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Hayunasa crarnsa
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KOHCTpPYKIusa dy

E. E. Ckypuxun'?, B. K. Cumakos'™, A.T. Cyxonoc'
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2 Wncruryr npuxnagsoi maremaruku JIBO PAH, Biamueoctok, Poccniickas ®enepa-
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AnvHoTtamusa: Kareropus rpocrpancTs Yy cTpOUTCS 110 JAHHON 3aMKHYTOR MOHOHIAJIb-
HOit Kareropun K u durcupoBaHHOMY OOBEKTy B Heil. Eciam o0bekT He (PUKCHPOBATH,
nosiBiisiercss kareropuss Chu(K), o6beKTaMu KOTODPOH SIBJISIIOTCS IpocTpancTsa Uy, a
MOpGMU3MBI OIPeIeNSTIoTCs 60stee obruM obpaszom. E. K. Ckypuxun onpeneuia u u3y It
Kareropuio 7 -upocrpancTB Uy, CONOCTABIISIIONLYIOCS TPOU3BOJILHOMY (YHKTOPY T Ha
npousBesenun kareropuit N°P u M co 3HadeHuneM B KATEropuu MHOXKECTB. JoKa3biBaeT-
csl, ITO B ciydae, Korja hyHKTop 7 3aMKHYT, Kareropusi M nzomopdHa pedaeKTUBHOIM
nonkareropun Kareropuu T -npocrpancts dy. g ciaydasi, korma xareropuu N u M
[IOJTHBI, IPUBEIEHBI KOHCTPYKIMH IIPEJIEJIOB U KOIIPEEJIOB IPOM3BOJIbHBIX (DyHKTOPOB CO
3HaYeHUAME B Kareropun 7 -upocrpancts dy. [lokazano, aro eciu K — 3aMKHyTas MOHO-
UIaJbHasl cuMMerpudeckast Kareropusi, To Chu(K) cHabkaeTcsi CTPYKTYPOil 3aMKHY TOH
IPaBOMOHOUIAJIBHOIN Kareropun. Kax ciiesicrtBue pes3ysnbraroB o T -npocTpaHcTBax dy
nosygaem, ato Kareropus Chu(K), a Tak»Ke KaTeropuu npocTpancTs Uy HaJI HEll TOJTHBI
¥ KOIIOJIHBI, €CJIU TaKOBOIi siBJisieTcss Kareropus K.

KuroueBrie cioBa: npocrpancrBa Uy, KOHCTpYKIusa 1y, MOHOMJAJIbHAS KATErOpHs,
TIOJTHOTA

Buaromapuoctu: Patora Beimonsena B uacTuTyTE NprkKIaaHoi maremaruku JIBO PAH
n B JJaJIbHEBOCTOYHOM I[EHTPE MATEMATHYECKHUX HCCJIEOBAHUN IPH (DUHAHCOBOW HOJ-
nepxkke Munobpuayku Poccum, cormamenne Ne 075-02-2025-1638/1 ot 10 mapra 2025
rojia 10 peasM3alii MPOorpaMM Pa3BUTHs PErHOHAIBHBIX HAyYIHO-00Pa30BaTEIbHBIX Ma-
TeMaTUIeCKUX IIEHTPOB.

Ccouika juis qutupoBaHus: Skurikhin E. E.; Simakov V. K., Sukhonos A. G. Noncom-
mutative Products on Categories and Chu Construction // Ussectust IpkyTckoro rocy-
napcrBenHoro yausepcurera. Cepust Maremaruka. 2026. T. 55. C. 144-158.
https://doi.org/10.26516/1997-7670.2026.55.144

1. Introduction

In [2], Po-Hsiang Chu proposed a construction that allows building a new
category (later called the category of Chu spaces) from a given symmetric
monoidal closed category K and a fixed object in it. If the object is not
fixed, we obtain the category Chu(K') of Chu spaces defined in the work of
A.A. Stepanova, E.E. Skurikhin, and A.G. Sukhonos [14], where objects are
Chu spaces and morphisms are defined in a more general way. I. Petrakis [6]
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constructed a category of generalized Chu spaces from a category with prod-
ucts and an endofunctor acting on it. And if the endofunctor is identity, the
resulting category coincides with Chu(K). Chu spaces have been studied
both for category-theoretic needs and due to their emerging interpretations
of various mathematical and natural science concepts [1,3,5,7-13]. E.E.
Skurikhin defined and studied the category T Chu of generalized Chu spaces
associated with an arbitrary functor 7 : N°? x M — Set. This work
presents the corresponding definitions and results. Special cases with dif-
ferent functors 7 and M = K° x K or M = K yield the aforementioned
generalizations of both Chu spaces themselves and their morphisms. The
main results concern the case when the functor 7 is H-closed. We prove
that in this case, the category M is isomorphic to a reflective subcategory of
T Chu. For complete categories N and M, we provide constructions of lim-
its and colimits for arbitrary functors with values in 7 Chu, thereby proving
its completeness. An important property of the category of Chu spaces
[2] is the presence on it of the structure of a closed symmetric monoidal
category. In this work, we define a tensor product on Chu(K) that is
non-commutative but associative and has a right unit, making Chu(K) a
right-monoidal category. We prove that this category is closed and that the
category of Chu spaces over it, Chu(Chu(K)), is complete and cocomplete
whenever K is.

2. Category 7 Chu

Let K be a category. The class of all objects of the category K is
denoted by Ob(K), and the set of all morphisms from object ¢ to object
¢ is denoted by Hompg(c,c’). The dual category is denoted by K°P. The
identity of object ¢ is denoted by 1., so that hol, =h =1, 0 h.

Let N, M be categories,

T : NP x M — Set be a functor, h € Homy(n',n),u € Hompr(m,m’).

We will omit 7 in the notation associated with the mapping T (h,u) :
T (n,m) — T(n',m') and use the following abbreviations:

(1) uah = T (h,u)(a); ua = T (1,,u)(a); ah = T (h, 1,,)(a),
where a € T(n,m). Note that uah € T(n',m'), ua € T(n,m'), ah €
T(n',m).

Since T is a functor, then for any b’ € Homy (n”,n’), v’ € Homp(m/,m”)
we have

(2) o' (uah)h' = (v ou)a(h o h'); 1pal, = 1pa = al, = a;
(3)  wu(ah) = uah = (ua)h; '(ua) = (u' ou)a; (ah)h’ =a(hoh).

WsBectus UpkyTcKOro rocy1apcTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukay. 2026. T. 55. C. 144-158
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Let H : M — N be a functor. By Ty : NP x M — Set we denote
the functor Homy(—,H(—)), so Ty (n,m) = Hompy(n,H(m)) and for w €
Homy(n,H(m)) = Ty(n,m) we have

(4) Tr(h,u)(w) = uwh = H(u) ow o h.

The functor T is called H-closed if T is natural isomorphic to 7.

For families of mappings p = {pnm : T(n,m) — Hompy(n,H(m))
n € Ob(N),m € Ob(M)}, ¢ = {qnm : Homn(n,H(m)) = T(n,m) | n €
Ob(N), m € Ob(M)} we introduce notations

'm = Qm)m (I (m)) € T(H(m), m); 7 = pnm(r) € Homy(n, H(m))

The following lemma formulates general properties of the functors 7 and
Tx, and presents relations describing their natural transformations. The
results follow directly from the definition of the natural transformation
of functors and relations (1)—(4). They are used further in defining and
studying 7 Chu spaces and related products on categories.

Lemma 1. Let N, M be categories, T : N°? x M — Set, T1 : NP x M —
Set, To: NP x M — Set be functors.

Let © = {zpm : Ti(n,m) — Ta(n,m) | n € Ob(N),m € Ob(M)} be a
family of mappings of sets. Then x is a natural transformation of functors
Ti — T2 if and only if

(5) T/ s (wah) = Uty m(a)h

for all h € Homn(n',n), w € Homp(m,m'), a € Ti(n,m). In particular,
if H : M — N is a functor, then the family of mappings p = {pnm :
T(n,m) = Hompy(n,H(m)) | n € Ob(N),m € Ob(M)} is a natural
transformation p : T — Ty if and only if pps ym (urh) = H(u) 0 ppm(r) o h,
that is,

(6) urh = H(u)o7oh

for all h € Hompy(n',n), w € Homp(m,m'), r € T(n,m). The family
q = {gnm : Homy(n,H(m)) — T(n,m) | n € Ob(N),m € Ob(M)} is a
natural transformation q : Ty — T if and only if

(7) Qn’,m’(H(u) owo h) = UQn,m(w)h

for all h € Hompy(n',n), u € Homp(m,m'), w € Homy(n,H(m)).

Letp: T — Ty, q: Ty — T be mutually inverse natural transforma-
tions, so for all n,m the mappings pn m and qn m are mutually inverse. We
fix the notation

r= pn,rn(T) € HomN(n7 H(m)), Tm = QH(m),m(lﬂ(m)) € T(H(m)a m)
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Then
(8) dnm(h) = by qum(P) = 1571 = 12 & A = 733 qum(h) = rnhi T = .
If w e Homp(m,m'), v € Homy(n,n'), r € T(n,m), v € T(n',m;), then
9) wW=Huor, rv=rov; ur=rveHuor=rouv,
and

Ur =rpyv S v =HW)or;r =rpv S v =Tury = ropyv < v = Hu).

Definition (Categories of TChu spaces). Let N, M be categories, T :
N x M — Set be a functor. The category 7T Chu of TChu spaces is
defined as follows:

— Ob(TChu) is the class of all triples (n,m,r), where r € T (n,m) (the
objects of TChu are called TChu spaces; we will often denote the
T Chu space (n,m,r) as r);

— if (n,m,r), (n,m/; ") € Ob(TChu), then Homycpy((n,m,r), (n';m’ "))
is the set of pairs (v,u) such that v:n —n/, u:m — m’ and

(10) ur = r'v, that is, T(1,,u)(r) = T (v, 1) (');

a morphism (v,u) : r — 7’ is called Chu transform from r to r/;
— if (v,u) : (nym,r) = (n/,m/,r"), (W )« (0,m! ") — (0", m" "),
then (v/,u') o (v,u) = (Vv o v, v’ ow);
— the identity of (n,m,r) is the morphism 1(;,, p, »y = (1n, 1m)-
Let us show that the category 7 Chu is well defined, i.e., the composition
of morphisms is a morphism of 7TChu. Indeed, if (v,u) € Homycpyu(r, '),

(W', u') € Homgopy(r',r"), then ur = r'v, rv' = u/v’, and by (2), (3) we
have (v o v) = (r"v)v = (Wr")v = W (r'v) = W (ur) = (v o u)r, that is

(v ov,u' ou) € Homyopy(r,r").

3. Functors with values in the category 7Chu

Let 7 : N°? x M — Set be a functor. The projection functors
P :TChu— N, Py:TChu— M

are defined as follows: Pj(n,m,r) = n, Py(n,m,r) = m for any TChu
space (n,m,r), Pi(v,u) =v € Homy(n,n'), Py(v,u) =u € Hompr(m,m’)
for any (v,u) € Homyopy((n, m,r), (n',m’,r")).

Let Z be a category, F' : Z — TChu be a functor, I} = P, o F,
Fy = Pyo F. Then for all z,2' € Ob(Z), f € Homy(z,2') we have

(11) F(z) = (Fi(2), Fa(z),7(2)), where r(z) € T(Fi(z), F2(2))

WsBectus MpkyTcKoro rocy1apcTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukay. 2026. T. 55. C. 144-158
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F(f) = (F1(f), F2(f)) € Homrcpu(r(2),7(2')), that is,
(12) E(f)r(z) = r(z")Fi(f).

The opposite is also true, namely, if F} : Z — N, Fy : Z — M be functors,
and for each z € Ob(Z) we fix r(z) € T (F1(z), F»(z)), such that the equality
(7) holds for any f € Homy(z,2'), then the mapping F : Z — TChu,
defined as follows:

(13) F(z) = (F1(2), Fa(2),7(2)),  F(f) = (F1(f), F2([)),

is a functor.
In Proposition 1 there are the conditions describing functors with values
in the category 7 Chu, where T is an H-closed functor.

Proposition 1. Let H : M — N be a functor, T : NP x M — Set be
an H-closed functor, p : T — Ty, q: Ty — T be mutually inverse natural
transformations.

1) Let Fy : Z — N, Fy» : Z — M be functors and for each z €
Ob(Z) we fiz r(z) € T(Fi(z), Fa(2)). We denote W = {W(z) = r(z) €
Hompy(Fi(2), H(F»(2))) | = € Ob(Z)}. Then the mapping F : Z —
T Chu defined by equalities (13), i.e., F(z) = (F1(z), Fa(z),r(2)), F(f) =
(F1(f), Fo(f)) is a functor if and only if W is a natural transformation
Fy — Ho Fs.

2)IfFy : Z - N, Fy : Z — M are functors, W : Fy — H o Fy is
a natural transformation, and r(2) = qp, (2),F ) (W(2)) € T(F1(2), Fa(2)),
then the mapping defined by the equalities (13) is a functor F : Z — T Chu.

Proof. 1) By the relations (12), (13), F is a functor iff
Fy(f)r(z) = r()Fu(f).

By (9), this is equivalent to the equality F5(f) o r/(;) = @ o Fi(f), that
is, Fo(f) o W(z) = W(2') o Fi(f). Thus, W : F; — H o F is a natural
transformation. -

2) follows from 7“/(;) = qF, (2),R(2) (W (2)) = W(z) and 1). O

Theorem 1. Let H : M — N be a functor, T : N’ x M — Set be an
H-closed functor, p : T — Ty, q : Ty — T be mutually inverse natural
transformations.

1) The mapping H defined as follows: H(m) = (H(m),m,ry), H(u) =
(H(u),u), where m € Ob(M), u € Hompys(m,m'), is a fully faithful functor
H : M — TChu, which is right adjoint to the functor Py : TChu — M.

2) The full subcategory M = {(H(m),m,ry) | m € Ob(M)} of the
category T Chu is reflective and isomorphic to the category M.
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Proof. 1) Let HH =H : M — N, Hy =1y : M — M, m € Ob(M) and
r(m) = rp. Then H(m) = (Hi(m), Ha(m),r(m)), H(u) = (Hi(u), Ha(u)),
where r(m) € T(Hi(m), Ho(m)). By (8), (9), we have H(u) = (H(u),u) =
(Hi(u), Ha(w)) € Homycny(Tm, rm), so conditions (12) are satisfied, and
H is a functor. Consider the mapping

H : Homp(m,m') — Homycny(Tm, rme ), H(u) = (H(u),u).

Clearly, it is injective. Let (v,u) € Hom7cny(Tm, m/) be a morphism.
Then, by (9), v = H(u), that is, the mapping u — H(u) is bijective, so H
is fully faithful.

Proof of adjunction. For arbitrary r» € T(n,m), m’ € Ob(M), we
define the mapping 4(r,m') : Homycon(r, H(m')) — Homp (Pa(r), m’)
as follows: g(r,m')(v,u) = u for any (v,u) € Homycop,(r, H(m')). One
can directly verify that this mapping is natural in » and m/. To prove the
adjunction between P, and H, it suffices to show that each v,(r,m’) is
bijective. We have Homycpy(r, H(m')) = Homycpy(r, ). By relations
(8), (9), we have (v,u) € Homycpu(r,rm) < v = H(u) o 7. Thus,
for any uw € Hompr(m,m'), there exists a unique v such that (v,u) €
Homgcpy(r, H(m')). Then 1)4(r,m’) is bijective.

2) Let in : M — TChu be the inclusion functor. Then H = in o H,
where H : M — M. Since the functor H is fully faithful and the mapping
m +— (H(m),m,ry) is a bijection between the objects of categories M
and M it is follows that H is a category isomorphism and M is a full
subcategory. From the adjunction of functors P» and H, we have that the
functor H o P» is left adjoint to the functor in. 0

4. Limits and colimits in the category 7 Chu

Let K and L be categories. For each object [ € Ob(L), the constant
functor C(l) : K — L is defined as follows: C(I)(k) =1, C(I)(f) = 1; for any
f € Homg (k, k). If h € Homp,(l,1’), then there is a natural transformation
C(h) : C(l) — C(I') given by: C(h)(k) = h € Homp(C(l)(k),C(l")(k)) =
Hom(1,1").

Let G : K — L be a functor. A cone over G with vertex [ is a natural
transformation ¢ : C(I) — G, that is, ¢ = {¢(k) € Homg(I,G(k)) | k €
Ob(K)}, such that G(f)op(k) = ¢(k') for any morphism f € Hom(k, k). A
cone ¢ : C(lg) — G is universal or a limit cone if for any cone ¢ : C(I) — G,
there is a unique morphism h € Homp(l,lp) such that ¢ o C'(h) = 1, i.e.
w(k) o h = ¢(k) for any k € Ob(K). The vertex [y of a universal cone is
called the limit of G and is denoted by lp = lim G.

WsBectus MpkyTcKOro rocy1apcTBEHHOTO YHUBEPCUTETA.
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Dually, a natural transformation ¢ : G — C(I) is called a cocone. The
vertex lo of a universal cocone ¢ : G — C(lp) is called a colimit of G and
is denoted by Iy = colim G.

For a functor G : Z — K, the equalities GP(z) = G(z), GP(f) = G(f)
for all z € Ob(z), f € Homyz(k, k') define a functor G? : Z°? — K. Hence,
a (universal) cone over G is a (universal) cocone over GP, and vice versa.
Thus, lim G = colim G°? and colim G = lim G°P.

Let H : M — N be a functor, 7 : N°° x M — Set be H-closed, and
F :Z — TChu be a functor. By (11), we have F(z) = (Fi(z), F2(2),r(2)),
where 7(z) € T(Fi(z),Fa(z)). By Proposition 1, we get description of
cones.

1) Let 1 : C(ng) — Fi, p2 : C(my) — F» be cones, rg € T (ng, mp).
The pair ¢ = (¢1,p2) : C(ng,mo,r9) — F is a cone iff for any z € Ob(z)

—

(14) r(2) 0 p1(z) = H(p2) o Tp.

2) The cone ¢ is universal iff for any cone ¢ = (¢1,v2) : C(n,m,r) — F,
there exist unique morphisms v € Homy(n,ng) and v € Homp(m, mo)
such that:

(15) H(u)oT =7gov, P1(z) =¢i(z)ov, ¢a(2) = ¢2(2) o u.

Theorem 2 (On limits). Let H : M — N be a functor, T : NP x M — Set
be an H-closed functor, Z be a category, F : Z — T Chu be a functor, such
that F(z) = (F1(z), F2(z),7r(2)) and condition (12) is satisfied. Suppose
that the functors F1 : Z — N, Fy : Z — M, and Ho Fy : Z — N have
limits, and there exist pullbacks in N. Then the functor F has a limit
lim F' = (n{, mo, 7o), where my = lim F5.

Proof. We construct a universal cone over F. Let @1 : C(ng) — Fi, p2 :
C(mg) = Fs, § : C(n1) — H o F be the universal cones over F}, Fy and

H o Fy, respectively. By Proposition 1, the family W = {r(z) | z € Ob(z)}
is a natural transformation W : F; — H o F5. Thus, the composition
W oy : C(ng) — H o Fyis a cone over H o Fy with vertex ng. Since H is
a functor, H(p2) = {H(p2(2)) € Homn(H(mo), H(F2(2))) | 2 € Ob(Z)} is
also a cone over H o Fy with vertex H(my).

Since ¢ is a universal cone, there exist unique morphisms

d € Homy(H(mg),n1),w € Hompy(ng,n1),
such that for all z € Ob(Z)
(16) §(z) od =H(p2(z)), 0(z)ow=W(z)opi(z).

Let ng = ng Xpn, H(mop) be the pullback with projections dy € Hom(n{, n1),
wo € Hompn(nj, H(mp)). We have d o wg = w o dy, and for any a €



152 E. E. SKURIKHIN, V. K. SIMAKOV, A. G. SUKHONOS

Homp(n,n1), b € Hompy(n,H(mp)) such that w oa = do b, there exists a
unique v € Hompy(n,ny) such that a = dp o v, b = wp o v.

Define ro € T (n{, mo) as the unique element satisfying equality 7o = wo,
and let ¢} (z) = ¢i1(2) odp : n{, = Fi(z). By conditions (14), (15), (16),
the pair ¢’ = (¢}, p2) : C(ng, mo,ro) — F is a universal cone over F' with
vertex ro. Thus, (n(, mg,r9) = lim F. O

Theorem 3 (On colimits). Let H : M — N be a functor, T : N°* x M —
Set be an H-closed functor, Z be a category, F : Z — T Chu be a functor,
such that F(z) = (F1(2), F2(2),7(2)) and condition (12) is satisfied. Sup-
pose that the functors F1: Z — N, Fy : Z — M, and Ho Fs : Z — N have
colimits. Then the functor F has a colimit colim F' = (ng, mg,rg), where
ng = colimFl, moy = COlimFQ.

Proof. Let 1 : F1 — C(ng), w2 : Fo — C(mgp) be universal cocones. We
construct a universal cocone over F. Since (g is a cocone and H is a
functor, H(p2) = {H(p2(z)) € Homn(H(F2(2)), H(mo)) | z € Ob(Z)} is a
cocone over ‘H o F» with vertex H(mg). By Proposition 1, the family W =

—

{r(z) | z € Ob(Z)} is a natural transformation W : F; — H o Fy. Thus, the

composition H(p2) o W = {H(p2(z)) o r(2) : F1(z) = H(mo)} is a cocone
over F} with vertex H(mg). Since ¢ is a universal cocone, there exists a
unique morphism wy € Homy such that wg o ¢1(2) = H(pa(z)) o r(z) for
any z € Ob(Z). Define ro € T(ng,mp) as the unique element satisfying
equality 7 = wo. By (9), the pair (¢1(2), ¢2(2)) € Homycna(r(2), o) is
a cocone ¢ = (¢1,¢2) : I — C(ng,mo,rg). Since ¢ and @9 are universal
cocones, ¢ is universal. Thus, (ng, mg,r9) = colim F'. O

We consider some examples of 7T Chu categories.

Example 1. Let N, K, L be categories, ® : N x K — L be a functor,
I € Ob(L), M = K°. We define a functor 7%! : N’ x M — Set as
follows: T®!(n,k) = Homp(n ® k,1), where n € Ob(N), k € Ob(M) =
Ob(K). Then, by (1), for (r:n®@k — 1) € T®!(n, k), h € Homy(n',n),
u € Hompr(k, k') = Homg (K, k) we have urh = T®!(h,u)(r) = ro(h®@u).
By the definition of 7Chu, a T®!Chu space is any triple (n, k,r), where
r:n®k—1 Ifr:n ®Fk — 1, then a morphism (or a Chu transform) is
a pair (v,u) such that ur = r’v, that is, 7 o (1, ® u) = 1’ o (v ® 1), where
v € Homy(n,n'),u € Homgor(k, k') = Homg (K',k). f N =K = L is a
monoidal category, then the category T®!Chu coincides with the category
Chu(K,!) introduced in [2].

Example 2. Let N, K,L be categories, M = K x L. If m,m’ €
Ob(M), i.e., m = (k,I) and m'’ = (K',l'), where k, k' € Ob(K), I,I' €
Ob(L), then Homps(m,m') = Homg (k',k) x Homp/(l,l'). Hence, if u €
Hompr(m,m’), then u = (f,g), where f € Homg (k', k), g € Homp(l,l').
Moreover, if v = (f',g') € Homp(m/,m”), where m” = (k”,1"), then
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wou= (fof,gog) € Hompy(m,m") = Homg (k" k) x Homp(l,1").
Since the categories NP x M = N x (K x L) and NP x K° x L are
canonically isomorphic, we will denote pairs (n,m) and (h,u) as (n,k,!)
and (h, f, g), respectively.

Let ® : Nx K — L, and H : K°° x L, - N be functors. We
denote H(k,l) = I* and H(f,g) = ¢/ for all k € Ob(k), | € Ob(L),
f € Homg (K k), g € Homp(l,I'). Then the functor Ty : NP x K x L —
Set is given by the equalities: T (n, k,1) = Homy(n,¥), Ty (h, f,9)(w) =
H(u)owoh =g/ owoh for any w € Homp(n,I¥).

We define the functor Q¥ : NP x K°P x I, — Set as follows: Q®(n, k,l) =
Homy(n®l, k), Q®(h, f,g)(r) = goro(h® f) € Homy(n' @', k") for any
re Homny(n® L k).

We associate the functor 7% : NP x K x L — Set with any functor
Q : NP x K x L — Set as follows: T%(n,k,1) = Q(n,k,1), T9(h,u) =
T9(h, f,9) = Q(h, f,g). A T?Chu spaceis (n,k,1,r), where r € Q(n, k, ).
Let 7' € Q(n/,k',1"). Then morphism of 72Chu spaces is (v,u) = (v, f,g) :
r — 1/ such that ur = r'v, i.e, Q(1n, f, 9)(r) = Q(v, 1, 1) ().

If Q = Q%, we write T¢ = T®. For all T®Chu spaces r :n®@k — 1,1 :
Wk =,

(17) (v,u) = (v, f,9) € Homgecp,(r,7') & goro (1, @ f) =1 o (v® 1)

Thus, if N = K = L is a monoidal category, then the category 7®Chu
coincides with the category Chu(K) introduced in [14]. These categories
have been studied for various K in [6,9,11,14].

Let 79 : NP x K x L — Set be an H-closed functor and p = {Pnjey :
Q(n,k,1) — Hompy(n,1¥) | n € Ob(N),k € Ob(K)},1 € Ob(L), ¢ = {qn i :
Hompy(n,1¥) = Q(n,k,1) | n € Ob(N),k € Ob(K)},l € Ob(L)} mutually
inverse natural isomorphisms of functors p : 79 — T, q : Ty — T®. As
above, we denote

P = popa(r) € Homy (n, 1), 14y = g, (11°) € QUF, K, 1)

If Q = Q®, we have ry; : I*®k — [. This morphism is called the evaluation
map and denoted by evy;.
The following result is a special case of Theorem 2 and Theorem 3.

Proposition 2. Let T : NP x K x L — Set be an H-closed func-
tor for some H : K’ x L — N, F : Z — T9Chu a functor F(z) =
(Fy(2), F}(2), F2(2), 1(2)), where r(2) € Q(Fy(2), F}(2), F3(2)), Fy : Z —
N, F,:Z—KPxL, F:Z— KP, and F}:7Z — L.

1) Suppose that ng = lim Fy, ko = lim Fy = colim F}”, Iy = lim F3Z,
ny = limH o Fp = lim F22F21 and in the category N there are pullbacks.
Then the functor F' has a limit

lim F = (ng Xn, 10", ko, o, 70),
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where g € Q(nog Xn, loko,ko,lo). If Q@ = Q%, then ro is a morphism rq :
(no Xny loko) ® ko — .

Thus, if the categories N and L are complete, and K is cocomplete, then
any functor F : Z — TQChu has a limit.

2) Suppose that the nfy = colim Fy, k) = colim F} = lim F}™, I}, =
colim FZ. Then colim F = (n{, kj, 1i,75), where vy € Q(nf, k,1y). If Q =
Q®, then r{ is a morphism r{ : nj ® kj — 1.

Thus, if the categories N and L are cocomplete, and K is complete, then
any functor F : Z — TOChu has a colimit.

The following result is a special case of Theorem 1.

Proposition 3. Let T9 : N x K x L — Set be an H-closed functor.
1) the functor H : K x L — T9Chu defined as follows: H(k,l) =
(I* k.1, r), is fully faithful and right adjoint to the functor Py : TRChu —
K°P x L, where Py(n,k,l,r) = (k,1);
2) the full subcategory M = {(I¥, k,1,ri) | k € Ob(K),1 € Ob(1)} of the
category TRChu is reflective and isomorphic to the category K x L.

5. Monoidal Categories

It is known [2] that if C' is a symmetric closed monoidal category, then
the category Chu(C,d) for some fixed object d € Ob(C) is also provided
with the structure of a monoidal closed category. In this section we provide
the category Chu(C) with a monoidal closed structure.

Let ® : C x C — C be a functor. A triple (C,®,I) is called right-
monoidal category, if there are a natural isomorphism (a®b)®@c — a®(b®c)
in a,b,c and an object I, which called a right unit, such that there is a
natural isomorphism a — a®I in a. If the category (C, ®, I) is symmetric,
then there exists a unique natural isomorphism a ® b - b ® a in a, b.

A right-monoidal category (C,®,I) is called closed [4] if there exists a
functor —o: C? x C' — C such that for any y € Ob(C') there exists a natural
isomorphism in z, z € Ob(C)

adj : Hom(zx @ y,z) — Hom(z,y — z).

Note that the category (C, ®, I) is closed iff the functor T : C°P x C°P x
C — Set is an H-closed, where H =—o: CP x C' — C, and the evaluation
map is given by

evy, =ev:(y —o2) @y —z= adj_l(lyﬂ,z).

As above, Chu(C) = T®Chu, hence objects of Chu(C) are morphisms
r:a®b— ¢, and Chu transforms are defined by (17).
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Theorem 4. Let C = (C,®,1) be a closed symmetric monoidal category
with finite pullbacks and terminal object x. Then there is a functor X :
Chu(C) x Chu(C) — Chu(C) such that the category (Chu(C),K,T) is a
closed right-monoidal with a right unit T : I @ * — *.

Proof. We fix natural isomorphisms o : (a1 ® a2) ® a3 — a1 ® (a2 ® a3) and
s:a1®ay — as®aq in ay,as,a3. Let v : a1 ®@x1 — di, 12 : as®@x9 — dg,r/l :
ay @ 2} — dy,rh : ay ® 2y, — dj be objects of Chu(C), f = (f*,f~, f°) :
o=, g=1(9",9,9") e —=rh =, % :r] = ri be Chu
transforms of Chu(C). We define X : Chu(C) x Chu(C) — Chu(C) as
follows:

r1 Xrg (CLQ &® al) &® ((a2 —o 1‘1) X (a1 —o 1'2)) — dy,
r1®ro=r10(ly, ®ev)oao (s proy—oz,),
Ry Y=gt T (fRg) ™ =(g" = ) x (fT—g7),(fRg)’ =/,

where prg,—oz, : (a2 — 1) X (a1 — x2) — (a2 — x1) is a projection.
Direct computation shows that X is a functor. We define the mappings
a:(riXre) Kry — r X (ro Xrs) as follows:

a= (aa (1(a3®a2)—ox1 X B_l) © (((7_1 X 7_1) © /8) X (’7 © (S - 1w3)))> 1d1)7

where 8 : (a1 —o (a2 x a3)) — ((a1 — az) X (a1 — a3)), v : (a1 ® ag —o
a3) — (a1 — (ag —o a3)) are natural isomorphisms. It is easy to see
that these maps are natural isomorphisms in rq,ro,73. Clearly, the object
T:1®*— xis aright unit relative to X.

We define =: Chu(C)? x Chu(C) — Chu(C) as follows:

r1 =19 : ((a1 —0 ag) X (x3 — 1)) ® (a1 ® x2) — da,
(r1=r2) =120 ((evos) ® 1y,) 00 (Pray—say @ layeu,),
(=) =(f"—g") x(g= — ). (/=9 =fTog ,(f'=9)°" =4,

where prg, —oq, : (a1 — ag) X (z2 — x1) — a1 —o ag is a projection. Direct
computation shows that = is a functor.

The mappings p : Hom(r; X r3,ro) — Hom(ry,rs3 = r2) and ¢ :
Hom(r1,r3 = 1r2) = Hom(r; K13, re) define as follows:

p(u) = (adj(u™ o s) x adj(adj *(proou)os),adj *(priou™) o s,u’),
q(v) = (adj  (priov™) o s,adj(v™ o s) x adj(adj ! (pry o v™) 0 5),0°)

for all w : 11 ®Wr3 — ro, v : 11 — r3 = ro. Direct computations shows
that p and ¢ are mutually inverse bijections natural in rq,79,73, which
gives a natural isomorphism Hom(r; X rs,re) = Hom(ry,r3 = r3). Thus,
(Chu(C),X,T) is a closed right-monoidal category. O



156 E. E. SKURIKHIN, V. K. SIMAKOV, A. G. SUKHONOS

Corollary 1. 1) If the category C is complete and cocomplete, then both
Chu(C) and Chu(Chu(C)) are complete and cocomplete categories.

2) The category Chu(C)? x Chu(C) is isomorphic to a reflective full
subcategory of the category Chu(Chu(C)).

Proof. Since Chu(C) = T®Chu, its completeness and cocompleteness fol-
low from Proposition 2 by settiong H =—o. Since Chu(Chu(C)) = T®Chu,
its completeness and cocompleteness follow from Proposition 2 by setting
‘H ==. Point 2 follows from Proposition 3. O

6. Conclusion

We have introduced a generalized Chu construction that associates with
a functor T : NP x M — Set the category T Chu of generalized Chu spaces.
We have shown that this construction encompasses another generalizations
of Chu spaces, including those with constant and variable alphabets over
monoidal categories. We have proved that for an H-closed functor 7 the
category M is reflectively embedded in T Chu. For the complete categories
N and M we have constructed explicit constructions of limits and colimits
in 7Chu. Furthermore, we have defined a tensor product on the category
Chu(C) of Chu spaces with variable alphabet over a closed monoidal cat-
egory C, which is associative but not commutative. We have proved that
Chu(C') with this tensor product is closed and that the category of Chu
spaces over this category is complete. These results establish a foundation
for further exploration of noncommutative categorical structures and their
applications.
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