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Abstract: This article concerns the notion of weak circular minimality being a variant
of o-minimality for circularly ordered structures. We consider the binary level of these
structures forming algebras of binary isolating formulas, which are based on families of
labels and compositions of related formulas. These algebras are studied for Ro-categorical
1-transitive non-primitive weakly circularly minimal theories of convexity rank greater
than 1 with a trivial definable closure having a non-trivial monotonic-to-right function to
the definable completion of a structure. On the basis of the study, the authors present a
description of these algebras. It is shown that for this case there exist only commutative
algebras. A strict s-deterministicity of such algebras for some natural number s is also
established.
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1. Preliminaries

Algebras of binary formulas are a tool for describing relationships be-
tween elements of the sets of realizations of an one-type at the binary
level with respect to the superposition of binary definable sets [17;18]. A
binary isolating formula is a formula of the form ¢(z,y) such that for some
parameter a the formula ¢(a,y) isolates a complete type in S({a}). In
recent years, algebras of binary formulas have been studied intensively and
have been continued in the works [4]- [9], [14], [15].

Let L be a countable first-order language. Throughout we consider
L-structures and assume that L contains a ternary relational symbol K,
interpreted as a circular order in these structures (unless otherwise stated).

Let M = (M, <) be a linearly ordered set. If we connect two endpoints
of M (possibly, —oo and +00), then we obtain a circular order. More
formally, the circular order is described by a ternary relation K satisfying
the following conditions:

(col) VaVyVz(K(x,y,z) = K(y, z,7));

(co2) VaVyVz(K(x,y,z) NK(y,z,2) @z =yVy=2zVz=u1x),
(co3) VaVyVz(K(x,y, z) = Vt[K(z,y,t) V K(t,y, 2)]);

(cod) VaVyVz(K(x,y,z) V K(y,z, 2)).

The following observation relates linear and circular orders.

Fact 1. [1] (i) If (M, <) is a linear ordering and K is the ternary relation
derived from < by the rule K(x,y,2) = (x <y<z)V(z<z <y V(y<
z < x) then K is a circular order relation on M.

(ii) If (N, K) is a circular ordering and a € N, then the relation <,
defined on M := N \{a} by the rule y <, z :< K(a,y, z) is a linear order.

Thus, any linearly ordered structure is circularly ordered, since the
relation of circular order is (-definable in an arbitrary linearly ordered
structure. However, the opposite is not true. The following example shows
that there are circularly ordered structures not being linearly ordered (in
the sense that a linear ordering relation is not (-definable in an arbitrary
circularly ordered structure).

Example 1. [2;3] Let Q} := (Qq2, K, L) be a circularly ordered structure,
where L = {03,0%}, for which the following conditions hold:

(i) its domain Qg is a countable dense subset of the unit circle, no two
points making the central angle 7;

(ii) for distinct a,b € Qg

(a,b) € o9 & 0 < arg(a/b) < m,
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(a,b) € 01 & m < arg(a/b) < 2m,

where arg(a/b) means the value of the central angle between a and b
clockwise.

Indeed, one can check that the linear order relation is not #-definable in
this structure.

The notion of weak circular minimality was studied initially in [10]. Let
A C M, where M is a circularly ordered structure. The set A is called
convez if for any a,b € A the following property is satisfied: for any ¢ € M
with K(a,c,b), ¢ € A holds, or for any ¢ € M with K(b,c,a), ¢ € A holds.
A weakly circularly minimal structure is a circularly ordered structure M =
(M, K, ...)such that any definable (with parameters) subset of M is a union
of finitely many convex sets in M.

Let M be an Ng-categorical weakly circularly minimal structure, G :=
Aut(M). Following the standard group theory terminology, the group G
is called k-transitive if for any pairwise distinct aq,a2,...,ar € M and
pairwise distinct by,be, ..., by € M there exists g € G such that g(a;) =
bi,g9(az) = ba,...,g(ar) = bg. A congruence on M is an arbitrary G-
invariant equivalence relation on M. The group G is called primitive if G
is 1-transitive and there are no non-trivial proper congruences on M.

Notation 2. (1) Ko(z,y,2) == K(x,y,2) N\y#x ANy # 2z Nz # 2.

(2) K(uq,...,uy) denotes a formula saying that all subtuples of the tuple
(u1,...,up) having the length 3 (in ascending order) satisfy K; similar
notations are used for Kj.

(3) Let A, B, C be disjoint convex subsets of a circularly ordered struc-
ture M. We write K (A, B,C) if for any a,b,c € M witha € A, b€ B,ce C
we have K(a,b,c). We extend naturally that notation using, for instance,
the notation Ky(A,d,B,C)ifd ¢ AUBUC and Ky(A,d, B) AN Ky(d, B,C)
holds.

Further we need the notion of the definable completion of a circularly
ordered structure, introduced in [10]. Its linear analog was introduced
in [16]. A cut C(z) in a circularly ordered structure M is maximal consistent
set of formulas of the form K(a,z,b), where a,b € M. A cut is said to be
algebraic if there exists ¢ € M that realizes it. Otherwise, such a cut is
said to be non-algebraic. Let C(x) be a non-algebraic cut. If there is some
a € M such that either for all b € M the formula K(a,z,b) € C(x), or for
all b € M the formula K(b,z,a) € C(x), then C(z) is said to be rational.
Otherwise, such a cut is said to be irrational. A definable cut in M is
a cut C(z) with the following property: there exist a,b € M such that
K(a,z,b) € C(z) and the set {c € M | K(a,c,b) and K(a,z,c) € C(x)}
is definable. The definable completion M of a structure M consists of M
together with all definable cuts in M that are irrational (essentially M
consists of endpoints of definable subsets of the structure M).
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Notation 3. [10] Let F'(z,y) be an L-formula such that F'(M,b) is convex
infinite co-infinite for each b € M. Let F*(y) be the formula saying ¥ is a
left endpoint of F'(M,y):

321320 [Ko(21,y, 22) AVt (K (21,t1,y) ANty #y — —F(t1,y))A

Via (K (y,t2, 22) Nt2 # y — F(t2,9))].
We say that F(x,y) is convez-to-right if

M = Vy¥a[F(z,y) — F'(y) AV2(K (g, z,2) — F(zp))).

If Fi(x,y), Fo(z,y) are arbitrary convex-to-right formulas we say F» is
bigger than Fy if there is a € M with Fi(M,a) C Fy(M,a). If M is 1-
transitive and this holds for some a, it holds for all a. This gives a total
ordering on the (finite) set of all convex-to-right formulas F(z,y) (viewed
up to equivalence modulo T'h(M)).

Consider F(M,a) for arbitrary a € M. In general, F(M,a) has no the
right endpoint in M. For example, if dcl({a}) = {a} holds for some a € M
then for any convex-to-right formula F(z,y) and any a € M the formula
F (M, a) has no the right endpoint in M. We write f(y) := rend F(M,y),
assuming that f(y) is the right endpoint of the set F(M,y) that lies in
general in the definable completion M of M. Then f is a function mapping
M in M.

Let F(z,y) be a convex-to-right formula. We say that F(x,y) is equi-
valence-generating if for any a,b € M such that M = F(b,a) the following
holds:

M EVx(K(b,z,a) Nz # a — [F(z,a) <> F(z,b)]).

Lemma 4. [12] Let M be an Ny-categorical 1-transitive weakly circularly
minimal structure, F(x,y) be a convez-to-right formula that is equivalence-
generating. Then E(x,y) = F(x,y) V F(y,z) is an equivalence relation
partitioning M into infinite convex classes.

Notation 5. Let E(z,y) be an (-definable equivalence relation partition-
ing M into infinite convex classes. Suppose that y lies in M (non-obligatory
in M). Then

E*(l‘,y) = Elylay?[yl ?é Y2 A Vt(K(ylat7y2) — E(t, 33')) A KO(y17y7y2)]‘

Let M, N be circularly ordered structures. The 2-reduct of M is a
circularly ordered structure with the same universe of M and consisting of
predicates for each (l-definable relation on M of arity < 2 as well as of the
ternary predicate K for the circular order, but does not have other predi-
cates of arities more than two. We say that the structure M is isomorphic
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to N up to binarity or binarily isomorphic to N if the 2-reduct of M is
isomorphic to the 2-reduct of N.

Let f be a unary function from M to M. We say that f is monotonic-
to-right (left) on M if it preserves (reverses) the relation Ky, i.e. for any
a,b,c€ M such that Ko(a,b,c), we have Ko(f(a), f(b), f(c)) (Ko(f(c), f(b),
£(@))).

The following definition can be used in a circular ordered structure as
well.

Definition 1. [13] Let T be a weakly o-minimal theory, M be a sufficiently
saturated model of T, A C M. The rank of convexity of the set A (RC(A))
is defined as follows:

1) RO(A) = —1if A =0.

2) RC(A) =0 if A is finite and non-empty.

3) RC(A) > 1if A is infinite.

4) RC(A) > o+ 1 if there exist a parametrically definable equivalence
relation E(x,y) and an infinite sequence of elements b; € A,i € w, such
that:

— For every ¢,j € w whenever i # j we have M |= —E(b;, b;);
— For every i € w, RC(E(z,b;)) > o and E(M,b;) is a convex subset
of A.

5) RC(A) >4 if RC(A) > « for all o < 0, where ¢ is a limit ordinal.

If RC(A) = « for some «, we say that RC(A) is defined. Otherwise (i.e.
if RC(A)) > « for all ), we put RC(A) = oo.

The rank of convexity of a formula ¢(x,a), where a € M, is defined as
the rank of convexity of the set ¢(M,a), i.e. RC(¢(x,a)) := RC(4(M,a)).

The rank of convexity of an 1-type p is defined as the rank of convexity
of the set p(M), i.e. RC(p) := RC(p(M)).

In particular, a theory has convexity rank 1 if there is no definable
(with parameters) equivalence relations with infinitely many infinite convex
classes.

The following theorem characterizes up to binarity Ng—categorical 1-
transitive non-primitive weakly circularly minimal structures M of convex-
ity rank greater than 1 having both a trivial definable closure and a convex-
to-right formula R(z,y) such that r(y) := rendR(M,y) is monotonic-to-
right on M:

Theorem 1. [11] Let M be an Ng—categorical 1-transitive non-primitive
weakly circularly minimal structure of convexity rank greater than 1,
dcl({a}) = {a} for some a € M. Suppose that there exists a convez-to-
right formula R(x,y) such that r(y) := rendR(M,y) is monotonic-to-right
on M. Then M is isomorphic up to binarity to

Long = (M, K? Ef E5,... E2 B2 |, R?),

s,myk T s
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where M is a circularly ordered structure, M is densely ordered, s > 1; Esyq
1s an equivalence relation partitioning M into m infinite convexr classes
without endpoints; E; for every 1 <11 < s is an equivalence relation parti-
tioning every F;i1-class into infinitely many infinite conver E;-subclasses
without endpoints so that the induced order on E;-subclasses is dense with-
out endpoints; R(M,a) has no right endpoint in M and r*(a) = a for all
a € M and some k > 2, where v*(y) := r(r*~1(y)); for every 1 <i < s+1
and any a € M

My 1 B —E; (a,r(a)) AVy(Eiy, a) — FulE] (u,r(a)) A Ef (u,7(y))]),
m =1 or k divides m.

In [9] algebras of binary isolating formulas are described for Ry-catego-
rical weakly circularly minimal theories with a primitive automorphism
group. Here we describe algebras of binary isolating formulas for Ng-
categorical weakly circularly minimal theories of convexity rank greater
than 1 with a 1-transitive non-primitive automorphism group and a triv-
ial definable closure having a monotonic-to-right function to the definable
completion of a structure.

2. Results

Let M be an 1-transitive structure. We denote every binary isolating
formula acting in M by a label u € pps, where ppr denotes the set of all
labels for the algebra Pjs of binary isolating formulas of the structure M.

Definition 2. The algebra Pj; is said to be deterministic if uy - us is a
singleton for any labels uy,us € pyys.

Generalizing the last definition, we say that the algebra Pas is m-deter-
ministic if the product uy - ue consists of at most m elements for any labels
ui, u2 € pps. We also say that an m-deterministic algebra P, is strictly
m-deterministic if it is not (m — 1)-deterministic.

Example 2. Consider the structure M] ; , := (M, K?, E%, R?) from The-
orem 1 with the condition that the function r(y) := rendR(M,y) is mono-
tonic-to-right on M.
We assert that Th(Mj | ,) has seven binary isolating formulas:
HU(xay) =T =Y,
01(z,y) := Ko(z,y,7(x)) A Ex(z,y),
O2(2,y) := Ko(z,y,7(x)) A =~Ei(z,y) A=Eq(y, (),
O3(2,y) = Ko(z,y,r(2)) A ~Er(z,y) A Ei(y, (@),



70 A.B.ALTAYEVA, B.SH. KULPESHOV, S.V. SUDOPLATOV

04(z,y) := Ko(r(z),y, x) A =Er(z,y) A Ei(y,r(z)),
05(x,y) := Ko(r(z),y,z) A =Er(z,y) A —Eq(y,7(x)),
Os(x,y) = Ko(r(z),y,x) N Ey(z,y),
and the following holds for any a € M:
Ko(Oo(a,M),01(a,M),02(a, M),03(a, M),04(a, M), 05(a, M), 0s(a, M)).
Define labels for these formulas as follows:

label k for 0 (x,y), where 0 < k < 6.

It easy to check that for the algebra B My, , the Cayley table has the
following form: B

. 0 1 2 3 4 5 6

o foy | {1} {2} {3} {4} {5} {6}
1) {1 {1} {2} {3,4} {4} {5} {0, 1,6}
2 | {2} {2} {2,3,4,5} {5} {5} {0,1,2,5,6} {2}

31 {3 ] {34 {5} {6} {0,1,6} {2} {3}

41 {43 {4} {5} {0,1,6} {1} {2} {34}
5 | {5} {5} {0,1,2,5,6} {2} {2} {2,3,4,5} {5}

6 | {6} | {0,1,6} {2} {3} {3,4} {5} {6}

By the Cayley table the algebra ZBM{ ., 1s commutative and strictly
5-deterministic.

Example 3. Consider the structure My, , := (M, K?, E}, E3, R?) from
Theorem 1 with the condition that the function r(y) := rendR(M,y) is
monotonic-to-right on M.

We assert that Th(My; 5) has eleven binary isolating formulas:

Oo(z,y) =1z =y,
01(z,y) == Ko(z,y,7(z)) A Ex(z,y),
O2(z,y) == Ko(z,y,r(z)) A =E1(z,y) A Ez(z,y),
O3(z,y) :== Ko(z,y,7(x)) A ~Ea(z,y) A ~E5(y, r(z)),
O4(z,y) == Ko(z,y,r(z)) A E3(y,r(z)) A ~Ef(y,r()),
O5(z,y) == Ko(z,y,7(x)) A Ef(y,7(2)),
Os(z,y) == Ko(r(z),y,z) A Ef(y,r(z)),
O7(z,y) = Ko(r(x),y,m)AEz(y, (@) A —Ef(y, r(2)),
Os(z,y) :== Ko(r(z),y,7) A =Ea2(2,y) A 2 E5(y,7(x)),
Og(x,y) = Ko(r(z),y,z) A ~E2(z,y) N —Ei(z,y),
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O10(z,y) :== Ko(r(z),y,x) A Er(z,y).
Obviously, the following holds for any a € M:

K()(eo(a, M), 91(0,, M), 92(@, M), 93(&, M), ey 99(&, M), 910(@, M))
Define labels for these formulas as follows:
label k for O(z,y), where 0 < k < 10.

It easy to check that for the algebra ‘BMZ;’LQ the following equalities hold:
0-k=k-0={k} for every 0 < k < 10,
1-1={1},1-2={2},1-3={3},1-4={4},1-5={5,6},1-6 = {6},
1-7={7},1-8={8},1-9={9}, and 1-10 = {10,0, 1},
2.1={2},2-2=1{2},2-3={3},2-4={4,5,6,7},2-5= {7},
2.6 ={7},2-7={7},2-8={8},2-9=1{9,10,0,1,2}, and 2-10 = {2},
3-1=4{3},3-2=1{3},3-3=1{3,4,5,6,7,8},3-4={8},3-5= {8},
3-7=1{8},3-8={8,9,10,0,1,2,3}, 3-9 = {3}, and 3-10 = {3},
4-1={4},4-2=1{4,5,6,7},4-3={8},4-4={9},4-5= {9},
4-6=1{9},4-7=1{9,10,0,1,2},4-8 ={3},4-9 = {4}, and 4-10 = {4},
5-1=4{5,6},5-2={7},5-3={8},5-4=1{9}, 5-5= {10},
5-6=4{10,1,2},5-7={2},5-8={3},5-9= {5}, and 5-10 = {5},
6-1={6},6-2={7},6-3={8},6-4=1{9},6-5={10,0,1},
6-6={1},6-7={2},6-8={3},6-9={4}, and 6-10 = {5,6},
7-1=A{7},7-2={7}, 7-3={8}, 7-4=1{9,10,0,1,2}, 7-5 = {2},
7-6={2},7-7={2},7-8={3},7-9={4,5,6,7}, and 7-10 = {7},
8-1=1{8},8-2={8},8-3={8,9,10,0,1,2,3},8-4= {3}, 8-5 = {3},
8:-6={3},8-7={3},8-8={3,4,5,6,7,8},8-9 = {8}, and 8-10 = {8},
9-1=4{9},9-2=1{9,10,0,1,2},9-3={3},9-4={4},9-5= {4},
9-6={4},9-7=1{4,5,6,7},9-8={8},9-9={9} and 9-10 = {9},
10-1={10,0,1}, 10-2 = {2}, 10-3 = {3}, 10-4 = {4}, 10 -5 = {5},
10-6 ={5,6}, 10-7={7}, 10-8 = {8}, 10-9 = {9} and 10- 10 = {9}.
By these equalities the algebra &BMé” is commutative and strictly 7-
deterministic. -

Theorem 2. The algebra ‘IBM/ of binary isolating formulas with mo-

notonic-to-right function r has 231{: +m+ k41 labels, is commutative and
strictly (2s + 3)-deterministic for all valid values s,m and k.

Proof of Theorem 2. We assert that the algebra L M has 2sk +m +
k + 1 binary isolating formulas: 0y(z,y) := x = v, 0(28+m/k+1)1+1(x y) =
KO(Ti(x)7 Y, it ('75)) A Eik(% ri(x))> where 0 <i<k-1, 0(25+m/k+1)2+w(
y) = Ko(r'(z), y, v (2)) A B (y, r'(2)) A—Ey,_y (y,7'(2)), where 0 <i <
k—1,2<w < s+1 0osim/ks1)i+1)+1-w(@y) = Ko(r'(z), y, v (x)) A
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E: (y, 7 (2)) A =EF _(y, 7 (), where0 <i<k—-1,2<w<s+1,
0 (2s+m k1) (i41) (T, y) = Ko(r'(z),y, 7" (x)) A Ef(y, 7"+ (x)), where 0 <
1 < k— 17 9(2s+m/k+1)i+s+j (:B, y) = KO(Ti(w)v Y, TiJrl (.CL‘)) A _'E:—i-l (yv rl(x)) A
—|E;k+l (y, TiJrl(Q?)) A Tt13ts ... ﬂtj_l [K()(T%%‘), t1,t2,...,tj1, TiJrl(a?))/\
—E3 L (t, Ti(x))/\/ﬁ:_fﬁEsH (tisti) ABsy1(tia, y) AVu(Ko(r'(z), u, tjq) —
E¥  (u,r(x)) vV \/g:_llEs+1(u,tl))], where 0 <i<k—1,2<j<m/k.

Thus, we have 1+k+sk+sk+k+k(m/k—1) = 2sk+m+k+1 binary iso-
lating formulas. Moreover, we have defined the formulas so that for any a €
M the following holds: Ko(6y(a, M),0:(a, M),02(a, M), ..., 0sk+m+k—1(a,
M)a 923k‘+m+k(av M))

Prove now that the algebra 3 M., is commutative and strictly (2s +

3)-deterministic for all valid values s, m and k.

Firstly, obviously that 0-1 =1-0 = {i} for any 0 <[ < 2sk +m + k.
Suppose further that Iy # 0 and [y # 0.

Consider the following formula 3t[0;, (z,t) A 0, (t,v)].

Case 1: Iy = (2s + m/k + 1)i; + 1 for some 0 <13 <k — 1.

We have: Ko(r"(z),t,r""1(z)) and Ef(t,r'(x)).

Let also lo = (2s + m/k + 1)ia + 1 for some 0 < iy < k — 1, i.e.
Ko(r2(t),y,r2T1(t)) and Ef(y,r"2(t)). Whence we obtain: Ko(r't 7 (z),y,
ri et (7)) and B (y, it (o).

Let ¢ = (i1 +i2)[mod k]. Clearly, 0 <ij4ig < (k—1)+(k—1) = 2k —2,
whence 0 < ¢ < k—2. If i1 +is < k then ly-lo = {(2s+m/k+1) (i1 +i2)+1}.
If i1 + i > k then we have Ko(r?(z),y,r?"(z)) and Ej(y,7(z)). Thus,
Li-lo={2s+m/k+1)g+1}.

Let now ly = (2s+m/k+1)is+w for some 0 < ip < k—land 2 < w < s+
1. Then we have: Ko(r®2(t),y,r2T(t)), EX(y,r2(t)) and —=E%_;(y,r2(t)).
Whence we obtain: Ko(ritt2(z),y, ritt2(2)), EX (y,r7%2(x)) and
—By, 1 (y, 2 ().

Ifi1+1i0 < kthenly-lp = {(2s+m/k+1)(i1+i2)+w}. If i1 +i9 > k then
we have Ko(r(z),y, 7 (2)), B (y,r%(z)) and =E} _;(y,74(z)), where ¢ =
(i1 4 i2)[mod k]. Then Iy - lo = {(2s + m/k + 1)q + w}.

Consider the product ly-l1. We have the following: Ko(r%(z),t, 2 (z)),
EX(t,r2(z)), ~EX_ (t,r2(x)), Ko(r''(t),y,r"L(t)) and Ef(y,r"(t)).
Whence we obtain: Ko(ritt%2(x),y, ritte2tl(2)), EX (y,r1+2(z)) and
—Ef _(y,r''7%2(x)), and consequently, Iy - I} = I - l.

Let now ly = (2s+m/k+1)(ia+1)+1—w for some 0 < iy < k—1and 2 <
w < s+1,ie. Ko(ri2(t),y, r2t(t)), Ef(y,r2T(t)) and = Ef,_ (y, r2tL(¢)).
Whence we obtain: Ko(ritte2(t),y, ritt2t1(t)) EX (y,ritT2F1(¢)) and
—Ey o (y, v ET(D)).

Let ¢ = (i1 +i2)[mod k]. Then l; -lo = {(2s+m/k+1)(¢g+1)+1—w}.

Consider the product lo-l;. We have the following: Ko(r%(x),t, 72" (z)),
B (tr2(2)), —Efyy (6,7 (2)), Kol (£),y,r* (1)) and 3 (y, v (1))
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Whence we obtain:
Ro(r'2(8), 5,21 (), By (g, (1) and gy (9,714 (1),

and consequently, Iy - Iy =1y - lo.

Let now ls = (2s + m/k + 1)(i2 + 1) for some 0 < iy < k — 1, ie
Ko(r2(t),y,r2T(t)) and Ej(y,r2t1(t)). Whence we obtain: Ej(y,
ritt2tl(g)) and either Ko(r'tt%2(x),y, riit2+(2)) or Ko(ritt2tl(z),y,
Ti1+i2+2($))‘

Let ¢ = (i1 +i2+1)[mod k|. Clearly, 0 < ¢ < k—1, since 1 <i3+ig+1 <
(k—1)+(k—1)+1=2k—1. Ifqg=0thenl-ly = {0, 1,25k + m+ k}. If
gq#0thenly-lo={(2s+m/k+1)q,(2s+m/k+1)qg+ 1}.

Consider the product lz-l;. We have the following: Ko(r%(x),t, 72" (z)),
E3(t, v (z)), Ko(r™ (t),y, 7T (t)) and Ef(y," (t)). Whence we obtain:
Ei(y, v 2+ (2)) and either Ko(r1+%2(x),y, ritt2T1(2)) or Ko(rithz(z),
y, r1+2+2(2)) and consequently, Iy - Iy = [y - lo.

Let now lp = (2s+m/k+1)ig+s+j forsome 0 <ip < k—land2 < j <
m/k, ie. Ko(r2(t),y,r2"(t)), ~Ef 1 (y,r2(t)), ~Er(y, 72" (t)) and
there exist y1,%2,...,yj—1 such that Ko(r2(t),y1,y2,...,yj-1,72T(2)),

=B (y1, 72 (), NP =Esi1 (i, i), Bst1(yj-1,y) and
M = YulKo(r2(t),u, yj—1) = EX (u, 72 () V VIZ Esir (u, 1))

Whence we obtain:  Ko(r''t2(z),y,r 2t (2)), —E%  (y,r""T2(2)),
—E% 4 (y, v 2% (2)) and there exist y1, ya, . . . , yj—1 such that Ko(r'172(¢),

Y1,Y2, . - '7yj—17ril+i2+l<t>)7 ﬁE;+1(y17 i1+22(t))7 /\l 1_'E$+1 yl7yl+1>7
Eor1(yj—1,y) and M = Vu[Ko(r'' T2 (), u,yj—1) — Ei(u, ritti2(t)) v
VI B (u, 1))

Let ¢ = (i1 + i2)[mod k]. Then Iy -lo = {(2s + m/k+1)qg+ s+ j}.

By considering the product Iy - [; we obtain that Iy - Iy =11 - lo.

Case 2. 11 = (2s + m/k + 1)i1 + w; for some 0 < i3 < k — 1 and
2<w < s+ L. , , .

We have the following: Ko(r'(z),t,r""*!(z)), Ej (t,r"'(z)) and
—E} _1(t,7(2)). Let also ly = (25+m/{k+1)i2+_w2 for some 0 <73 < k-1
and 2 < wy < s+1. Then we have Ko(r2(t),y, v (t)), Ej, (y,72(t)) and

E::;z 1(y77412(t))' o

“Let ¢ = (i1 + i2)[mod k]. If wy < wp, we obtain: Ko(r'***2(z),y,
T’1+Z2+1(x)), Efuz(y, ri1t2(z)) and _\E:U2_1(y,7"z1+7/?(33')), Whenge ,ll e =
{(2s+m/k+1)g+wa}. If wy > wy, we obtain: Ko(r''%2(z),y, 2+ (z)),
Ej (y,r"*"2(x)) and —|E;j}1_1(y,7“““2(x)), whence Iy - lo = {(2s + m/k +
1)g + w1}

Let now ly = (2s+m/k+1)(ig+1)+1—ws for some 0 < iy < k—1and 2 <
wy < s+ 1. We have the following: Ko(r2(t),y, 2% (1)), Ej, (y, 7211 (1))

and B,y (y, (1)),
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Let ¢ = (i1 + i2)[mod k]. If w1 < ws, we obtain: Ko(rit+2(z),y,
ratetl(z)), B (y,r" T2t (2)) and =B} (y, v T2t (2)) and consequ-
ently, Iy - lo = {(2s + m/k+ 1)(¢+ 1) + 1 — wa}.

If w; = wg, we obtain: Ef(y,r+2+(z)) and either Ko(ritt%2(x),y,
rittetl(g)) or Ko(rivtiztl(x), y, rivt2+2(2)). If iy +is+1 = k then ly-lp =
{0,1,2sk +m + kY. If iy +io+1 # k then Iy - Iy = {(25 + m/k 4+ 1)(¢ +
1), (2s +m/k+1)(g+1) + 1}

If wy > wo, we obtain: Ko(r't T2t (z),y, ritt2(2)), EX (y,r't 727 (2))
and =B} _(y,r"" T2 % (z)), whence Iy - lp = {(2s + m/k + 1)(¢ + 1) + w1 }.

Consider the product lo-l1. We have the following: Ko(r%(x),t,r2(z)),
By, (tr2t i (@), By, (6 r= T (@), Ko(r(8),y, (1)), By, (y,r" (1)
and ﬁ‘Ewl 1(y7 (t)) o

Let ¢ = (i1 + 42)[mod k]. If w; < we, we obtain: Ky(r'*T2(z),y,
pirtie (0)), By, (54 (2) and ~Ey, (3, 71+ (2), whence 0y
Lh={2s+m/kE+1)(¢g+1)+1—ws}.

If w; = wsy, we obtain: Ef(y,r172T1(z)) and either Ko(r't72(z),y,
rittiztl(2)) or Ko(ritt2tl(z), y, ri1+2+2(g)). If iy +is+1 = k then lp-1; =
{0,1,2sk + m + k}. If iy +io+ 1 # k then Iy - Iy = {(2s + m/k + 1)(¢ +
1), (2s +m/k+ 1)(g+ 1)+ 1}.

If wy > wy, we obtain: Ko(r'tHzH (), y, rithzt2(z)), B (y, r'1 T2+ (2))
and —~E; _ (y, v T2 (2)), whence Iy - 11 = {(2s + m/k +1)(qg+ 1) + w1 }.

Let now ls = (2s + m/k + 1)(i2 + 1) for some 0 < iy < k — 1, i.e
Ko(r2(t),y,r2T(t)) and Ej(y,7271(t)). Whence we obtain:

Ko(r'™ =8 (2), y, 71242 (), By (y, T2 (@)

and ~F5, (4,54 ().

Let ¢ = (21 + 10 + 1)[H10d k] Ifii +io+1=FkKthenl -l = {wl} If
i14+i2+1#kthenly-lo ={(2s+m/k+1)qg+ w:}.

Consider the product lz-l1. We have the following: Ko (r%2(z), t, 72 (z)),
Ei(t,r (z)), Ko(r'(t),y, v (2)), B, (y, 7" (t)) and —~Ej, L7 (1)):
Whence we obtain: Ko(r'* T2t (z), y, rat2+2(2)), EX (y,r"" T2t (z)) and
By 1y, ritti2+1 () and consequently Iy - Iy = Iy - lo.

Let now lop = (2s + m/k + 1)ia + s + j for some 0 < 49 < k —1
and 2 < j < m/k. Then we have Ko(r2(t),y,r2(t)), =Ex (y,r2(t)),
—E%, 4 (y,r2%1(t)) and there exist y1, 2, . . . ,yj—1 such that Ko(r2(t), y1,y2,

Y1, (), B (1,12 (), /\f;lzﬂEs+1(yl,y;+1)7 Esi1(yj-1, y)
and M = YulKo(r (0), . ;1) = By (772(0) V VI, By (u, ).
Whence we obtain:

Ko(r" 2 (@), y, v "2 (@) =By (y, 772 (@), 2By (y, 72 ()
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and there exist y1,¥2, ...,yj—1 such that Ko(r'**2(z), y1,92, ..., yj-1,

P 2)), Bl (g, (), AZEBast (0 941), Bora(yjo1, v) and
M | YulKo(r2 (@), u,yy1) — By (7172 (@)) V VI B (u, ).
Let ¢ = (i1 + i2)[mod k]. Then Iy -l = {(2s + m/k+1)g+ s+ j}.
By considering the product I3 - 1, we obtain that Iy - Iy =1 - lo.

Case 3. l1 = (2s+m/k+1)(i1 + 1)+ 1 — w; for some 0 < i3 < k—1
and 2 <w; < s+ 1.

We have the following: Ko(r''(z),t,r""*!(z)), Ej (¢t,7"*(z)) and
By (T (2)).

Let also lp = (2s + m/k + 1)(i2 + 1) + 1 — wy for some 0 < iy <
k—1and 2 <wy < s+ 1,ie Ko(r2(t),y,r2(t)), Ef,(y,r">"(t)) and
B,y P E)).

Let ¢ = (i1 + io + 1)[mod k]. If wy < we, we obtain: Ko(ritt21(z),y,
7,2'1+i2+2( )) E* ( i1+i2+2( )) and —|EZ}2 1(y Tz1+12+2( ))7 whence [y -
ly = {(25+m/k¢—i—l)(q+1)—f—1—wz} If wy > wo, we obtain: Ko(rit+2+1(z),y,
ratet2(g)), B (y,r" 22 (2) and —Ef _(y, v T2 12 (2)), whence [ -
lo ={(2s+m/k+ 1)(q +1)+1—w}.

Let now lo = (2s + m/k + 1)(i2 + 1) for some 0 < iy < k — 1, ie
Ko(r2(t),y, " (t)) and Ef(y, 7™ (¢)). Whence we obtain: Ko(ritHz(z),
gy () B2 (g, rirheR (3) and 3, (y, i 2(2)

Let ¢ = (i1+i2+1)[mod k]. Then l;-ly = {(2s+m/k+1)(¢+1)+1—w}.

Consider the product ls - [1. We have the following:

Ko(r™ (), £+ (@), B (1,4 @), Ko(r® (0, 5,7 (), B, (3,7 (1)

and — B (y, v (t)). Whence we obtain: Ko(r'H2H (z), y,r1t212(g)),
By, (y, v 422 (2)) and ~Ej, ) (y, 22 (2).

Let ¢ = (i1 +i2 + 1)[mod k|. Then also lo-l; = {(2s+m/k+1)(g+1)+
1-— wl}.

Let now lp = (2s + m/k + 1)ia + s + j for some 0 < iy < k —1
and 2 < j < m/k. Then we have Ko(r2(t),y,r2(t)), =Ex (y,r2(t)),
—E? 4 (y,r27(t)) and there exist t1,ta,...,t;_1 such that Ko(r'2(t), 1, ts,

St T THE), SEL L (t, (1)), A{;fﬁE8+1(t;,tl+1), Esi1(tj-1,y)
and M = Vu[Ko(r2(t), u,tj—1) — E* (u,72(t)) V \/L_llEs_H(u, t)].

Whence we obtain:

Ko(r et (@), y, rH 272 (1)), 2By (y, 7 T2 (2)), 2B (y, v T2 ()
and there exist y1,92,...,y;-1 such that
Ko(r 2t (@), y1, y2, - oy yjm1, 7 T2 (2)), ~EX (y1, v T2 (2)),

NZp- s+1(Y1 Y1), Es-i—l(y] 1,y) and M = Vu[Ko(r 2 (2), u, y5-1) —
By (u, 742t (@) v VI By (u, ).
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Let ¢ = (i1 +i2+ 1)[mod k]. Then {1 -lo = {(2s + m/k+ 1)g+ s + j}.
By considering the product Iy - [1, we obtain that Iy - I; =17 - lo.

Case 4. 11 = (2s+m/k + 1)(iy + 1) for some 0 <1i3 < k — 1.

We have the following: Ko(r't(z),t, 71" (z)) and Ej(t,r1T1(z)).

Let also ls = (2s + m/k 4+ 1)(ia + 1) for some 0 < is < k — 1, i.e
Ko(r2(t),y,r2T1(t)) and Ej(y,7271(t)). Whence we obtain:

Ko(r**2 7t (2), y, v 722 (2)) and B (y, 7" T2 (2)).

Let ¢ = (i1 + i2 + 1)[mod k]. Then 3 -lo = {(2s + m/k+1)(¢+1)}.

Let now Iy = (2$+m/k+1)i2+$+j for some 0 < iy < k—l
and 2 < j < m/k. Then we have Ko(r2(t),y,r271(t)), —EL (Y, r2(1)),
—E% 4 (y,r2"1(t)) and there exist t1,ta,...,¢;—1 such that Ko(r'2(t),¢1, 2,

St T, B (b, (), /\f:_fﬁEs+1(t;,tz+1), Egii(tji-1,v)
and M = Vu[Ko(r2(t), u,t;—1) — E%  (u,72(t)) V \/f:_llEsH(u,tl)].

Whence we obtain: Ko(r't"2t(z),y, r1 T2 +2(2)), ~EX,  (y, 7 T2t (2)),
—E? 4 (y, v T2%2(z)) and there exist y1,2,...,yj—1 such that
Ko(rate () gy, ye, ... yj_1, ritT2T2(2)), B (v, riatiztl(g)),
/\f:_fﬁ sfl(yla Yi1)s Es—ijl(lyj—lvy) and M = Vu[Ko(r T2t (z), u,yj1) —
By (u,r 24 (@) V V2 By (u, ).

Let ¢ = (i1 + 42 + 1)[mod k]. Then I -lo = {(2s + m/k+1)qg+ s+ j}.

By considering the product ls - [1, we obtain that Iy - I3 =1 - ls.

Case 5. l1 = (2s+m/k + 1)i;1 + s + j1 for some 0 < 43 < k — 1 and
2 < j1 < m/k:

We have the following: Ko(r'(z),t,r" 1 (z)), —E* (t,r"(z)) and
—E? 4 (t,r""!(z)) and there exist t1,ta,. ., j,—1 such that Ko(r'i(x),ty, ta,

Sty (@), S (7 (), AL B (b i), Esy (b, -1, 1)
and M = ValKo(r® (o), u, 1) — By (4,7 (2)) v VI B ().

Let now ly = (23+m/k+1)12+s+] for some 0 < iy < k —1 and
2 < jo < m/k. Then we have Ko(r2(t),y,r2% (1)), —Ei (y,r2(t)),
—E% 4 (y, 27 (t)) and there exist ¢1,ts,...,tj,—1 such that Ko(r'2(t),t1, 2,

. 7tj2—17ri2+1(t))7 —\E:+1(t1,ri2 (t))v /\gizz_‘ES-H(tl?‘tlJrl)v ES-‘rl(th—lay)
and M |= Vu[Ko(r2 (), u, tj,—1) — By (u, 72 (8)) V V2 Egir (u, 1)),

Let ¢ = (i1 + i2)[mod k]. We obtain: Ko(r?(z),y,r9"2(z)). If j1 + j2 <
m/k + 2 then we have: Ko(r(z),y,r?"(z)), —E  (y,r4(x)), ~E5 (Y,
ri*l(z)) and there exist yi,v2,...,Yj,+jo—2 such that Esiq(tj,+i,—2,Y),
KO(Tq(x)a Y1, 925 - - -5 Yji+52—25 rq+1(x))7 _'E:—I—l (ylv Tq(x))v /\glzJ{piS_'Es-H (yla
Yi+1), and M =

Vu[Ko(r!(x), u, yjrage2) = iy (u,r9(2)) V VI Bo (u, ),
whence 1 - lo = {(2s+m/k+ 1)g+ s+ j1 + j2 — 1}.

Ussectns VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
Cepusi «Maremarukas. 2026. T. 55. C. 63-79



ALGEBRAS OF BINARY FORMULAS 77

Let now j1+j2 = m/k+2. Then we have Ex* (y, 797! (x)). If iy +is+1 =
k then Iy -lp = {2sk+m +k —s,2sk+m+k—s+1,...,2sk + m +
k,0,1,2,...,s,s+ 1}, i.e. the product [y - Iy consists of 2s + 3 labels. If
i1+ia+1#kthenly-lo={(2s+m/k+1)(g+1)—s,(2s+m/k+1)(¢+
D—s4+1,....,2s+m/k+1)(g+1), 2s+m/k+1)(g+1)+1,...,(2s +
m/k+1)(qg+ 1)+ s+ 1}, i.e. the product Iy - I3 consists of 2s + 2 labels.

Let now ji + jo > m/k+ 2. Also, let u = (j1 + j2 — 1)[mod k]. Then we
obtain: Ko(ritt(z),y,ri%2(2)), ~Er(y, 77 (2)), 2B 4 (y,r9?(z)) and
there exist y1,y2,...,yu—1 such that Ko(ri™ (z), y1,y2, ..., yu—1,792(z)),

=B (g1, (@), AP Bt (W yie1), Bsg(tu-1,y) and
M ): VU[KO(Tq+1($)7 u, yufl) — E;k+1(u7 rq+1(x)) \ vf;11E5+1(u7 yl)])

whence Iy -lo ={(2s+ m/k+1)(g+ 1) + s+ p}.

Thus, we established that the algebra 33, X is commutative and stric-
tly (2s + 3)-deterministic for all valid values s, m and k.

3. Conclusion

We investigated algebras of binary isolating formulas for Ny-categorical
1-transitive non-primitive weakly circularly minimal theories of convexity
rank greater than 1 with a trivial definable closure having a non-trivial
monotonic-to-right function acting on the universe of a structure. We also
proved their commutativity and established their strict m-deterministicity
for some natural m. It would now be interesting to describe the corre-
sponding algebras for theories having a non-trivial piecewise monotonic
function.
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