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Abstract: Given a finite group L, let N(L) denote the set of its conjugacy class sizes.
Let X and Y be sets of natural numbers, G be a finite group such that N(G) = X x Y.
In the article [16] the question is formulated: for which sets X and Y is it true that
G ~ A x B, where N(A) = X and N(B) = Y? More than 30 years ago, J. Thompson
formulated a conjecture that any finite simple group is uniquely determined by its set of
sizes of conjugacy classes in the class of finite groups with trivial center. In 2019, the
validity of this conjecture was proven. In 2020, it was noted that in addition to simple
groups, some direct products of simple groups are also determined by this set.

We prove that if N(G) = N(Alt, x Alts), where p is a prime greater than 1361 and the
group G has a trivial center, then G ~ Alts x Alt,.

Keywords: finite groups, conjugacy class, alternating groups

Acknowledgements: The work was supported by Russian Science Foundation (project
Ne 24-41-10004).

For citation: GorshkovI.B., ShepelevV.D. N-recognizability of Groups Alt, x Alts,
Where p > 1361 Is a Prime Number. The Bulletin of Irkutsk State University. Series
Mathematics, 2026, vol. 55, pp. 110-122.
https://doi.org/10.26516/1997-7670.2026.55.110

Hayunasa crarbsa

N-pacnosnasaemocts rpynn Alt, x Alts, roe p > 1361 — mpocToe
4UCIIO

. B.Topmxkos' 3™, B. 1. Illenemxes'?



N-RECOGNIZABILITY OF GROUPS Alt), x Alts 111

WNucruryr marematuku uMm. C. JI. Cobonesa CO PAH, Hosocubupck, Poccuiickast
Deneparust
2 Hoocubupckwuit rocynapcraennsrii yausepcurer, Hosocubupcek, Poccniickas Penepa-
nust
3 Cubupcknii degepanbubii yansepcurer, Kpacuosipck, Poccniickast ®ejepariust
= ilygor8@gmail.com

Awnnoranms: [TokasbiBaercs, 9To s KoHeuHOH rpynnbl G o6osmadeno uepes N(G)
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1. Introduction

The sizes of conjugacy classes are important in the study of finite groups.
In 1904, Burnside [6] showed that a group with a conjugacy class of primary
order is not simple. Much later, Kazarin [19] proved that the subgroup
generated by a conjugacy class of primary order is solvable. In [18] Ito
first introduced the concept of a conjugate type vector. This is the set of
conjugacy classes sizes ordered in increasing order. The latest survey of
results on the relationship between the structure of a finite group and the
set of sizes of conjugacy classes can be found in [8;21].

Let G be a finite group. In 1987, John G. Thompson (see [20][Ques-
tion 12.38]) conjectured that if L is a finite simple non-abelian group and
G is a finite group with a trivial center such that N(G) = N(L), then
G ~ L. Since then, significant progress has been made for various families
of non-abelian simple groups (see [1-5;9]), culminating in the complete
confirmation of Thompson’s conjecture in 2019 [15].
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We say that a finite group L is N-recognizable in the class of finite groups
with a trivial center (or simply N-recognizable) if for any finite group G
with a trivial center, the equality N(G) = N(L) implies the isomorphism
G ~ L. It is easy to show that Symg is N-recognizable. Thus, the condition
of non-solvability is not a necessary condition for N-recognizability. As an
example of a non-recognizable group we can take a Frobenius group of order
18. There exist two non-isomorphic Frobenius groups of order 18 with the
same set of conjugacy class sizes. However non-recognizable groups with
a trivial center are very rare. In particular all known non-recognizable
groups have non-trivial solvable radicals. Let G™ denote the direct product
of n copies of the group G. The following question generalizes Thompson’s
conjecture.

Question 1. [12, Question 2] Let S be a non-abelian simple group. Is it
true that for any n € N, the group S™ is N-recognizable?

This question has not been resolved for any non-abelian simple group.
However in the articles [12;13;17;23] N-recognizability of the groups Alt%,
Alt?, Ls(q)?, where ¢ is a power of a prime number satisfying certain
conditions, has been proven. In this work we prove N-recognizability of
the groups Alt, x Alts, where p is a prime number greater than 1361.

Theorem. Let p be a prime number greater than 1361. The group Alts X
Alty, is N-recognizable.

In [16] the following question was formulated.

Question 2. [16, Question 0.1] Let G be a group such that N(G) =
Q x A, Which Q and A guarantee that G ~ A x B, where A and B are
subgroups such that N(A) =Q and N(B) = A?

Let Q = N(Alts) and A = N(Alty). It follows from Theorem that a
finite group G such that N(G) = Q2 x A and Z(G) = 1 is isomorphic to
A x B, where N(A) =Q and N(B) = A.

2. Preliminaries

In this article only finite groups will be considered. We introduce the
following notation: Ind(G,x) is the index of the centralizer of element = in
group G. Note that if 2 € G, then Ind(G,z) = |2%|.

Lemma 1. [7, Lemma 1] If for some prime p every p'-element of a group
G has index prime to p, then the Sylow p-subgroup of G is a direct factor
of G.

Lemma 2. [14, Lemma 1.4] Let G be a finite group, K <G and G = G/K.
Take x € G and T = K € G/K. Then the following conditions hold:

(i) || and |ZC| divide |2C|.

WsBectus VpkyTcKOro rocy1apCTBEHHOTO YHUBEPCUTETA.
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(ii) If L and M are consequent members of a composition series of G,
L<M,S=MJ/L,z€M and T = xL is an image of x, then |35 divides
2.

(iii) If y € G, zy = yx, and (|z,|y|) = 1, then Cg(zy) = Ca(z)NCq(y).

(i) If (|z|, |K|) = 1, then Cx(Z) = Cq(z)K/K.

(v) Ca(z) < Cg(T).

Lemma 3. [11, Theorem 5.2.3] Let A be a p'-group of the automorphism
group of an abelian p-group P. Then P = Cp(A) x [P, A].

Lemma 4. [14, Lemma 1.6] Let S be a non-abelian simple group. If
p € w(S), then there exists a € N(S) such that |a|, = |S|p, and an element
g € S of prime order such that |g°| = a.

Lemma 5. Let S be a non-abelian simple group, and let p be the largest
prime in ©(G). Then for any g € S, |g°| > p.

Proof. Since S is a simple group, it follows that S acts on |¢g°| faithfully.
Therefore S embeds in Symjys|. If l9°| < p, then |Symygs|| is not divisible
by p; a contradiction. O

Lemma 6. [10, Theorem 1] Let G be a finite group acting transitively on
a set Q with || > 1. Then there exists a prime r and an r-element g € G
such that g acts without fixed points on €.

For a given natural number n we denote by m(n) the set of all prime
divisors of n. Everywhere we denote by P the set of all prime numbers.
If # C P, then for a given integer n, we denote by n, its w-part, that
is the largest number k such that w(k) C w. In particular for p € P
we denote the p-part of the number n by n,. Let H be a group. Put
n(H) = n(|H|), N(H), = {|z"|, |z € H}, [H]|, = max{]z"|,|z € H},
and ’HH = HpGTr(H) |HHP

Let p be a prime number greater than 1361, L = Alt, x Alts, and G be
a group with a trivial center such that N(G) = N(L).

The next Lemma is a simple exercise.

Lemma 7. N(L) ={a-f|a € N(Alts) and [ € N(Alt,)}.
Lemma 8. 7(G) = n(p!).

Proof. The statement of the lemma follows from Lemma 1 and the fact that
the center of the group G is trivial. 0

Lemma 9. The number |L| divides |G].

Proof. Let g € L such that |g| = tp, where t € {3,5}. Then |g"| = |L|/tp.
Since |g¥| divides |G|, it follows that |G| is divisible by |L|/p. From Lemma
8, it follows that p divides |G|. Therefore, |L| divides |G|. O
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We denote by € the set of prime numbers contained in the interval [£; p].

Lemma 10. [14, Lemma 2.3] Let t € Q, o € N(Alty,), and « is not di-
visible by t. Then o = |Alt,|/(t|C|) or a = |Alty|/(|Altryi||B)), where C =
Caw, _,(g) for some element g € Alty,—, t+i <n, and B = Cyy,_, ,(h)
for some h € Alt,_¢_;.

Let @,y = {a € N(Alt,) | a = |Alt,|/(t|C]), where C = Cuy,_,(9)
for some g € Alt, 1}, and W, ) = {a € N(Alty,) | a = |Alt,|/(|Alti1]|B),
where : > 0,t+i<n—1,B=Cay, , ,(9),9 € Alty__;}.

Lemma 11. [14, Lemma 2.4] The set W, n) \ ¥
1 <4< 19|, is non-empty.

tis1,m), Where t; € Q)

3. Proof of the Theorem

Lemma 12. Let t,l € Q be distinct numbers. If T < G is a {t,l}-group,
then T' = Sy x S;, where Sy € Syl,(T), S; € Syl,(T).

Proof. Suppose that the statement of the Lemma is false. Let H < GG be a
{t, l}-subgroup of minimal order, which does not decompose into a direct
product of its Sylow ¢- and [-subgroups. Let X <1G be the largest subgroup
among those for which HX/X is not a direct product of Sylow subgroups.
We denote - : G — G/X is the natural homomorphism, and Y < G is the
minimal normal subgroup.

Assume that Y intersects trivially with H. In this case, HY/Y is also
not a direct product of its Sylow subgroups; this contradicts the definition
of the subgroup X. Thus H non-trivially intersects with every normal
subgroup in G. Let Hy = HNY. We can assume that [ divides |Hy|.

Assume that Y is non-solvable. We have Y = Y7 x ... XY, where Y; are
isomorphic simple groups. By Lemma 2, it follows that for any o € N(Y'),
there exists f € N(G) such that « divides 8. By Lemma 4, we have that
[Y|| = |Y|. If n > 1, then |Y| is divisible by [?. Therefore [ divides
some number from N(G); a contradiction. We conclude that n = 1, Y is
a simple group, and |Y|rn € {t,1,tl}. Notice that Hy is either a Sylow
[-subgroup or a Hall {t,[}-subgroup of Y. Since H is a {t,l}-group, we
have w(Hy) C w(Y') C {¢t,l}. If |7(Hy)| = 1, then Hy is a cyclic group of
prime order. Suppose that 7(Hy) = {t,l}. Then |Hy| = tl. From the fact
that ¢ does not divide [ — 1 and [ does not divide t — 1, it follows that Hy
is cyclic.

From the maximality of X, it follows that HY/Y is a direct product
of Sylow subgroups. From the homomorphism theorem, it follows that
HY/Y = H/Hy. Let R be a Sylow [-subgroup of the group Hy, and T be
a Sylow t-subgroup of the group H. Then T < Ng(R). Since R is a cyclic
group of order [ and [ — 1 does not divide ¢, it follows that T centralizes

WsBectus VMpkyTcKOro rocy1apCTBEHHOTO YHUBEPCUTETA.
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R. Similarly, it can be shown that TR/R centralizes the Sylow [-subgroup
of H/R. Thus T centralizes the Sylow [-subgroup of H and hence H is a
direct product of its Sylow ¢- and [-subgroups; a contradiction.

Thus we have shown that Y is an elementary abelian [-subgroup. Sup-
pose that every t-element of the group H acts trivially on Hy. Since H/Hy
is a direct product of its Sylow subgroups, it follows that H is also a direct
product of its Sylow subgroups; a contradiction. Therefore, there exists
a t-element z that acts non-trivially on Hy. By Lemma 3, we have that
Y = Cy(x) x [(z),Y]. Since |[(z),Y]| divides Ind(Y,z), and [ — 1 does
not divide ¢, we have that [? divides Ind(Y,z). Since Y is normal in G,
we conclude that Ind(Y, z) divides |2“|. Therefore [? divides some number

from N(G); a contradiction. O

Lemma 13. Let t € Q. Then the Sylow t-subgroup of G is elementary
abelian.

Proof. The assertion of the Lemma follows from the fact that for any a €
N(G) we have oy € {1,t} and [24, Lemma 4]. O

It follows from Lemmas 12 and 13 that if ' < G and 7(T") C Q, then T
is an abelian group.

Proposition 1. The group G does not contain a non-abelian composition
factor S isomorphic to a group of Lie type such that Q C 7(S).

Proof. The idea of the proof of this statement is similar to the idea of the
proof of the main theorem from [14].

Suppose there exists a non-abelian composition factor S isomorphic to
a group of Lie type such that Q C 7n(S). Let g € G be a p-element such
that its image g € S is non-trivial. Since the Sylow p-subgroup of G is
elementary abelian (see Lemma 13), we have that g has order p, and |g“| is
not divisible by p. Hence |g°| is also not divisible by p. Therefore |¢%| = o0,
where o € {1} U @,y and ¢ € {1,12,15,20}. By Lemma 5, we have that
o # 1. The rest of the proof of the Proposition is divided into 2 lemmas.

Lemma 14. Let t € Q be such that there exists an element h € G such
that |h%| = ¢a, where ¢ € V(t,p) and o € {1,12,15,20}. Then for any
r € Q greater than t, there exists an element | € G such that |I%| = ¢'3,
where ¢’ € U(r,p) and § € {1,12,15,20}.

Proof. Note that the group G does not contain a Hall {¢,r}-subgroup.
Therefore, there exists a non-abelian composition factor 7" which does not
contain a Hall {¢,r}-subgroup. Hence, there exists an element [ € T' such

that |ZS] is divisible by t. Let I’ € G be the preimage of the element [
of order r. We have that |I’“| is not divisible by r and is divisible by ¢.
Therefore, |I'¢| = ¢/'3, where ¢/ € U(r,p) and 3 € {1,12,15,20}. O
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Let t € Q be the largest number such that there does not exist a t¢-
element h € G with the property |h¥| = 3, where ¢ € ¥(t,p) and 8 €
{1,12,15,20}.

Lemma 15. ¢ < %p.

Proof. Suppose that t > %p.Let A be a subset of ) containing numbers
less than or equal to ¢t. Note that for any » € A and any r-element a, the
number |a®| is not divisible by t. Therefore |a®| = /3, where ¢’ € U(t,p)
and B € {1,12,15,20}. In particular 7(|a|) N A = (). Thus S contains an
abelian Hall A-subgroup. This means that S contains an element g such
that m(g) = A. Similarly, as in Lemmas [14, 2.10, 2.11, 2.12, 2.13|, we
obtain a contradiction. O

Thus for any r € (), greater than %p, there exists an r-element h €
G such that |h®| = ¢a, where ¢ € ®(r,p) and a € {1,12,15,20}. In
particular, for any pair a,b of distinct numbers from Q \ A, S does not
contain an element of order ab. Therefore S cannot be isomorphic to an
exceptional group of Lie type. Similarly, as in Lemma [14, 2.14], it is proved
that S is not isomorphic to a classical group of Lie type. O

Lemma 16. G does not include a non-abelian composition factor S iso-
morphic to a sporadic simple group such that Q N (S) # 0.

Proof. The statement of the Lemma follows from the fact that the orders
of sporadic groups are not divisible by primes greater than 71. 0

Proposition 2. Let t € Q. There is a unique composition factor S such
that |S|; = |G|:.

Proof. Let 1 <« K1 <1 K9 < ... <1 K; << G be some chief series. We denote
S; = K;/K;j_1, G; = G/Kj_1, and i is the smallest index such that t €
7(S;). Suppose that t € 7(S;) N Q. We have S; = Ry X ... X R,, where R;
is a simple group for 1 < j < r. Since series K1, ..., K is chief series, we
have that R; are isomorphic subgroups for every j = 1,...,r, and G; acts
transitively on the set A = Ry,..., R.. We will divide the further proof of
the proposition into 5 steps. In steps 1, 2, 3, and 4, we assume that ¢ # p.
If t = p we can replace p by any number from (2 in all statements of steps
1, 2, 3, and 4.

Step 1. Suppose that r > 2. By Lemma 6 we have that G; contains an
element g of prime power order such that g acts without fixed points on the
index set {1,2,...,7}. Up to renaming we can assume that {1,2,...,s} is
the orbit of 1 under the action of g. We have Cg, xRr,x..xr,(g) < {r1-r{ -

l !
er «...-r{ | r1 € Ry, where [ is the smallest integer such that RY = R}

2 l
Clearly, the set {ry-7{-r{ -...-r{} is a subgroup, which is isomorphic to
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R;. Thus, we have Ind(S;,g9): > |R; ’t"*l. The number Ind(S;, g); divides
|9%|:. We have |g%|; > t; a contradiction.

Step 2. Suppose that r = 2. Assume that R; is a non-abelian simple
group. By Lemma 4, there exists an element g € S; such that |¢%|; > t. So,
S; and hence G contains an element whose conjugacy class size is divisible
by t?; a contradiction.

Therefore S; is an elementary abelian group of order 2. Suppose that
G; is non-solvable. Since Aut(S;) = GLa(t), it follows that G; has the
unique non-abelian composition factor L isomorphic to La(t). Let G; > L
be a subgroup of minimal order such that L/K(L) ~ L, where K (L) is the
solvable radical of L. Let g € L be an element of order % We will show
that Ind(G;,g): > t. By Lemma 3, it follows that S; = Cs,(g) x [Si, 9],
where |[S;, g]| — 1 divides |g|. If |g| = t+1, then |[S;, g]| = t2, and therefore
lg%|; > t; a contradiction. Thus G; is a solvable group.

From the fact that |K;|; = 1 and G; is solvable, it follows that for any
[ € Q, the group G has a Hall {t,}-subgroup H. In particular G contains a
Hall {¢, p}-subgroup H. By Lemmas 12 and 13, we have that H is an abelian
group. Thus for any h € H, \hcl{tp} = 1. Therefore |h%| € {12,15,20}.
Let g € G be a t-element. Suppose that g acts non-trivially on K; ;. We
have [g| > t; a contradiction with the fact that [ > 1382 > 20. Thus the
preimage of the group S; in G acts trivially on K;_;. Therefore, we can
assume that S; is a normal subgroup of G. Let T = G/Cg(S;). Therefore
T is isomorphic to some subgroup of GLg(t). Since Z(G) = 1, and in
particular, S; N Z(G) = 1, the group T acts without fixed points on S;.
Suppose that T contains an element h, the order of which does not divide
t — 1. Since h € Aut(S;), we have that h acts non-trivially. Therefore
S; = Cg,(h) x [Si, h]. Since |h| does not divide ¢ — 1, we have |[S;, h]| > ¢,
and therefore [h®|; > ¢; a contradiction. The Hall 7(5t)-subgroup of
GLa(t) is a direct product of two cyclic subgroups of order % Since the
group 1" acts without fixed points on S; >~ Z; X Z;, in this case, there is
an element whose conjugacy class size is divisible by t2; a contradiction.
Therefore » = 1 and S; is a simple group. We have |S;|; = t.

Step 3. Let g € S; be a t-element. We will prove that |¢&¢| is one of
the numbers 12,15,20. Suppose that |[¢&¢| is not divisible by any of the
numbers 12,15,20. If p does not divide |S;|, then by Frattini’s argument,
Ng;,({g)) contains a Sylow p-subgroup of G;. By Lemma 12, it follows that
p does not divide [¢&¢|. In particular, || must divide one of the numbers
12, 15, or 20; a contradiction. Thus, p divides |S;|.

Now we will prove that 2 C 7(S;). Let h € S; be a p-element. It is clear
that |[hi| is not divisible by p. If there exists an [ € Q such that |h%|; = 1,
then, similarly to the previous argument, we can show that |hGi I =1, and
hence |h%| is not divisible by p or I. Since any {p,!}-subgroup of G is
abelian, it follows that |h/G|{pyl} = 1, where i/ € G is the preimage of the
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element h of prime order. Therefore |h/¢| € {12,15,20}, and h centralizes
some Sylow t-subgroup of S;. We have that |¢°| is not divisible by p, and
hence |g%| is not divisible by p. Thus |¢%¢| divides one of the numbers 12,
15, or 20; a contradiction. Therefore 7(h%) NN = Q\ {p}, and Q C 7(S;).

From Proposition 1 and Lemma 16, it follows that S; is isomorphic to
Alty,. Since p € w(S;), we have n > p. If n > p, then there exists a
conjugacy class in .S; whose order does not divide any number from N(G).
Thus S; ~ Alt,. Suppose that there is an element of G; acting as an
outer automorphism on S;. We have |h%| = (p — 1)!. Let b’ € G be the
preimage of the element h of order p. If A’ acts non-trivially on K;_1, then
|n'¢| = (p — 1)'k, where k > p. In particular, |h/C| is greater than any
number of N(G). Thus |h'?| = (p — 1)!; a contradiction with the fact that
there is no such number in N(G). Therefore G; = S; x A, and the size of
any conjugacy class of A divides one of the numbers 12, 15, 20.

If |A] is not divisible by ¢, the lemma is proved, and S; is the desired
factor. Let b € A be a t-element. Suppose that b acts non-trivially on the
socle C' of the group A. We have |b?4| > b > 20; a contradiction. Hence
t divides |C|. We can assume that b € C. It is clear that the Sylow ¢-
subgroup T of the group C' is normal subgroup of A. Suppose that there is
an element ¢ € A that acts non-trivially on T. We have T' = Cr(c) x [¢, T
and |[¢, T]| > r divides |c¢*|; a contradiction. Therefore [b4| = 1. Let V' € G
be the preimage of the element b. If b’ acts trivially on K;_1, then [0'C¢| = 1;
a contradiction. Thus b acts non-trivially on K; ;. In this case, |0'¢| > t.

Since |K;_1| is not divisible by ¢, it follows that Cg(b)/Ck,_ (V) =
Cg,(b). Let d € S; be such that |d| is not divisible by ¢ and |d%] is
maximal, and let d’ € G be the preimage of the element d. Then |(d'b')¢| =
|d'C||b'C| > |d'“|t; a contradiction with the fact that 20|d’“| is maximal in
N(G). Thus |g%i| is one of the numbers 12,15, 20.

Step 4. Suppose that .S; is a non-abelian group. In the alternating
group of degree greater than 10, there are no conjugacy classes of size less
than 30. Since ¢ > 38 and ¢ divides |S;|, S; cannot be isomorphic to an
alternating group. From Proposition 1 and Lemma 16, it follows that S; is
not isomorphic to any of the sporadic simple groups or groups of Lie type.

Step 5. Thus S; is a group of order ¢t. Since the Sylow t-subgroup is
an elementary abelian group, it follows that Cg,(S;) = S; x H. Since the
composition series was chosen arbitrarily, we can assume that Op(H) is
the trivial group. Thus, the order of any minimal normal subgroup of H
divides t. By the arbitrariness of the composition series and already proven
results, it follows that any minimal normal subgroup of H is a group of
order t. Thus, the Sylow t-subgroup 1" of G; is normal, and the order of
the conjugacy class of any t-element in G; is one of the numbers 12, 15, or
20. Let g € S;. Since Ind(Gi, g) > 1, there exists an element a € G;\Cg, (9)
of prime order. We have T' = S; x Cr(a). Let h € Cr(a). Then there exists
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an element b € G; \ Cg,(h) whose order is coprime to a. Since a lies in
a normal subgroup not containing b, and b lies in a normal subgroup not
containing a, it follows that a and b commute. Thus Ind(G;, ab) divides t2;
a contradiction. O

Lemma 17. The group G includes a composition factor S such that |S|q =
Gla-

Proof. By Proposition 2, it follows that for any ¢ € €2 there exists the
unique composition factor S; such that |S|; = t and |G|/|S¢|t = 1. Let
K = Ow(G) and - : G — G/K be the natural homomorphism. Order
of any minimal normal subgroup of the group G divides some number of
Q. Let S be a minimal normal subgroup of the group G. Suppose that
7(S)NQ # Q. Let | be the maximum number of 2\ 7(S) and g € G be an
element of order [. By Lemma 12 and Frattini’s argument, we have that
|g%| is not divisible by numbers from 7(S) N Q and I. In particular, [¢¢] is
not divisible by p. Therefore |g¢| divides one of the numbers 12, 15, or 20.
Let r be the maximum number of 7(S) N and h € S be an element of
order r. We have |h%| is not divisible by r and I. In particular, |[h¥| is not
divisible by p. Therefore |h%| divides one of the numbers 12, 15, or 20. By
Lemma 4, we have that S is a group of order r. Thus, the socle C of the
group G is an abelian Hall Q-subgroup of the group G, and for any g € C,
it holds that |¢“| divides one of the numbers 12, 15, or 20.

Note that C5(C) = C. Let t be the maximum number of 0\ {p}. We
have Cz(Sp) N C5(S;) = 1. Let z € C5(Sp) be a p'-element. The number
|z¢| cannot divide 60, since in that case z € Cz(C). Thus, |z¢| divides all
the numbers from Q\ {p}. In particular, the p-complement 7" in the group
C#(C) acts non-trivially on S; for any I € Q\ {p}. Let a € S;. Since S; is a
cyclic group of order t and |a®| does not exceed 20, we have that T is a cyclic
group of order at most 20. Let b € S,. We have [b¢| = |G|/Cx(Sp) < 20.
Thus |G| < 202|C|.

For | € Q, define an element y; € G such that [y7| = pl/(t(p — t)!). It
is easy to see that size of the conjugacy class of any element from K is not
divisible by numbers of Q. Therefore 7; is non-trivial, and 7 (|z77%]) N Q =
Q\{l}. Hence 37 € C#(.5;) and 7 does not lie in C#(Sy,) for any k € Q\ {l}.
Therefore, C#(S;) does not lie in C5(Sy). Thus, the Q-complement O in G
contains more than |Q| proper normal subgroups, and therefore |O| > 2/€;
a contradiction. O

Lemma 18. The group G includes a composition factor that is isomorphic
to Alt,.

Proof. Lemma 17 implies that G contains a factor S such that |G|q = |S]q.
It follows from the Proposition 1 and Lemma 16 that S is isomorphic to
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the alternating group Alt,, where n > p. For n > p, there is a conjugacy
class of S whose order does not divide any number of N(G). O

We have G = K.S.A, where K is a solvable radical, S is the socle of the
group G = G/K, A= G/S. Let T is the factor of G, isomorphic to Alt,,.

Lemma 19. T < S.

Proof. Assume that T is not a subgroup of the group S. Let T < G be a
subgroup of minimal order, one of whose factors is isomorphic to 1. Note
that T is generated by elements of order p. Let ¢ € T be an element of
order p. We have |g%| > |g7| > (p—1)!/2. Note that the conjugacy class of
the maximum order in the group G has size 10(p — 1)!. Suppose that g acts
non-trivially on S. We will show that in this case, Ind(G,g) > 10(p — 1)!.
Since the number [S| is coprime to |g|, we have C4(gS) = Cx(g9)/Cs(g)-
In particular, Ind(G,g) = Ind(S, g)Ind(A, gS). Therefore, Ind(S, g) < 20.
The element g acts non-trivially on the set of conjugacy classes by Cs(g),
and in particular, |S|/|Cs(g)| > p > 20, which implies that Ind(S, g) > 20;
a contradiction.

Thus, T acts trivially on S; a contradiction with the fact that S is a
self-centralizing subgroup. O

Lemma 20. G ~T x X.

Proof. Let T <G be a subgroup of minimal order, whose image in G is T,
g € T be an element of order p. Arguing as in Lemma 19, we can show
that T _acts trivially on K. In particular, T N K lies in the center of the
group T. Therefore, T is the normal subgroup of GG, and T N K is normal
in G. From the fact that the Schur multiplier of an alternating group of
degree greater than 6 has order 2, it follows that TN K is either trivial or
a subgroup of order 2. Therefore, 7'M K lies in the center of the group G.
Since the center of the group G is trivial, it follows that 7'N K = 1. Hence
G contains a normal subgroup isomorphic to 7. _

Assume that there is an element x € G that acts on T as an outer
automorphism. We have G/Cg(T) ~ Sym,. Let g € G be an element of
order p. We have Ind(G,g) = (p — 1)!, but there is no such a number in
N(G); a contradiction. Therefore, T is a direct factor of the group G. [

Lemma 21. X ~ Alts.

Proof. We have N(G) = N(T x X) = N(T) - N(X). We will show that
N(X) = {12,15,20}. Let g € G be an element of order p, z € X. We
have Ind(G,gx) = Ind(T,g)Ind(X,x) = (p — 1)!/2 - Ind(X,x). Since
|X| is not divisible by p, it follows that Ind(X,z) is not divisible by p.
Therefore, Ind(G, gx) is one of the numbers (p—1)!/2-12, (p—1)!/2-15, (p—
1)!/2-20. This means that Ind(X,x) is one of the numbers 12, 15,20. Let
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t € {1,12,15,20} and y € G such that Ind(G,y) = (p—1)!/2-t. Notice that
y € Ca(g). Since Cr(g) = (g), we have y? € X. Therefore, Ind(G, gy*) =
Ind(T,g)Ind(X,y?) = (p — 1)!/2 - t. This implies that Ind(X,y?) =t and
N(X) =1{1,12,15,20}. Thus, from the N-recognizability of the group Alts
it follows that X ~ Alts. ]

Thus G ~ Alt, x Alts.
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