions have their analogues
in the category of modules over cocommutative bialgebras, that is, these
are pseudo-tensor categories [5]. In particular, the definition of Hochschild
cohomologies for an associative algebra in the pseudo-tensor category over
the polynomial bialgebra H = k[J], where 0 is a primitive element, coin-
cides with the definition of Hochschild cohomology of associative conformal
algebras in [3].

It is well-known since [15] that for the associative algebra End(V') of
linear transformations of a finite-dimensional space V' all nth Hochschild
cohomology groups are trivial for n > 1. The problem of description of
conformal Hochschild cohomologies of Cendy (M) for a finite free H-module
M was stated in [3]. In [11], it was shown that the second Hochschild
cohomology group of C' = Cendy (M) is trivial for all conformal bimodules
over C' when M is a free H-module, which was a partial solution of the
problem from [3]. The purpose of this paper is to complete solving this
problem without the freeness assumption and prove that all nth Hochschild
cohomology groups of Cendy (M) for n > 2 with coefficients in all conformal
bimodules over Cendy (M) are trivial.

Note that the classical triviality argument (see [15]) based on the iso-
morphism H"(A, M) ~ H* (A, Hom (A, M)) does not work for conformal
algebras since the pseudo-tensor analogue of Hom denoted Chom (see [17])
does not carry a structure of conformal bimodule due to locality issues.

As shown in [3], the calculation of conformal Hochschild cohomology
H*(C, M) of an associative conformal algebra C' with coefficients in a con-
formal bimodule M over C'is based on the ordinary Hochschild cohomology
H*(AL(C), M), where A4 (C) is the positive part of the coefficient algebra
of C.

For C' = Cendj, the positive part A, (Cendy) of its coefficient algebra
is isomorphic to the matrix algebra over the first Weyl algebra Wi, i.e.,
the unital associative algebra generated by two elements p, ¢ such that
qp —pq = 1.

The series of Weyl algebras (and, in particular, the first one) is under
intensive study in various areas of mathematics. Homological properties of
these algebras were considered, for example, in [13;14;22]. For instance,
the global dimension of the Weyl algebra W,,, n > 1, essentially depends
on the characteristic of the base field. One of the by-products of this paper
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is an explicit computation of the 3rd Hochschild cohomology group of the
first Weyl algebra by means of the Anick resolution. We apply the Morse
matching method to transform a bar-resolution of the first Weyl algebra
into its Anick resolution and calculate explicitly H? (W7, M) for an arbitrary
Wi-bimodule M.

As a result, we solve a problem stated in [3] on the computation of
Hochschild cohomologies of the conformal algebra Cendj:
we prove H"(Cendy, M) = 0 for all n > 2 and for all conformal bimodules
M over Cendy, without the freeness assumption.

2. Morse matching method for constructing the Anick
resolution

The idea of D. Anick on the construction of a relatively small free res-
olution for an augmented algebra has shown its effectiveness in a series of
applications [1;21]. Let us briefly observe the main points of this construc-
tion and its application to the computation of Hochschild cohomologies of
associative algebras. Suppose A is a unital associative algebra equipped
with a homomorphism ¢ : A — k, (1) = 1 (augmentation). Denote by
A the cokernel A/k of the inverse embedding 1 : k — A and consider the
two-sided bar resolution of free A-bimodules

0k« By« B+ - «B,+<Bpy1 ...,

where By = A® A, B, = A® A" @ A for n > 1. We will denote a
tensor a1 ® - @ a, € A®" as [aq]...|a,] and omit the tensor product
signs between A and A®™. The arrows d, 1 : B,+1 — B, are A-bimodule
homomorphisms given by

n
dpyafar . Janta] = afagl .. Janta) + > (=Dar] .. |asais] . . |ansi]
i=1

+(=1)"aq|. .. |an]ani1,
for n > 0, and
di:fal—=a®l-1®a, dy:a®b— e(ab).
If M is an arbitrary unital A-bimodule then
Homp (B, M) ~ Hom(A®™, M)

as linear spaces, and for every ¢ € Homp_ A (B, M) the composition ¢d;, 11 :
B,.1 — M corresponds to the k-linear map A™(¢) : A"+ s M which
is given by the Hochschild differential formula.
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Therefore, if we start with an associative algebra A, join an exterior
identity to get A = A ® k1l with €(A) = 0, then the cochain complex

(HomA_A(B., M), A')

coincides with Hochschild complex C*(A, M).

The bar resolution (B,,d,) is easy to construct but it is too large for
practical computations. Therefore, it is reasonable to replace (B,, ds) with
a smaller but homotopy equivalent resolution, e.g., the Anick resolution

(Ao, d),
Ok Ag— A1« A, A1+ ..., Opr1:Api1— A,

Then, given an A-bimodule (hence, a unital A-bimodule), the cohomologies
of the complex

(HomA—A(A07 M)7 A.)> Angp = Popt1, P € HOHIA_A(An, M)a

coincide with the Hochschild cohomologies H*(A, M).

Suppose X is a set of generators of the algebra A. Denote by X* the
set of nonempty words in X, and let k(X) stand for the linear span of X*,
this is the free associative algebra generated by X.

Let ¥ C k(X) be a Groebner—Shirshov basis of A relative to an ap-
propriate monomial order (e.g., deg-lex order). We will denote by V =%
the set of principal parts of relations from ¥ (called obstructions). Recall
that Ag = Bo = A® A, A, = A@kV™ D @ A, where V) stands for
the set of Anick k-chains. By definition (see [2]), V(© = {[z] | z € X},
VO = {[z]s] | * € X,s € X*,xs € V}, and for k > 2 the set V¥ is
constructed on the words in X* obtained by consecutive “hooking” of the
words from X.

This definition becomes transparent in the case when the defining rela-
tions ¥ contain at most quadratic monomials, so that all words in V" are of
length two. For n > 1, an Anick n-chain is a word v = [z1]...|zn41] € X*
such that z;x;41 € V fori=1,... n.

Example 1. Let g be a Lie algebra over k with a linearly ordered basis X.
Denote [z,y] € kX, x,y € X, the Lie product in g. Set ¥ = {xy—yz—[z,y] |
z,ye X,z >y}, A=k(X)/(¥). Then A = APkl is exactly the universal
enveloping associative algebra U(g). Then V) = {[x]xs|. .. |zpg1] | 21 >
xg >+ > Tpy1, 2 € X} The elements of V() are in obvious one-to-one
correspondence with the basis of AF*1g.

The Anick differentials were computed in [2] by means of a complicated
inductive procedure. In order to make this computation easier, in [16]
and, independently, in [23], it was proposed to use algebraic discrete Morse
theory developed in [12] to construct a smaller complex (of free modules)
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which is homotopy equivalent to a given one. In particular, given a bar
resolution of an augmented algebra A, the resulting complex is the Anick
resolution.

The Morse matching method for computing the Anick resolution [16],
[23] is also described in [1;21]. In a few words, the problem is to choose
an appropriate set of edges in the weighted directed graph describing the
structure of the bar resolution. Then one has to transform the graph by
means of inverting the matched edges. Inverting means not only switch of
direction, but also replacing the weight ¢ of the matched edge with —c 1.
In the resulting graph, the non-matched vertices (critical cells) are exactly
the Anick chains. Finally, in order to calcuate the Anick differential d,1
on a chain w from V(™ one has to track all paths from w to vertices from
V(=1 The weight of each path is equal to the product of the weights of
all its edges.

Let us consider the construction of the Anick resolution (A,,ds) by
means of the Morse matching method in details. Suppose Be = (By,, dp)n>0
is a chain complex of free (left) A-modules. Suppose Y, is a fixed basis of
B,, as of A-module. Then for each b € Y,, there is a unique presentation

do(d) = > [V, [b:V] €A
bVeYn_1

Define a weight of a potential edge from b to o’ as the coefficient [b : b']. Con-
struct a directed weighted graph I'(Be) = (Y, E) considering Y = U,~oY,
as the set of vertices. The edges in I'(B,) are defined as follows:

v, ey

whenever [b: b'] # 0.

Definition 1 ( [16;23]). Let M be a subset of E. Then M is called a
Morse matching if and only if
— FEach vertex y € Y lies in at most one edge e € M ;
— For all edges (b,b,[b: V]) € M, the weight [b : b'] is an invertible
element in the center of A;
— The graph Ty = (Y, Epr) has no directed cycles, where Eyy is given
by
Ey = (E\M)U{¥,b,—b: 61| (b, [b:b]) e M}
A vertex b € Y s critical with respect to M if b does not belong to an
edge e € M ; we denote by Y,M the set of critical edges from Yy,.
Suppose p is a path p=>b; — ... — b, in a weighted directed graph with
vertices X. Then

r—1
w(p) := H Ais € = (bi, biy1, Ni).
i=1
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Denote by T'(b, V'), b,b €Y, the sum of weights of all paths from b to b'.

Given a Morse mathcing in the graph I'(B,), construct a smaller complex
of free A-modules BM as follows. Let

B) = &P Ab,

bey M

and
ay BY B A ()= D T,

n—1» n
yev,M,
where T'(b, ') is calculated in the graph T'y; = (Y, Ep).

Theorem 1 ([16]). A chain complex of free A-modules (B, dy)n>0 is
homotopy equivalent to the complex (BM dM),>o.

Let Be = (B, dpn)n>0 be the bimodule bar resolution for an augmented
algebra A. Assume the latter is defined by a set of generators X and a
family of defining relations that form a Groebner—Shirshov basis with a
set of obstructions V. We may consider B, as a complex of left A @ A°P-
modules, the basis of B,, is formed by the elements [u1|us|. .. |u,] where u;
are V-reduced words in the alphabet X. Then there is a general way how to
choose a Morse matching in I'(B, ) described in [16;23], see also [1, Theorem
2.2).

In the case when the Groebner—Shirshov basis of A consists of quadratic-
linear relations, we may assume that each element of V' is a two-letter word.
Then the general construction of a Morse matching becomes quite simple:
the set M consists of all edges

[1]. .. |1:i|:c;+1\x;/_~_1|xi+2| codlxn] = [zl T wis |ige| -], 120

for xj, 2}, 2}, € X, where 2} 27 | = w;y1 in A (here w;y1 is actually a
linear combination of V-reduced words) and z;z;, ; € V (or i = 0).
The smaller chain complex (B (A),dM),>o obtained in this way from

the bar complex of A is the A-free Anick resolution Aq = (A, 6n)n>0 [16].

Example 2. Let g = H3 be the Heisenberg Lie algebra. The universal
enveloping algebra U(Hj3) is generated by the elements z,y, z, relative to
the following relations:

xy=yr+z, Tz=2z2r, YZ=2Y.
Assume x > y > z. Then the Anick n-chains are:

VO = {alyl, [ol2], [ole]}, VO = {[elylel}, VO =0, 0 >3,
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In order to compute d3[z|y|z], consider a fragment of the bar resolution
graph and choose a Morse matching Tracking the paths and collecting
similar terms lead to the following answer:

dslzlylz] = zlylz] — [ylz]z + [z]z]y — ylz]2] + 2[z|y] — [2|y]2.

3. Conformal endomorphisms and the 1st Weyl algebra

From now on, k is a field of characteristic zero, H = k[9] is the polyno-
mial algebra in one variable.

Suppose V and M are two H-modules. A conformal homomorphism ¢
(see [17]) from V to M is a k-linear map

ox:V = M\ =Kk[0,\| @y M

such that
ea(f(O)v) = f(9+ Nea(v)
forall v e V, f = f(0) € H. Here X is a formal variable. All conformal

homomorphisms from V' to M form a linear space denoted Chom(V, M).
This is also an H-module: the action is given by

(0p)x = —Apa.

If M =V then the space of all conformal homomorphisms from V to M is
denoted Cend(V). If V is a finitely generated H-module then Cend(V) is
an associative conformal algebra [17]: for every ¢, € Cend(V) we have

(poxy) € Cend(V)[A]

defined by the rule
(P o) = @rthu—x.

If V is a free H-module of rank k& € N then Cend(V') is denoted Cend.

Up to an isomorphism (see [7;19]), one may identify Cendy with the
space of all (k x k)-matrices over the polynomial ring k[0, z] equipped with
the operation

f(avx) O\ g(avx) = f(—)\,:v)g((?—i— Az + >‘)7

f,g € k[0, x]. For matrices, the operation (-o0)-) is extended by the ordinary
row-column rule.

Let H act from the right on the Laurent polynomials k[t,#~!] in such a
way that 0 = —d/dt. For every conformal algebra C' in the sense of [17], one
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may define the coefficient algebra A(C) as the linear space k[t,t 1| @y C
equipped with the multiplication

a(n)b(m) =Y (Z) (05 b)(n+m —s) (3.1)

s>0

where t"®@pa = a(n) fora € C, n € Z, and (ao4b) stands for the coefficient
at A*/s! of (aoyb), a,b € C. For polynomials from Cendy, for example, we
have

F(@) o g(2) = () 9(@)

by the Taylor formula.

The subspace of A(C) spanned by all a(n), n > 0, a € C, is a subalgebra
of A(C) denoted A, (C). For instance, A(Cend;) = k[t,t~%, 2] as a linear
space, the isomorphism identifies t" Qg 2™, n € Z, m € Z,, with zt" €
k[t,t~1, x]. The product of two such monomials is calculated via (3.1). For
example,

" xt™ = (1o 2)t" ™ 4+ n(1 oy )" = gt 4 gyt

sotr=axt+1,t7'x =xt™! —t72 etc. Hence, A(Cend,) is isomorphic to
the localization of the first Weyl algebra W1 = k(p, q | gp — pq = 1) relative
to the multiplicative set {¢° | s > 0}. The positive part A, (Cend;) is
isomorphic to the Weyl algebra itself, so A, (Cendy) ~ My (Wh).

Let C' be an associative conformal algebra, and let M be a conformal
bimodule over C. Then M is a bimodule over the ordinary associative
algebra A = A, (C), the action is given by

a(n) -u=aonu, u-aln) = fuonah = Y (~1)" L0 (uons, a),
s>0

forue M,acC,neZ,.

The basic Hochschild complex [3] of C' with coefficients in M is isomor-
phic to the Hochschild complex of A = A (C') with coefficients in the same
bimodule M. There is a linear map

D, : C"(A, M) = C™(A, M)
given by
(an)(al(ml) an(my)) = 0f (ar(n1),- .., an(mn))
+Zmzf ar(m),- .., ai(mi —1),..., an(mn)),

=1
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for f € C"(A,M). The maps D, are induced by the derivation 0 :
a(m) — —ma(m — 1) on the algebra A. Since D, 1 A" = A"D,, the
image DoyC*(A, M) is a subcomplex of C*(A, M), and the quotient

C*(A, M) =C*(A,M)/DsC*(A, M)

is isomorphic to the reduced Hochschild complex of the conformal algebra
C (see [3, Theorem 6.1, Corollary 6.1]).

Proposition 1. If C is an associative conformal algebra, A = A (C),
M s a conformal bimodule over C, and HY(A, M) = 0 for all ¢ > 3, then
H(C*(A, M)) =0 for all ¢ > 3.

Proof. The short exact sequence
0 — DyC*(A, M) — C*(A, M) — C*(A,M) =0
gives rise to the long exact sequence of cohomologies
.- = HY(D,C*(A, M)) — HI(C*(A, M)) — HI(C* (A, M))
— HITY(D,C*(A, M)) — HITL(C®*(A, M)) — HITL(C®(A4, M) — ...
By [3, Proposition 2.1], the complexes C*®* = C*(A, M) and D4C*® are iso-

morphic in positive degrees. Hence, under the conditions of the statement,
HY(C®(A, M)), ¢ > 3, is clamped between zeros, thus it is zero itself.  [J

4. Two-sided Anick resolution for the first Weyl algebra

In this section, we apply the Morse matching method described in Sec-
tion 2 to compute the 3rd Hochschild cohomology of the first Weyl alge-
bra with coefficients in an arbitrary bimodule. The Weyl algebra W; is
generated by the elements g, p, e, relative to the following relations:

gp=pq+e pe=p, ge=gq, eq=gq, ep=p, eec=e.

Assume ¢ > p > e. Then the sets of Anick n-chains for n = 1,2, 3 are easy
to find:

vV = {(qlp], lale]., [ple], [e|a]. [e[p], [ele]},

V® = {[qlple]. [elalp]. [alelp], [plelq], [glele]. [plele], [elelq], [elelp], [elqle].
le|ple], [glelql, [ple[p], [elele]},

V® = {[qlplele], [elqlple], [glelple], [ple|ale], [ale|ele], [ple|ee],
lelglele], [elplele], [glelqle], [ple[ple], [e|ele|e], [elelq|p], [e|qle|p],
lelplelq], [elele|d], [e|ele|p], [e[elqle], [ele[ple], [elqlelq],
lelplelp], [lelelp], [plelelql, [alelelq], [plelelp], [alplelq], [g|ple|p]}-
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In order to compute H3(Wy, M) for an arbitrary Wj-bimodule M we need
to know the Anick differentials on V() and V©®),

For example, consider a fragment of the graph constructed from the bar
resolution of A = W; @ k1 with the vertex [g|p|e] with a matched edge
[plgle] — [pqgle], see Fig. 1a. Note that [p|q] is not an Anick chain thus
should not be a critical cell. Indeed, the vertex [p|q] belongs to another
matched edge [p|g] — [pq] which also appears in the bar resolution graph,
see Fig. 1b. In a similar way, construct a fragment with the vertex [e|q|p]
on Fig. 2a: all ending vertices of this fragment are either Anick chains or
[p|lg] which is already matched. Note that the vertices [e|p|q] and [g|p|e]
belong to matched edges. As a final example, consider the fragment with
le|g|ple] (Fig. 2b): all ending vertices of this graph are either Anick chains
or already matched ones.

In the sequel, we will often omit symbols | in the elements of 1408

In the same way, one may compute Anick differentials on the other chains
from V@ and V). As a resul, we get the following statements.

Lemma 1. The differential d3 : As — Ag in the Anick resolution for Wy
is given by the following formulas (where we write [xyz| instead of [x|y|z]
for brevity):

d3lege] = e[qe] — [qe] + [eq] — [eq]e,
dslepe] = e[pe] — [pe] + [pe] — [eple,
d3lgpe] = qlpe] — plge] — [ee] + [qp] — [gple,
dleqp] = elgp] — [gp] + [eplq + [ee] — [eq]p,
dslqep] = qlep] — [qelp,  03[peq] = pleq] — [pelq,
d3[qee] = qlee] — [gele, O3[pee] = plee] — [pele,
d3leeq] = eleq] — [eelq, dsleep] = e[ep] — [ee]p,
d3(qeq] = qleq] — [gelq,  d3[pep] = plep] — [pelp,

dsleee] = elee] — [eele.

Lemma 2. The differential 64 : Ay — A3z in the Anick resolution for Wi
s given by:

dalgeep] = qleep] — [qep] + [geelp,  da[peeq] = pleeq] — [peq] + [pee]q,
dalgeee] = qleee] — [qee] + [geele,  da[peee] = pleee] — [pee] + [peele,
Saleceq) = clecq] — [eeq] + [ceclq, 1lecep] = eleep] — [eep] + [ceclp.
daleeqe] = eleqe] — [eeq] + [eeqle, daleepe] = elepe] — [eep] + [eeple,
d1[geeq] = qleeq] — [qeq] + [geelq,  da[peep] = pleep] — [pep] + [peelp,
da[gepe] = qlepe] — [qep] + [geple,  dalpege] = plege] — [peq] + [peqle,
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a) b)

[ple] <=5 [glple] =25 [elq]

_ll \ [p] <=5 [glp] —2
[pqle] [qlp] /—ll

al o [e] [pq]
lqle] <= [plgle] == [plg] A -
ll [q] <2 [plg] —
[plq]
Figure 1. Calculating the Anick differential of [g|p|e] and [g¢|p]
dslepee] = e[pee] — [pee] + [epele,  da[geqe] = qleqe] — [geq] + [geq]
da[pepe] = plepe] — [pep] + [peple, dalecee] = e[ece] — [eee] + [eeele,
daleqep] = e[qep] — [gep] + [egelp,  dalepeq] = e[peq] — [peq] + [epelq,
dalepep] = e[pep| — [pep] + [epelp,  da[eqeq] = elqeq] — [qeq] + [ege]q,
daleeqp] = eleqp] — [eeplq — [eee] + [eeq]p,
dalegpe] = e[gpe] — [gpe] + [eee] — [eqp] + [egp]e,
dalgpee] = q[pee] — plgee] — [eee] + [gpee,
d4lgpeq] = q[peq| — [eeq] — plgeq] + [gpelq,
d4lgpep] = q[pep] — [eep] — plgep] + [gpe]p,
dseqee] = elgee] — [qee] + [egele.

Theorem 2. For an arbitrary Wi-bimodule M, the Hochchild cohomology

group H3(Wq, M) is trivial.

Proof. 1t is enough to find the respective cohomology group of the complex

Homp_A(Ae, M), where A = W @ kl, as above.

Note that an arbitrary bimodule M over Wi is a direct sum of four

components:
M = M1 ® My @ My @ My,

where the identity element e € Wy act on M; ; in such a way that eu = iu,
ue = ju, for u € M;;, i,j € {0,1}. Hence, we may consider cohomologies

with coefficients on the summands M; ; separately.

First, assume M = M, i.e., eu = ue = u for all w € M. Suppose
@ : Az — M is a cocycle, i.e., A3(p) = ©ds = 0. Apply ¢ to all relations in
Lemma 2: since zero emerges in all right-hand sides, we get the following
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a) b)

[g1p] <= [elglp] — [elq] [qlple] <= [elglple] ~2 [elqlp]
! ol N
[g]p] lelpq] lglple] [elpgle] lelglp]
-1 +1 -1 +1
[plg] <= [elplg] — [elp] [plgle] <= [elplgle] == [plgle]

| PN
[plg] [plgle] lelplq]

Figure 2. Calculating the Anick differential of [e|g|p] and [e|q|ple]

relations on the values of ¢ on the basis of Ag as of a free A-bimodule:

(4.1)

plecelp = plege] = plepe]
As a corollary,
pleee] = epleee] = q(pylece]) — p(gpleee]) = 0.
Hence, ¢ is completely determined by its values
vleeq], pleep], ¢lgee], plpee].
Let us define ¢ € Homp A (A2, M) in such a way that
Yleq] = pleeq), vlep] = pleep], Plge] = —plgee], Ylpe] = —p[pee],

and 9[ee] = 9[qp] = 0. Then A2(z)) = 1)d3 is a coboundary, and by Lemma
1 we have:

(¥d3)[eeq] = epleq] — leelq = pleeq] + 0 = pleeq],
(¥d3)leep] = eplep] — Yleelp = pleep] + 0 = pleep],
(1d3)[gee] = qiplee] — Plgele = 0 + p[gee] = p[qee],
(¥3)[pee] = pylee] — Y[pele = 0 + p[pee] = p[pee]
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Hence, A%(¢)) = ¢, i.e., every 3-cocycle is a coboundary, so H3(Wy, M) =0
for every bimodule M over Wj.

Next, assume M = M, i.e.,, eu = v and ue = 0 for all u € M. It
follows from (4.1) that

qaplpee] — pplgee] — pleee] =0,  plgep] = qpleep],  plpeq] = ppleeq],
plgee] = qleee], plpee] = pleee], leqe] = leeq], plepe] = [eep],
plgeq] = qpleeq],  plpep] = ppleep],  ¢legp] = pleee].

Therefore, ¢ is completely determined by its values ¢[eeq], ¢leep], pleee],
vlgpe]. Let us define ¢ € Homp (Ag, M) in such a way that

Yleq] = pleeq], Ylep] = pleepl, Yge] = plgee],
Ylpe] = plpeel, Ylee] = pleee], Y[gp] = plgpe].

Then A?(v)) = 9d3 is a coboundary, and

(Yd3)[eeq] = eleq] = 1bleq] = pleeq],
(1d3)[eep] = eylep] = Y[ep] = pleep],
(103)[ece] = ev[ee] = pleee] = pleee],
(03)[qpe] = qi[pe] — pylge] — Plee] + [gp]
= qyplpee] — pplgee] — pleee] + p[gpe]
= 0+ plgpe] = w[gpe].

Hence, A?(1)) = ¢, i.e., every 3-cocycle is a coboundary, so H3(W1, M) = 0.
The cases of right-unital (My ;) and trivial (Mgp) modules are com-
pletely analogous. O

Since for every associative algebra A and for every A-bimodule M we
have H"*1(A, M) = H"(A,Hom(A, M)), all higher cohomologies (for n >
3) also vanish, where Hom(A, M) carries the A—bimodule structure from
[15].

Corollary 1. For every n > 3 we have H*(W1, M) = 0.

The Hochschild cohomology is invariant under Morita equivalence of
algebras, and it is known that an algebra A is Morita equivalent to the
algebra of matrices M, (A) [18], [20, Chapter 7], so H"(My(W;),M) =
H" (W1, M) = 0.

As a corollary, we obtain the following description of conformal Hoch-
schild cohomologies of the associative conformal algebra Cendy.

Theorem 3. Let M be a conformal bimodule over Cendy, k > 1. Then
H"(Cendy, M) =0 forn > 2.
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Proof. Recall that A = A (Cendy) ~ My(W7), where W7 is the first Weyl
algebra. By Corollary 1 (which is a direct consequence of Theorem 2),
we have H"(Wi, N) = 0 for all n > 3 and any Wj-bimodule N. Since
Hochschild cohomology is invariant under Morita equivalence, it follows
that H"(Mi(W1),M) = 0 for all n > 3 and any Mk(W1)-bimodule M
(which is a conformal bimodule over Cendy,).

Therefore, the conditions of Proposition 1 are satisfied, and it implies
H"(Cendy, M) = 0 for n > 3. For n = 2, the result was obtained in [11]. [
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