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Hayunas crarbs

Hernoasu>kHble TOUKM MHOTO3HAYHBIX IIOYTH IICEBIOCKUMAIO-
X OTOOparkeHuii B KBa3MMETPUIECKUX MPOCTPAHCTBAX

JI. B. Hryen!'®

b Xonr bk yHEUBepcuTeT, Txanpxoa, BrerHAM
= nguyenvanluong@hdu.edu.vn

AHHOTAIUA: YCTAHOBJIEHA HOBas TEOPEMa O HEIOJABHMKHON TOYKE JIJIT MHOTO3HAYHBIX
MOYTH TICEBJIOCKUMAIOIINX OTOOPaKEHU B KBAa3UMETPUUECKUX ITPOCTPAHCTBAX, KOTO-
pasi pacHIupsieT U yTOYHsIET Pl M3BECTHBIX B JIUTEPAType Pe3yabTaToB. lIpemraraembrit
moxo 1, 06061IaeT 6oJIee PaHHNE UCCJIEIOBAHNUS, TTO3BOJISAST CXKUMAIOIIEN KOHCTAHTE MPU-
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HUMATh 3HavYeHWs Ha BeéM muTepBase [0,1), a He momuuHATHCA GOJIEe CTPOrMM Orpa-
HUYEHUSIM. B KadyecTBe NPUJIOXKEHUs MOJIYUYeHBI HOBBIE PE3yJIbTAThl O 3aBUCUMOCTHU OT
JAHHBIX J[JIsT MHOXKECTB HEIOJBUKHBIX TOUEK TAKHUX OTOODarKeHUil B KBA3UMETPUIECKIX
IIPOCTPAHCTBAX.

KiiroueBble ciioBa: MHOTO3HAYHBIE OTO6I)EL)K€‘HI/I}F{7 IIOYTHU IICEBAOCXKUMaAaIOINe 0T06pa—
2K€eHUs, HEIIOJABHU2KHbIE TOYKHU, 3aBUCHUMOCTL OT JIaHHBIX, KBa3UMETpHUYECKUE IIPOCTPaH-
CTBa

Ccoinka aisi qurupoBanusi: Nguyen L. V. Fixed Points of Multi-valued Almost Pse-
udo-contractions in Quasimetric Spaces // W3sBectus VpKyTcKOro rocyaapcTBEHHOTO
yuusepcurera. Cepust Maremaruka. 2026. T. 56. C. 97-112.

https://doi.org/10.26516 /1997-7670.2026.56.97

1. Introduction and preliminaries

Banach’s fixed point theorem and its multi-valued version proved by
Nadler [21] are fundamental results in the field of metric fixed point the-
ory. Because of their applications to various areas of mathematics such
as optimization theory, theory of fractals, solving equations and systems
of equations, integral and differential equations, and differential inclusions,
Banach’s fixed point theorem and Nadler’s fixed point theorem have been
extended in several directions by weakening the contractive conditions or
replacing metric spaces by generalized metric spaces. One of the important
extensions is the result obtained by Dontchev and Hager in [14] where they
proved a fixed point theorem for multi-valued pseudo-contractive mappings
in metric spaces; see also [1;6;15;23] and references therein for some stability
properties, applications and extensions. Some other interesting general-
izations were given by S. Czerwik in [12; 13] where fixed point theorems
for single-valued and multi-valued mappings were proved in the context of
b-metric spaces (also known as quasimetric spaces).

Note that the concept of a quasimetric was first introduced in [11] where
the authors used the name distance function. This concept is related to
that of a quasi-norm, introduced by Hyers [17] under the name “pseudo-
norm” and later by Bourgin [9] under the term “quasi-norm.” Quasimetric
spaces are linked to spaces of homogeneous type [10;20] and play a crucial
role in the study of optimal transport paths [24]. A quasimetric space is
a special case of a (g1, ¢2)-quasimetric space introduced in [3] and, more
generally, of an f-quasimetric space introduced in [4]. For terminologies
related to quasimetric spaces, the early developments on fixed point theory
in quasimetric spaces and some relevant bibliography related to this topic,
we refer the reader to [8].

Definition 1 ( [13;20]). Let X be a nonempty set and s > 1 be a real
number. A function d : X x X — R is said to be a quasimetric with
constant s on X if it satisfies the following conditions: for all x,y,z € X,
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(1) d(z,y) > 0 and d(z,y) = 0 if and only if x =y,
(2) d(z,y) = d(y,z),
(3) d(x.y) < sld(z,2) +d(z. )]

The pair (X,d) is called a quasimetric space with constant s.

It is obvious that a metric space is a quasimetric space with constant
s = 1. A quasimetric space with constant s > 1 is not a metric space.
For example, the spaces P and L,[0,1] with 0 < p < 1 endowed with the
quasimetrics respectively defined by

ﬂmw=<§jm—mﬂp

=1

=(AWA@—MMMQ;

are quasimetric spaces with the same constant s = 27! (see [2;8]).

Let (X,d) be a quasimetric space. The open ball and the closed ball
centered at a point x € X with radius r > 0 are defined by B(z,r) = {y €
X :d(z,y) < r}, and Blz,r] = {y € X : d(z,y) < r}, respectively. A
subset F of X is said to be open in the quasimetric space (X,d) if, for
each z € E, there exists v, > 0 such that B(z,r;) C E. A subset C of
X is said to be closed if X \ C is an open set. The closure of a subset E
of X, denoted by cl(E), is the smallest closed subset of X containing E.
The set of all nonempty subsets of X and the set of all nonempty closed
subsets of X will be denoted by P(X) and C(X), respectively. For any
nonempty subset A of X and any point x € X, the distance from x to
A is defined by D(z, A) = inf{d(z,a) : a € A}, where D(z,0)) = +oo by
convention. For two nonempty subsets A and B of X, the excess of A
over B is defined by e(A,B) = sup{D(a,B) : a € A}. Here, we adopt
the convention e((); A) = 0 and e(A,()) = +oo for a nonempty subset A
of X. The Hausdorff-Pompeiu distance between two subsets A and B is
defined by H(A, B) = max{e(A,B),e(B,A)}. Let F : X — P(X) be a
multi-valued mapping. The graph of F is defined by gph(F) = {(z,y) €
X xX:ye F(z)}. Apoint z € X is called a fixed point of F' if z € F(x).
The set of all fixed points of F' is denoted by Fix(F'). A sequence {z,}
in X is called a sequence of successive approximations for F starting from
ze X ifxg ==z and x, € F(x,—1) for all n € N.

and

Definition 2 ( [13;20]). A sequence {x,} in a quasimetric space (X,d)
1s said to be convergent to a point x € X, written as lim,_ o0 T, = T, if
limy, 00 d(zp,x) = 0. The sequence {x,} is called fundamental or Cauchy

if imy, oo d(2p, Tm) = 0.
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It is known that any convergent sequence in a quasimetric space has a
unique limit. Moreover, any convergent sequence is a Cauchy sequence.
However, the converse is not true in general.

Definition 3 ( [13;20]). A quasimetric space (X,d) is said to be complete
if every Cauchy sequence in X is convergent.

Definition 4. A function f : X — R is said to be lower semicontinuous
at © € X if for any sequence {x,} in X converging to x, we have f(x) <
liminf, o f(2,). The function f is said to be lower semicontinuous if it
18 lower semicontinuous at every point x in X.

A quasimetric space is a topological space with the topology induced
by its convergence in the sense of Franklin [16]. As in the case of metric
spaces, this topology coincides with the topology generated by the family
of open subsets [2]. One of the main differences between a quasimetric and
a metric is that a metric is always continuous, while a quasimetric is not a
lower semicontinuous function of its variables. Moreover, an open ball in
a quasimetric space is not necessarily an open set and a closed ball is not
necessarily a closed set (see, e.g., [2, Example 3.9 and 3.10]).

In [22], the authors introduced the concept of multi-valued almost pseu-
do-contractions which generalizes the concept of pseudo-contractions and
proved a fixed point theorem for such types of mappings in quasimetric
spaces.

Definition 5 ( [22]). Let (X,d) be a quasimetric space and V,U be non-
empty subsets of X. A mapping F: X — P(X) is said to be a multi-valued
almost pseudo-contraction on (U, V') if there exist A € [0,1) and £ > 0 such
that

e(F(x)NV,F(y)) < Xd(z,y) +£D(y, F(x)NV), for all xz,y € U.

If U =V, then F is said to be a multi-valued almost pseudo-contraction
onU. If U=V = X, then we say that F is a multi-valued almost pseudo-
contraction.

In the above definition, if £ = 0, then a multi-valued almost pseudo-
contraction reduces to a multi-valued pseudo-contraction; see, e.g., [6;14].
The concept of a pseudo-contractive mapping can be viewed as a partic-
ular case of the pseudo-Lipschitz continuity introduced by Aubin [5], a
property that is equivalent to the well-known notion of metric regularity in
variational analysis (see, e.g., [15;23] and references therein). For several
significant contributions to fixed point theory obtained via metric regu-
larity, we refer the reader to, e.g., [3;15;18]. The following interesting
fixed point result for almost pseudo-contractions in quasimetric spaces was
proved in [22].
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Theorem 1 ( [22]). Let (X,d) be a complete quasimetric space with con-
stant s > 1, 2 € X andr > 0. Let F : X — C(X) be a multi-valued

1
almost pseudo-contraction on B(Z,r) with constants A € <0, ) and £ > 0.
s

Suppose that
1—sA
D(z, F(z)) < (sj”" (1.1)
Then, there is a sequence {x,} C B(Z,r) of successive approrimations
for F starting from T converging to a point x* € cl(B(Z,r)) such that
xz* € Fix(F) N B(z, sr) and

82

D(z,Fix(F)) < +——

D(z, F(%)). (1.2)

In Theorem 1, if s = 1, then one obtains an existence result for fixed
points of a multi-valued almost pseudo-contraction in metric spaces. This
result generalizes some results by Aze and Penot [6], Berinde and Berinde
[7], and Dontchev and Hager in [14].

A limitation of Theorem 1 is that it applies only when the contractive
constant A of the mapping under consideration is less than 1/s. Therefore,
it is natural to ask whether this range can be extended to encompass the
interval [0,1). In this paper, we provide an affirmative answer by prov-
ing a fixed point theorem for multi-valued almost pseudo-contractions in
quasimetric spaces, thereby extending Theorem 1 to the case A € [0,1).
Consequently, we derive several data dependence results for multi-valued
almost pseudo-contractions in the setting of quasimetric spaces.

2. Main results

For a given nonnegative real number a and a given positive integer n,
we set ®(a,n) =1+ a+---+a""!. We also assume that ®(a,0) = 0 and
a® = 1 for a = 0. It is evident that ®(a,n) < ®(a,m) whenever n < m.
The main result of this paper is stated as follows.

Theorem 2. Let (X,d) be a complete quasimetric space with constant
s>1,z€ X andr > 0. Let F: X — C(X) be a multi-valued almost
pseudo-contraction on B(Z,r) with constants X € [0,1) and ¢ > 0. Set
mo = min{m € N : s\™ < 1} and suppose that

(1 —sA™0)r

D(z, F(z)) < $2P(sA\,my — 1) + s(s\)mo—1"

(2.1)

Then, there exists a sequence {xy} in B(Z,r) of successive approximations
of F' starting from T converging to some z* € X such that x* € Fix(F) N
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c(B(z,r)) and

$3®(s\,mg — 1) + s%(s\)mo~ !

D(z,Fix(F)) <
(2, Fix(F)) < ———

D, F(z)).  (2.2)

If, in addition, d is a lower semicontinuous function, then {xy} converges
to some z* € Fix(F) N B(z,r) and it holds

$2®(s\,mg — 1) + s(sA)m0~!
1 — sAmo

D(z,Fix(F) N B(z,r)) < D(z,F(z)). (2.3)
Proof. If A = 0, then mo = 1 and (2.1) becomes D(z, F(z)) < r/s. Let
6 > 0 be such that D(z, F(z)) < 6 < r/s. Set xyp = z. There exists
x1 € F(zg) such that d(zo,z1) <0 <r. So 1 € F(x9) N B(&,r). Since F
is an almost pseudo-contraction with constant A = 0, we have

D(z1, F(x1)) < €D(x1, F(x9) N B(Z,r)) =0.

Together with the closedness of F'(x7), this implies that 1 € F(z1), i.e., x;
is a fixed point of F.. Now, let {z}} be the sequence defined by: zy = & and
xp = x1 for all k € N. Then, =), € B(z,r) for all £ > 0 and {z}} converges
to ¢* = x1 € B(z,r). Moreover,

D(z,Fix(F) N B(z,r)) < d(z,x1) < 6.

~—

Taking 6 tend to D(z, F(z)), we get D(z,Fix(F) N B(z,r)) < D(z, F(Z)).
Consequently, both (2.2) and (2.3) are fulfilled, as in this case they reduce
to D(z,Fix(F) N B(z,r)) < sD(z, F(z)) and D(z,Fix(F) N B(z,r)) <
sD(z, F(x)), respectively.

Assume now that A # 0. Let 8 > 0 be such that

(1 — sA™0)r
2P (s\,mo — 1) + s(sA)mo—1"

D(z,F(z)) < B < (2.4)

Then, one can easily see that § < r. We will construct, by induction, a
sequence {zj} of elements in X with xg = & such that, for all £ € N,

D(x, F(z1)) < A, (2.5)
Tp1 € F(zk) N B(z, ) (2.6)

and
(g, wpy1) < BAF. (2.7)

Indeed, by (2.4), there exists x; € F(z) such that d(z,z1) < 8 < r. So,
x1 € F(xo) N B(z,r). Hence, (2.5), (2.6) and (2.7) hold for k& = 0.

Assume now that, for some positive integer n, we have constructed
X0, X1, , &, satisfying (2.5), (2.6) and (2.7) for k = 0,1,--- ,n — 1. By
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the inductive hypothesis, one has z,, € F(x,—1)NB(Z,r). Since F' is almost
pseudo-contractive,

D(zp, F(zy)) < e(F(xn—1) N B(Z,r), F(z,))
< M(zp—1,2n) + €D (xp, F(xp—1) N B(Z,7)) = Ad(xp—1,24).
Then, by the inductive hypothesis, we get D(xy,, F/(zy,)) < SA". This leads
to the existence of z,41 € F(x,,) such that d(xy,, x,41) < BA™.
We will show that z,4+1 € B(Z,r). Using the inductive hypothesis and

the latter inequality, for all integers m and ¢ with 0 <m <m+1¢ <n+1,
we have

ATy Timpi) < ATy Tint1) + SA(Tmt1, Tmti) < SA(Tpy, Tint1)+
+ 82d(Tmt1, Tma2) + 82 d(Tma2, Tmai) < 8d(Tm, Tomr1)+
+ 82 d(Tmi1, Tmi2) + o+ 8T (@ mgio2, Tmgio1) + 87 d(@mio1, Tmgd)
< SPBAT 4 S2ANTHL L g2y il gymeie]
= SBAT [L+ A+ -+ (sA) 2] + BA™(sA) !
= BA™ [s@(sA,i— 1)+ (sN)7']. (2.8)

Set ¢ = [”m—*()l} the integer part of "m—*()l Then, 0 < n+1—qgmo < mgp—1.
If n + 1 is divisible by myg, then d(z¢mg, zn+1) = 0. If n+ 1 is not divisible
by n, then mg > 1 and n 4+ 1 — gmg > 1. In this case, s\ > 1 and
(sA)"—amo < (sA)™0~L. Using (2.8), we have

d(Zgmgs Tn1) < PAITO [sq) (sA\,n — qmg) + (s)\)”_qmo]
< BATTO [sD(sA\,mo — 1) + (s)\)mo_l] .
Thus, in all cases, we have
A(Tgmeys Tnt1) < AT [sq)(s)\,mo —1)+ (3)\)"“’_1] . (2.9)

Now, using (2.8), (2.9) and the fact that sA™° < 1, one has

d(x0, Tni1) < 5d(x0, Tmg) + 82d(Tmg, Tamg) + - - -
+ 81d(T (g—1ymg > Tqmo) + 51d(Tgmg, Tni1) < 85 [s@(s)\, mo— 1)+ (S)\)mo_l]
+ $2BAT0 [s®(sA,mo — 1) + (sA)™0 7]
+ o4 AN Mo [s®(sA,mo — 1) + (S)\)mofl]
+ sIBAI™ [sD(sA, Mo — 1)—1—(8)\)7”071] < 5B [s®(sA, mg — 1)+(S)\)m071]
X [14+ A0 4o (sA™0) 7T 4 (sA0)]

- B [s*®(sA,mg — 1) + s(sA)™0 ]
- 1 — sAmo

<.
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So, xpy+1 € B(z,r). Hence, the construction of the sequence {zj}
satisfying (2.5), (2.6) and (2.7) is complete.

Arguing similarly to the proof of (2.8), we can show that for all integers
n and ¢ with 0 < n <n + ¢ that

d(2p, Tngi) < BA" [s®(sA, i — 1) + (sA) ] (2.10)

Let k,n be nonnegative integers with & > 1 and set p = [k/myp]. Using
(2.10) and proceeding similarly to the proof of (2.9), we obtain

A(Tptpmos Tnk) < BT [s®(sA,mg — 1) + (sA)™07 1] (2.11)
By (2.10) and (2.11), we have
A(Tn, Toar) < 8d(Tn, Tntme) + 82A(Tntmes Tntame) + -
+8 (Tt (p—1)mo> Trtpmo) + 7 A Trpmo, Tntk)
< SBA™ [s®(sA,mg — 1) + (sA)™0 1]
+s2ATTmo [s®(sA,mg — 1) + (sA)mo_l]
e P AATHETIMO [ s\, mg — 1) + (sA)™0 1]
+sPBATTPO (s (sA, mp — 1) + (sA)™07 ]

< SBA™ [s®(sA,mg — 1) + (sA)™0 1]
X [14sA™0 4+ 4 (sAmoyp=t 4 (sA™)P]
. BA[*D(sA,mo — 1) + s(sA)™ 1] (2.12)

1 — s mo
Let n =0 in (2.12), one has for all £ > 1 that
Bls2® (s, mg — 1) + s(sA)™m0~1]
1 — s\mo ’

It follows from (2.12) that {zj} is a Cauchy sequence in X. By the com-
pleteness of X, the Cauchy sequence {zj} converges to some z* € X.
Moreover,

D(z*, F(x"))

d(xo,l’k) < (2.13)

sld(x*, zg) + D(xg, F(z"))]

sld(zy, 2) + e(F(zp-1) N B(z,7), F(z"))]

sd(xy, ™) + sAd(xp—1,2") + s¢D(z", F(x_1) N B(Z,7))
s(1+ O)d(zg,x*) + sAd(xg_1,x").

By passing k — oo, we get D(z*, F(z*)) < 0 and thus D(z*, F(z*)) = 0.

The closedness of F'(z*) implies 2* € F(z*), i.e., * € Fix(F'). Since {z,}
is in B(z,r), one has z* € cl(B(z,r)). Moreover, using (2.13), we have

IA A CIN A

d(z,z*) < sd(z,xy)+ sd(xg, x¥)
Bls3®(sA,mg — 1) + s2(sA)™0 7]
<
1 — s mo

+ sd(zg, ).
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Letting £k — oo, one gets

B[s3® (s, mg — 1) + s2(sA)™0~1]

) <
d(@27) < 1 — sAmo

(2.14)

This, together with (2.4), implies that d(z,z*) < sr, i.e., * € B(Z, sr).
Thus, z* € Fix(F) N B(z, sr). Thus, by (2.14), one has

B[s3®(sA\, mg — 1) + s2(sA)™0~1]

_ . < s * <
D, Fix(F) < d(z,2") < —

Letting 3 tend to D(z, F'(Z)), we obtain (2.2).
If d is lower semicontinuous, then it follows from (2.13) that

B[s2® (s, mg — 1) + s(sA)™0~1]
1 — sAmo '

d(z,z*) < liminf d(z, z) <
k—o00

Combining with (2.4), we get z* € B(z,r) and (2.3). This completes the
proof. O

Remark 1. (i) In Theorem 2, if A € (0,1/s), i.e., mg = 1, then condition
(2.1) reduces to
1—sA
D, F(@) < L2
s
which is more flexible than condition (1.1) in Theorem 1.

(ii) In the proof of Theorem 2 for the case A = 0, we obtain the estimate
D(z, Fix(F) N B(z,7)) < D(#, F(z),

which is sharper than both (2.2) and (2.3), although it does not require the
lower semicontinuity of d.
(iii) Theorem 2 improves and extends Theorem 1 to the case A € [0,1),

1)
and thus represents a generalization of several results obtained in [6;7;13;
14;21].

We now present an example to illustrate Theorem 2.

1
Example 1. LetX:{2n:n:0,172-~}u{0}andd:XxX—>Rbe

defined by d(z,y) = (z — y)? for all z,y € X. Then, (X,d) is a complete
quasimetric space with constant s = 2 and d is continuous. We define

F:X — P(X) by

{0} if z=0,
1 1 . 1
W,W lf x:27, n=1,2,-~-

{1} if z=1.

F(x) =
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Let £ = 1/4 and r = 1. We show that F' is an almost pseudo-contraction

1
on B(Z,r) with constants A = i and £ =4, i.e.,

e(F(x)NB(z,r),F(y)) < }d(x, y) +4D(y, F(x) N B(z,r)), (2.15)

e

for all x,y € B(z,r). We have
B@,r)={recX:d@z)<r}={reX: (z—-1/4)%*<1} =X

Hence, we have the following cases.

Case 1. =0 and y = 1. Then, e(F(0), F(1)) = e({0},{1}) =1 and
D(1,F(0)) = D(1,{0}) = 1. Thus, (2.15) holds.

Case 2. x =1 and y = 0. Then, e(F (1), F(0)) = e({1},{0}) = 1 and
D(0, F(1)) = D(0,{1}) = 1. Thus, (2.15) holds.

1
Case 3. x=0and y = on with n > 1. Then, (2.15) holds since

(0 () = (0 {0 o)) =

D <21n,F(O)> _ 2%

1
Case 4. © = on and y = 0 with n > 1. Then, (2.15) holds since

(1 ():r0) = (fate st} 10) - st
o(or (1)) - st

with n > 1. Then, (2.15) holds since

and

and

1
2n

(e (2) (e shl) (- )
D (21”,1?(1)> _ <1 - 21n>2

1
Case 6. x = on and y = 1 with n > 1. Then, (2.15) holds since

() ) (fsbe st} ) (15
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Case 5. x=1and y =

and
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oo () (-5t

1 1
Case 7. x = — and y = — with n > m > 1. Then, (2.15) holds since
2n 2m

(@) (&) = (g (g s

1 1 \? 1 1 \?
= 2n+2 o 2m+2 = 22n+4 1= on—m

1 1 1 1 \* 1 1 2
Do () = (- 7) =~ (15w
om mn om 2n+1 22m 2n+1—m
1 1 . .
Case 8. * = — and y = — with m > n > 1. Then, (2.15) holds since
2n 2m
1 1 1 1 1 1
€ (F <2n>  F <2m>> = ¢ ({ on+1’ on+2 } ; {Qm—H’ 2m+2}>
1 1 \? 1 1 \?
= 2n+1 B 2m+1 = 22n+2 L- am—n
1 1 11 4 1 \?
Nowgn ) \o ") T\ ")

Therefore, F' is a multi-valued almost pseudo-contraction on B(Z,r) with

constant \ = i and ¢ = 4. We have

and

and

and

and
(1 —s\™o)r C(I=s)r 1
s2®(s\,mg — 1) + s(sA)mo—1 s T4
Thus, (2.1) is satisfied, and all the conditions of Theorem 2 are fulfilled.
We can see that Fix(F') = {0,1} and (2.3) holds since

1 1 S

Dz, Fix(F))=-< ==

Note that F' is not an almost pseudo-contraction on B(Z,r) with A € [0,1)
and ¢ = 0. Assume to the contrary that F' is pseudo-contractive on B(z,r)

with constant A € [0,1). Then, for every n > 1,

e <F(1) N B(z,r), F <21n>> < M <1, an> ,

D(z, F(z)).
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1\? 1)?

Letting n — oo, we get 1 < A, which contradicts A < 1. Thus, F' is not a
pseudo-contraction on B(Z,r).

equivalently,

In Theorem 2, if we take » = +o00, then we get the following fixed point
result for a multi-valued almost pseudo-contraction.

Corollary 1. Let (X,d) be a complete quasimetric space with constant
s>1and F: X — C(X) be a multi-valued almost pseudo-contraction with
constants A € [0,1) and ¢ > 0. Set my = min{m € N : s\ < 1}. Then,
Fix(F) # 0 and

$3®(s\,mp — 1) + s?(sA)mo~ !
1—sAmo

D(z,Fix(F)) < D(z,F(z)), VzelX.

If, in addition, d is lower semicontinuous, then

s2®(s\,mg — 1) + s(s\)mo~!

D(z,Fix(F)) < T om0

D(z,F(x)), Vze X.

The following example illustrates Corollary 1.

Example 2. Let X =[0,00) and d: X x X — R be defined by d(z,y) =
(x—y)? for all z,y € X. Then, (X,d) is a complete quasimetric space with
constant s = 2, and d is continuous. Define F': X — P(X) by

xz 9z
F(ﬂf) = |:2,10:| for all z €X
For xz,y € X, we have
(z —y)*
z 9z| [y 9y — iz,
F(z),Fy) =e( |2, 2] |4, 22]) = 4

Thus,

81
That is, F' is a pseudo-contraction with constant A\ = 0.81. Moreover,
we obtain mg = min{m € N : s\ < 1} = 4 and the fixed point of
F is Fix(F) = {0}. For each z € X, we have D(z,Fix(F)) = 2% and
D(x, F(z)) = 22/100 and, by direct computation, one can verify that

s2®(s\,mg — 1) + s(s\)mo~t

D(z, Fix(F)) o

IN

D(z, F(x)).
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From the proof of Theorem 2, we can derive the following data de-
pendence result for the fixed point set of a multi-valued almost pseudo-
contraction that extends [22, Theorem 3.2] to the case A € [0,1) and thus
generalizes the data dependence results presented in [6;19].

Theorem 3. Let (X,d) be a complete quasimetric space with constant
s>1,z€ X andr >0. Let F: X — C(X) be a multi-valued almost
pseudo-contraction on B(Z,sr) with constants A € [0,1) and £ > 0. Set
mo = min{m € N : s\ < 1} and assume that G : X — P(X) is a multi-
valued mapping such that for any t € (0,7) we have Fix(G) N B(Z,t) # 0
and

(1 —s\™0)(r —t)

e(Gla), F() < 2P (s\,mg — 1) + s(sA)mo—1’

Vr € B(z,t).

Then Fix(F) # () and for each t € (0,r)
e(Fix(G) N B(z,t),Fix(F)) < s(r — t).

Proof. Let t € (0,7) and let y € Fix(G) N B(Z,t). For any z € B(y,r —t),
we have
d(z,z) < sld(z,y) +d(y, z)] < st +r—t] = sr.

This implies that z € B(z, sr) and thus B(y,r —t) C B(z,sr). It follows
that F' is a multi-valued almost pseudo-contraction on B(y,r — t) with
constants A and ¢. Moreover,

D(y, F(y)) < e(G(y) N B(y,1), F(y)) < e(G(y), F(y))
(I —sA™0)(r —1t)
2P (s\,mg — 1) + s(sA)mo—1"

Then, by Theorem 2, Fix(F') is nonempty and

s3®(sA\,mg — 1) + s%(s\)mo~1
1 —sAmo

D(y,Fix(F)) < D(y, F(y)) < s(r —t).

Taking the supremum over y € Fix(G) N B(z,t), we get
e(Fix(G) N B(z,t),Fix(F)) < s(r — t).
This ends the proof. O

The following result is an extension of Lim’s lemma [19, Lemma 1] to
multi-valued almost pseudo-contractive mappings in the setting of quasi-
metric spaces.

Theorem 4. Let (X, d) be a complete quasimetric space with constant s >
1 and F1,F> : X — C(X) be multi-valued almost pseudo-contractions with
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the same constants A € [0,1) and £ > 0. Set mg = min{m € N : sA\™ < 1}.
Then, Fix(Fy) # 0, Fix(F2) # 0 and

SAD(s\. mo — s3(s\)mo—1
<I>( )\, 0 1)+ ( )\) sup e(Fl(l'),F2(x))

e(Fix(F1), Fix(Fy)) < 1 — s\mo €X
X
(2.16)

and

s'®(sA, mp — 1) + 5% (s\)™0 ! sup H(Fi(z), F>(z)).

H(FlX(Fl),FlX(Fb))S 1 — g\™mo zeX
(2.17)

Proof. By Corollary 1, we have that Fix(F7) and Fix(F,) are nonempty.
Moreover, for any = € X,

s3®(s\,mg — 1) + s%(s\)mo~ !

D(x,Fix(F3)) <
(¢, Fix(Fy)) < T

D(z, Fy(x))=:0D(x, F5(x)).

For any n > 0, there exists y € Fi(x) such that d(z,y) < D(z, Fi(z)) + .
Thus,

D(a, Fix(Fy)) < 0D(z, Fy(x)) < Osld(z,y) + D(y, Fa(x))]
< sO[D(x, Fi(2)) +n + e(F1(2), Fa(a))]

Letting n — 0T, one gets D(x, Fix(Fy)) < s0[D(z, Fy(z))+e(Fi(x), Fy(x))].
Taking the supremum on both sides of the latter inequalities over x €
Fix(F1), we have

e(Fix(Fy), Fix(Fy)) < s0 sup [D(x, Fi(x)) + e(Fi(z), Fa(a))
z€Fix(Fy)

s0 sup e(Fy(x), Fo(x)).
reX

IN

This proves (2.16). Estimation (2.17) follows (2.16) and the definition of
the Hausdorff-Pompeiu distance. O

3. Conclusion

In this paper, we studied the theory of fixed points for multi-valued
almost pseudo-contractive mappings within the framework of quasimetric
spaces. Building upon and generalizing previous results, we established
a new fixed point theorem that applies to a broader class of contractive
constants A € [0, 1), thereby relaxing the more restrictive condition A < 1/s
assumed in earlier works. Our results also include quantitative estimates
for the distance to the set of fixed points. Furthermore, we derived data
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dependence results that demonstrate the stability of fixed points under
perturbations of the mapping, thereby extending existing results. These
findings offer a deeper understanding of the structure and behavior of
multi-valued almost pseudo-contractive mappings in generalized distance
settings. Overall, our work provides a significant generalization of fixed
point theory in quasimetric spaces and may be useful for future studies
involving variational analysis, optimization, or numerical methods.
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