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Операторы Роты – Бакстера нулевого веса на алгебре Кэ-
ли – Диксона с матричным образом
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Аннотация: Операторы Роты – Бакстера представляют собой естественное обобще-
ние формулы интегрирования по частям для интегрального оператора. Рассматрива-
ются операторы Роты – Бакстера нулевого веса на алгебре расщепляемых октонио-
нов над полем характеристики, отличной от 2. Все эти операторы классифицируются
при условии вложимости их образов в матричную алгебру второго порядка. С допол-
нительным условием квадратичного замыкания поля получены 9 операторов. Кроме
того, уточняется классификация операторов Роты – Бакстера на матричной алгебре
второго порядка без ограничения на алгебраическое замыкание поля. Получены
классификации с точностью до умножения на скаляр, сопряжения автоморфизма-
ми и антиавтоморфизмами. В частности, построены несколько явных конструкций
автоморфизмов и антиавтоморфизмов алгебры октонионов.
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1. Introduction

The Rota-Baxter operator is a formal generalization of the integration by
parts formula [3]. In the work [18] Rota-Baxter operators of nonzero weight
appeared independently as solutions of the modified Yang-Baxter equation.
At present, applications of Rota-Baxter operators to various areas of alge-
bra are known. In [1] and [2] a connection between Rota-Baxter operators
and pre-Lie algebras has been researched. In [8] a connection between
Rota-Baxter operators and double Lie algebras has been researched.

We are interested in the problem of classifying Rota-Baxter operators
on various algebras, especially simple finite-dimensional ones. Descriptions
of Rota-Baxter operators of weight zero are known on 𝑀2(𝐹 ) over an al-
gebraically closed field [4], the simple Lie algebra sl2(C) [14;16], the simple
Jordan superalgebra 𝐷𝑡 over an algebraically closed field of characteristic
0 [5], 𝐾3 [4].

Известия Иркутского государственного университета.
Серия «Математика». 2025. Т. 54. С. 113–128
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Descriptions of Rota-Baxter operators of nonzero weight are known on
a simple Jordan algebra of a bilinear form of odd dimension,𝑀2(𝐹 ), 𝐾3 (all
in [4]), 𝑀3(C) [7;9;12]. Let us notice that classifications of RB-operators of
zero weight and RB-operators of non-zero weight typically use significantly
different techniques. For example, every decomposition of an algebra into a
direct sum of two subalgebras induces a Rota-Baxter operator of non-zero
weight.

Composition algebras arose within the framework of a generalized for-
mulation of the Hurwitz problem [20]. They can be of two types: split
and division algebras. In the paper [4] it is proved that all Rota-Baxter
operators on a division quadratic algebra are trivial. Each composition
algebra is quadratic. Over a fixed field 𝐹 of characteristic not 2 there
exist only three split composition algebras: the direct sum of two fields
𝐹 , the matrix algebra 𝑀2(𝐹 ), and the split octonions over F. In the arti-
cle [2] Rota–Baxter operators on the direct sum of two fields were described
(later, the description was generalized to the direct sum of a finite number
of fields, [11]). In [4], Rota–Baxter operators on the algebra of second-
order matrices over an algebraically closed field were described. Thus, the
problem of classification of Rota–Baxter operators on composition algebras
was reduced to the problem of describing Rota–Baxter operators on split
octonions.

Octonions are one of the most famous and well-studied non-associative
algebraic systems. Octonions have many mathematical ( [19]) and physical
( [6]) applications. A brief introduction to octonions can be found in ( [20],
Chapter 2).

In the recent paper [13], all subalgebras of octonions were described up to
automorphism. This description forms the basis for our work. All classifica-
tions in this paper are made up to automorphisms and antiautomorphisms
of split octonions.

In this paper we complete the classification of Rota-Baxter operators of
weight zero on split octonions over a field of characteristic not 2 with a
condition that images of these operators can be embedded im 𝑀2(𝐹 ). The
paper is organized as follows. In Section 2 we define several automorphisms
and antiautomorphisms on split octonions. In addition, we refine the de-
scription of RB-operators on the algebra of second-order matrices from [4],
extending the restriction to any field of characteristic not 2. In Section
3 we describe RB-operators of weight zero on split octonions with one-
dimensional image. In Section 4 we describe RB-operators of weight zero
on split octonions with two-dimensional idempotent image. In Section 5 we
collect the auxiliary results of the previous sections into a final result. We
formulate two versions of the result: for an arbitrary field of characteristic
not 2 and for a quadratically closed field of characteristic not 2.

The results of this work were previously presented in a preprint [15].
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2. Preliminaries

In this article we fix a field 𝐹 with characteristic ̸= 2.
An antiautomorphism 𝜙 : 𝐴→ 𝐴 of an algebra 𝐴 is called an involution

if 𝜙2 = id|𝐴.
Let O = 𝑀2(𝐹 ) + 𝑣𝑀2(𝐹 ) be the split Cayley-Dickson algebra. It has

the following multiplication table:

𝑎 · 𝑏 = 𝑎𝑏, 𝑎 · 𝑣𝑏 = 𝑣(𝑎𝑏), 𝑣𝑎 · 𝑏 = 𝑣(𝑏𝑎), 𝑣𝑎 · 𝑣𝑏 = 𝑏𝑎,

where 𝑥 ·𝑦 is a multiplication in O for any 𝑥, 𝑦 ∈ O, 𝑎𝑏 is a multiplication in
𝑀2(𝐹 ) for any 𝑎, 𝑏 ∈𝑀2(𝐹 ), 𝑎 is an image of an element 𝑎 by a symplectic
involution in 𝑀2(𝐹 ), i.e.(︂

𝑎11 𝑎12
𝑎21 𝑎22

)︂
=

(︂
𝑎22 −𝑎12

−𝑎21 𝑎11

)︂
.

An involution 𝑥→ 𝑥, 𝑎+ 𝑣𝑏→ 𝑎− 𝑣𝑏 in O is called standard involution .
An algebra O has the following basis

𝑒11, 𝑒12, 𝑒21, 𝑒22, 𝑣𝑒11, 𝑣𝑒12, 𝑣𝑒21, 𝑣𝑒22.

If 𝜙 : 𝑀2(𝐹 ) → 𝑀2(𝐹 ) is (anti)automorphism then it can be extended
to (anti)automorphism 𝜙 : O → O by ( [13], Lemma 4.1). The construction
is as follows. If 𝜙 : 𝑀2(𝐹 ) → 𝑀2(𝐹 ) is an automorphism on 𝑀2(𝐹 ) then
𝜙(𝑎 + 𝑏𝑣) = 𝜙(𝑎) + 𝜙(𝑏)𝑣 for 𝑎, 𝑏 ∈ 𝑀2(𝐹 ). If 𝜙 : 𝑀2(𝐹 ) → 𝑀2(𝐹 ) is

an antiautomorphism on 𝑀2(𝐹 ) then a map, 𝜙(𝑎 + 𝑏𝑣) = 𝜙(𝑎) + 𝜙(𝑏)𝑣

for 𝑎, 𝑏 ∈ 𝑀2(𝐹 ), where 𝑦 = 𝜙(𝑏) is an image of 𝜙(𝑏) under an action of
symplectic involution and 𝑦𝑣 is an image of 𝑦𝑣 under an action of standard
involution. We will use this fact without further mentions.

If 𝐵 is a subalgebra in O then we will call 𝐵 a unital subalgebra if 𝐵
contains a unit of O.

The proofs of the following examples are straightforward.

Example 1. Let 𝜙 : O → O be a linear map such that 𝜙2 = id, 𝜙(𝑣𝑒12) =
−𝑣𝑒21, 𝜙(𝑣𝑒11) = 𝑣𝑒22, 𝜙(𝑒11) = 𝑒11, 𝜙(𝑒12) = 𝑒21, 𝜙(𝑒22) = 𝑒22. Then 𝜙
is an involution on the algebra O.

Example 2. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒𝑖𝑗) = 𝑒𝑖𝑗 for
any 𝑖, 𝑗 ∈ {1, 2}, 𝜙(𝑣𝑒12) = 𝑣𝑒12, 𝜙(𝑣𝑒22) = 𝑣𝑒22, 𝜙(𝑣𝑒11) = 𝑣𝑒11 + 𝛼𝑣𝑒12,
𝜙(𝑣𝑒21) = 𝑣𝑒21 + 𝛼𝑣𝑒22 for some 𝛼 ∈ 𝐹 . Then 𝜙 is an automorphism on
the algebra O.

Example 3. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒𝑖𝑗) = 𝑒𝑖𝑗 for
any 𝑖, 𝑗 ∈ {1, 2}, 𝜙(𝑣𝑒11) = 𝑣𝑒11, 𝜙(𝑣𝑒21) = 𝑣𝑒21, 𝜙(𝑣𝑒12) = 𝑣𝑒12 + 𝛼𝑣𝑒11,
𝜙(𝑣𝑒22) = 𝑣𝑒22 + 𝛼𝑣𝑒21 for some 𝛼 ∈ 𝐹 . Then 𝜙 is an automorphism on
the algebra O.

Известия Иркутского государственного университета.
Серия «Математика». 2025. Т. 54. С. 113–128
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Example 4. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒𝑖𝑗) = 𝑒𝑖𝑗
for any 𝑖, 𝑗 ∈ {1, 2}, 𝜙(𝑣𝑒12) = −𝑣𝑒11, 𝜙(𝑣𝑒11) = 𝑣𝑒12, 𝜙(𝑣𝑒21) = 𝑣𝑒22,
𝜙(𝑣𝑒22) = −𝑣𝑒21. Then 𝜙 is an automorphism on the algebra O.

Example 5. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒11) = 𝑒22,
𝜙(𝑒12) = 𝑣𝑒22, 𝜙(𝑒21) = 𝑣𝑒11, 𝜙(𝑒22) = 𝑒11 and 𝜙2 = id. Then 𝜙 is
an involution on the algebra O.

Example 6. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒𝑖𝑖) = 𝑒𝑖𝑖,
𝜙(𝑣𝑒𝑖𝑖) = 𝑣𝑒𝑖𝑖 for any 𝑖 ∈ {1, 2}, 𝜙(𝑒12) = 𝛼𝑒12, 𝜙(𝑣𝑒12) = 𝛼𝑣𝑒12, 𝜙(𝑒21) =
1
𝛼𝑒21, 𝜙(𝑣𝑒21) =

1
𝛼𝑣𝑒21 for some 0 ̸= 𝛼 ∈ 𝐹 . Then 𝜙 is an automorphism

on the algebra O.

Example 7. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒𝑖𝑖) = 𝑒𝑖𝑖, for
any 𝑖 ∈ {1, 2}, 𝜙(𝑒12) = 𝛼𝑒12, 𝜙(𝑣𝑒11) = 𝛼𝑣𝑒11, 𝜙(𝑒21) =

1
𝛼𝑒21, 𝜙(𝑣𝑒22) =

1
𝛼𝑣𝑒22, 𝜙(𝑣𝑒12) = 𝑣𝑒12, 𝜙(𝑣𝑒21) = 𝑣𝑒21 for some 0 ̸= 𝛼 ∈ 𝐹 . Then 𝜙 is
an automorphism on the algebra O.

Example 8. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒𝑖𝑗) = 𝑒𝑖𝑗,
for any 𝑖, 𝑗 ∈ {1, 2}, 𝜙(𝑣𝑒11) = 𝛼𝑣𝑒11, 𝜙(𝑣𝑒21) = 𝛼𝑣𝑒21, 𝜙(𝑣𝑒22) =

1
𝛼𝑣𝑒22,

𝜙(𝑣𝑒12) =
1
𝛼𝑣𝑒12 for some 0 ̸= 𝛼 ∈ 𝐹 . Then 𝜙 is an automorphism on the

algebra O.

Example 9. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒𝑖𝑖) = 𝑒𝑖𝑖,
𝜙(𝑒12) = 𝑒12 − 𝛼𝑣𝑒22, 𝜙(𝑒21) = 𝑒21, 𝜙(𝑒22) = 𝑒22, 𝜙(𝑣𝑒11) = 𝑣𝑒11 + 𝛼𝑒21,
𝜙(𝑣𝑒12) = 𝑣𝑒12, 𝜙(𝑣𝑒21) = 𝑣𝑒21, 𝜙(𝑣𝑒22) = 𝑣𝑒22 for some 𝛼 ∈ 𝐹 . Then 𝜙
is an automorphism on the algebra O.

Example 10. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒𝑖𝑖) = 𝑒𝑖𝑖,
𝜙(𝑒12) = 𝑒12, 𝜙(𝑒21) = 𝑒21+𝛼𝑣𝑒11, 𝜙(𝑒22) = 𝑒22, 𝜙(𝑣𝑒11) = 𝑣𝑒11, 𝜙(𝑣𝑒12) =
𝑣𝑒12, 𝜙(𝑣𝑒21) = 𝑣𝑒21, 𝜙(𝑣𝑒22) = 𝑣𝑒22 − 𝛼𝑒12 for some 𝛼 ∈ 𝐹 . Then 𝜙 is
an automorphism on the algebra O.

Example 11. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒11) =
𝑒11 − 𝛼𝑣𝑒12, 𝜙(𝑒12) = 𝑒12, 𝜙(𝑒21) = 𝑒21 + 𝛼𝑣𝑒22, 𝜙(𝑒22) = 𝑒22 + 𝛼𝑣𝑒12,
𝑅(𝑣𝑒11) = 𝑣𝑒11 − 𝛼𝑒12, 𝑅(𝑣𝑒12) = 𝑣𝑒12, 𝜙(𝑣𝑒21) = 𝑣𝑒21 − 𝛼𝑒11 + 𝛼𝑒22 +
𝛼2𝑣𝑒12, 𝜙(𝑣𝑒22) = 𝑣𝑒22 for some 𝛼 ∈ 𝐹 . Then 𝜙 is an automorphism on
the algebra O.

Example 12. Let 𝜙 : O → O be a linear map such that 𝜙(𝑒11) = 𝑒11 +
𝛼𝑒12, 𝜙(𝑒12) = 𝑒12, 𝜙(𝑒21) = 𝑒21−𝛼𝑒11+𝛼𝑒22−𝛼2𝑒12, 𝜙(𝑒22) = 𝑒22−𝛼𝑒12,
𝑅(𝑣𝑒11) = 𝑣𝑒11, 𝑅(𝑣𝑒12) = 𝑣𝑒12, 𝜙(𝑣𝑒21) = 𝑣𝑒21 − 𝛼𝑣𝑒11, 𝜙(𝑣𝑒22) = 𝑣𝑒22 −
𝛼𝑣𝑒12 for some 𝛼 ∈ 𝐹 . Then 𝜙 is an automorphism on the algebra O.

When we want to prove that 𝜙 is an automorphism, we need to check
that 𝜙(𝑥𝑦) = 𝜙(𝑥)𝜙(𝑦) for all pairs of basis elements 𝑥, 𝑦. Although the
calculations can easily be carried out in a computer algebra system, let
us demonstrate this method with Example 2. Since the subspace 𝐵 =
𝑀2(𝐹 )+𝐹𝑣𝑒12+𝐹𝑣𝑒22 is a subalgebra and 𝜙|𝐵 = id, it suffices to check the
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equality 𝜙(𝑥𝑦) = 𝜙(𝑥)𝜙(𝑦) provided that 𝑥 or 𝑦 lies in {𝑣𝑒11, 𝑣𝑒21}. For ex-
ample, let 𝑥 = 𝑣𝑒𝑘1. If 𝑦 ∈𝑀2(𝐹 ), then 𝜙(𝑣𝑒𝑘1)𝜙(𝑒𝑖𝑗) = (𝑣𝑒𝑘1+𝛼𝑣𝑒𝑘2)𝑒𝑖𝑗 =
𝛿𝑗,𝑘(𝑣𝑒𝑖1 + 𝛼𝑣𝑒𝑖2). At the same time, 𝜙(𝑣𝑒𝑘1𝑒𝑖𝑗) = 𝛿𝑗,𝑘𝜙(𝑣𝑒𝑖1) = 𝛿𝑗,𝑘(𝑣𝑒𝑖1 +
𝛼𝑣𝑒𝑖2). If 𝑦 ∈ 𝑣𝑀2(𝐹 ), then 𝜙(𝑣𝑒𝑘1)𝜙(𝑣𝑒𝑖𝑗) = (𝑣𝑒𝑘1 + 𝛼𝑣𝑒𝑘2)(𝑣𝑒𝑖𝑗 +
𝛿𝑗,1𝛼𝑣𝑒𝑖2). Note that for 𝑗 = 1 this expression is zero, so it equals to
𝛿𝑗,2(𝑣𝑒𝑘1 + 𝛼𝑣𝑒𝑘2)𝑣𝑒𝑖2 = 𝛿𝑗,2𝑣𝑒𝑘1𝑣𝑒𝑖2. At the same time, 𝜙(𝑣𝑒𝑘1𝑣𝑒𝑖𝑗) =
𝛿𝑗,2𝜙(𝛿𝑘,1𝑒𝑖2−𝛿𝑘,2𝑒𝑖1) = 𝛿𝑗,2(𝛿𝑘,1𝑒𝑖2−𝛿𝑘,2𝑒𝑖1) = 𝛿𝑗,2𝑣𝑒𝑘1𝑣𝑒𝑖2. Thus, 𝜙(𝑥𝑦) =
𝜙(𝑥)𝜙(𝑦).

If 𝐴 is an algebra over 𝐹 and 𝑅 : 𝐴→ 𝐴 is a linear (over 𝐹 ) map, then
𝑅 is called Rota-Baxter operator (RB-operator) of a weight 𝜆 if for
any 𝑥, 𝑦 ∈ 𝐴 we have the following identity

𝑅(𝑥)𝑅(𝑦) = 𝑅(𝑅(𝑥)𝑦 + 𝑥𝑅(𝑦) + 𝜆𝑥𝑦).

In this article we are interested only in RB-operators of zero weight,
𝜆 = 0.

An image of 𝑅 is a subalgebra 𝐵 of an algebra 𝐴 and Ker(𝑅) is a Im(𝑅)-
bimodule.

Everywhere below for a linear operator 𝑅 on an algebra 𝐴 we will use a
notation 𝐺𝑅(𝑥, 𝑦) = 𝑅(𝑥)𝑅(𝑦) − 𝑅(𝑅(𝑥)𝑦 + 𝑥𝑅(𝑦)) for any 𝑥, 𝑦 ∈ 𝐴. We
will omit the index and write 𝐺(𝑥, 𝑦) if we have some operator, denoted
by 𝑅.

In [4] RB-operators on the algebra𝑀2(𝐹 ) for algebraically closed 𝐹 were
described. We will need this description for any field with characteristic
̸= 2.

Proposition 1. Let 𝑅 : 𝑀2(𝐹 ) → 𝑀2(𝐹 ) be a Rota-Baxter operator
on 𝑀2(𝐹 ) of weight zero. Then, up to conjugation by automorphism, an-
tiautomorphism and up to multiplication by a scalar, 𝑅 acts in one of the
following ways:

1) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑒11) = 𝑅(𝑒12) = 𝑅(𝑒22) = 0;

2) 𝑅(𝑒21) = 𝑒12, 𝑅(𝑒11) = 𝑅(𝑒12) = 𝑅(𝑒22) = 0;

3) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑒22) = 𝑒12, 𝑅(𝑒11) = 𝑅(𝑒12) = 0;

4) 𝑅(𝑒21) = −𝑒11, 𝑅(𝑒11) = 𝑒12, 𝑅(𝑒12) = 𝑅(𝑒22) = 0.

Proof. In ( [10], Lemma 1), it is shown that on a simple unital finite-
dimensional non-one-dimensional algebra the kernel of any Rota-Baxter
operator of weight 0 has dimension at least two, moreover, the unit does
not lie in the image of this operator. Thus, by the theorem on the dimension
of the kernel and the image of the linear map, dim(Im(𝑅)) ≤ 2, and Im(𝑅)
does not contain the identity matrix.

Известия Иркутского государственного университета.
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The results of paper [13] imply that any one-dimensional non-unital
subalgebra in O has the form 𝐹𝑒11 or 𝐹𝑒12 up to automorphism and antiau-
tomorphism. Thus, subalgebras in 𝑀2(𝐹 ) also have the form 𝐹𝑒11 or 𝐹𝑒12
up to automorphism and antiautomorphism. The results of paper [13] im-
ply that, up to automorphism and antiautomorphism, any two-dimensional
non-unital subalgebra in O either has the form 𝐹𝑒11+𝐹𝑒12 or has zero multi-
plication. However,𝑀2(𝐹 ) does not have two-dimensional subalgebras with
zero multiplication. Thus, the only two-dimensional subalgebra in 𝑀2(𝐹 )
(up to automorphism and antiautomorphism) has the form 𝐹𝑒11 + 𝐹𝑒12.

Since Im(𝑅) is a subalgebra, the following cases are possible.
1) Im(𝑅) = 𝐹𝑒11. Let 𝑅(𝑒𝑖𝑗) = 𝛼𝑖𝑗𝑒11 for any 𝑖, 𝑗. Then 𝐺(𝑒11, 𝑒11) =

−𝛼2
11𝑒11, whence 𝛼11 = 0. Further, 𝐺(𝑒22, 𝑒22) = −𝛼2

22𝑒11, whence 𝛼22 = 0.
Further 𝐺(𝑒12, 𝑒21) = −𝛼12𝛼21𝑒11, whence 𝛼12𝛼21 = 0. Up to an antiauto-
morphism (transpose), we can assume that 𝛼12 = 0. Up to multiplication
by a scalar, we can assume that 𝑅(𝑒21) = 𝑒11.

2) Im(𝑅) = 𝐹𝑒12. Let 𝑅(𝑒𝑖𝑗) = 𝛼𝑖𝑗𝑒12 for any 𝑖, 𝑗. Then 𝐺(𝑒12, 𝑒22) =
−𝛼2

12𝑒12, whence 𝛼12 = 0. Further, 𝐺(𝑒11, 𝑒21) = −𝛼2
11𝑒12, whence 𝛼11 = 0.

Further, 𝐺(𝑒21, 𝑒22) = −𝛼2
22𝑒12, whence 𝛼22 = 0.

Up to multiplication by a scalar, we can assume that 𝑅(𝑒21) = 𝑒12.
3) Im(𝑅) = 𝐹𝑒11 + 𝐹𝑒12. Let 𝑥 = 𝛼𝑒11 + 𝛽𝑒12 + 𝛾𝑒21 + 𝛿𝑒22 ∈ Ker(𝑅).

Since 𝑒11, 𝑒12 ∈ Im(𝑅) and Ker(𝑅) is a Im(𝑅)-bimodule, then 𝑒11𝑥 =
𝛼𝑒11+𝛽𝑒12 ∈ Ker(𝑅), whence 𝑒11𝑥𝑒11 = 𝛼𝑒11 ∈ Ker(𝑅), so 𝑒11𝑥−𝑒11𝑥𝑒11 =
𝛽𝑒12 ∈ Ker(𝑅). Similarly 𝛼𝑒11 + 𝛾𝑒21 ∈ Ker(𝑅) and 𝛾𝑒21 ∈ Ker(𝑅),
whence 𝛿𝑒22 ∈ Ker(R). Thus, if 𝛼𝑒11 + 𝛽𝑒12 + 𝛾𝑒21 + 𝛿𝑒22 ∈ Ker(𝑅),
then 𝛼𝑒11, 𝛽𝑒12, 𝛾𝑒21, 𝛿𝑒22 ∈ Ker(𝑅).

Suppose that 𝑒11 ∈ Ker(𝑅). Then 𝑒12 = 𝑒11 ·𝑒12 ∈ Ker(𝑅) and Ker(𝑅) =
𝐹𝑒11 + 𝐹𝑒12. Let 𝑅(𝑒22) = 𝜉4𝑒11 + 𝜂4𝑒12, 𝑅(𝑒21) = 𝜉3𝑒11 + 𝜂3𝑒12. Then
𝐺(𝑒22, 𝑒22) = 𝜉24𝑒11+𝜉4𝜂4𝑒12, whence 𝜉4 = 0. Further, we have 𝐺(𝑒21, 𝑒21) =
−𝜂3𝜂4𝑒12, whence 𝜂3𝜂4 = 0. Finally, 𝐺(𝑒21, 𝑒22) = (𝜉3𝜂4 − 𝜂24)𝑒12, whence
𝜂4(𝜂4 − 𝜉3) = 0. Since dim(Im(𝑅)) = 2, then 𝜂4 ̸= 0 and, up to multiplica-
tion by a scalar, 𝑅(𝑒21) = 𝑒11, 𝑅(𝑒22) = 𝑒12.

Suppose that 𝑒11 /∈ Ker(𝑅). Then 𝑒21 /∈ Ker(𝑅) (otherwise 𝑒11 = 𝑒12 ·
𝑒21 ∈ Ker(𝑅)). Above we prove that if 𝛼𝑒11 + 𝛽𝑒12 + 𝛾𝑒21 + 𝛿𝑒22 ∈ Ker(𝑅),
then 𝛼𝑒11, 𝛾𝑒21 ∈ Ker(𝑅). It means that 𝛼 = 𝛾 = 0 and Ker(𝑅) = 𝐹𝑒12 +
𝐹𝑒22. Let𝑅(𝑒11) = 𝜉1𝑒11+𝜂1𝑒12, 𝑅(𝑒21) = 𝜉3𝑒11+𝜂3𝑒12. Then𝐺(𝑒11, 𝑒11) =
−𝜉21𝑒11 − 𝜉1𝜂1𝑒12, whence 𝜉1 = 0. Further, 𝐺(𝑒21, 𝑒21) = −𝜂3𝜂1𝑒12, whence
𝜂3𝜂1 = 0. Since dim(Im(𝑅)) = 2, then 𝜂1 ̸= 0 and 𝜂3 = 0. Finally,
𝐺(𝑒11, 𝑒21) = −(𝜂1 + 𝜉3)𝜂1𝑒12. Since 𝜂1 ̸= 0, then, up to multiplication by
a scalar, 𝑅(𝑒11) = 𝑒12, 𝑅(𝑒21) = −𝑒11. The proposition is proven.
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3. RB-Operators with one-dimensional image

In [13] it was proved that there are only two one-dimensional non-unital
subalgebras 𝐵 in O, up to action of automorphism: nilpotent 𝐹𝑒12 and
idempotent 𝐹𝑒11. Let us describe the Rota-Baxter operators of zero weight
on O with these images.

Lemma 1. Let 𝑅 be a Rota-Baxter operator of zero weight on the split
Cayley-Dickson algebra O and Im(𝑅) = 𝐹𝑒12. Then, up to conjugation by
automorphism, antiautomorphism and up to multiplication by a scalar, an
operator 𝑅 acts in one of the following ways (an operator 𝑅 is zero on
unspecified basic elements 𝑒𝑖𝑗, 𝑣𝑒𝑖𝑗):

1) 𝑅(𝑒21) = 𝑒12;

2) 𝑅(𝑣𝑒22) = 𝑒12.

Proof. Since Im(𝑅) ⊂ 𝑀2(𝐹 ), then 𝑅|𝑀2(𝐹 ) is the Rota-Baxter oper-
ator on the subalgebra 𝑀2(𝐹 ). According to the Proposition 1, we can
assume that 𝑅(𝑒11) = 𝑅(𝑒12) = 𝑅(𝑒22) = 0.

Note that (Im(𝑅))2 = 0, so 𝑒12𝑅(𝑦) = 𝑅(𝑥)𝑒12 = 𝑅(𝑥)𝑅(𝑦) = 0 for any
𝑥, 𝑦 ∈ O. Let 𝑅(𝑣𝑒12) = 𝛼𝑒12, then 𝐺(𝑣𝑒22, 𝑣𝑒12) = −𝛼2𝑒12, whence 𝛼 = 0
and 𝑅(𝑣𝑒12) = 0. Let 𝑅(𝑣𝑒11) = 𝛽𝑒12, then 𝐺(𝑣𝑒11, 𝑣𝑒21) = 𝛽2𝑒12, whence
𝛽 = 0 and 𝑅(𝑣𝑒11) = 0. Let 𝑅(𝑣𝑒21) = 𝛼1𝑒12 and 𝑅(𝑣𝑒22) = 𝛼2𝑒12.

If 𝛼2 ̸= 0, then there exists 𝜀 ∈ 𝐹 such that 𝑣𝑒21 + 𝜀𝑣𝑒22 ∈ Ker(𝑅).
According to the Example 2, we can assume that 𝜀 = 0, that is, 𝛼1 = 0.
Thus, we can assume that either 𝛼2 = 0 or 𝛼1 = 0. According to the
Example 4, we can assume that 𝛼1 = 0. Thus, 𝑅(𝑣𝑒22) = 𝛼2𝑒12 and
𝑅(𝑒21) = 𝛼3𝑒12.

Let 𝛼2 = 0. Then we can assume that 𝑅(𝑒21) = 𝑒12.
Let 𝛼3 = 0. Then we can assume that 𝑅(𝑣𝑒22) = 𝑒12.
Let 𝛼2 ̸= 0 and 𝛼3 ̸= 0. Up to multiplication by 1

𝛼2
, we can assume

that 𝑅(𝑣𝑒22) = 𝑒12, 𝑅(𝑒21) = 𝛼3𝑒12. Conjugation by automorphism from
Example 6 with 𝛼 = 1

𝛼3
gives us 𝑅(𝑣𝑒22) =

1
𝛼3
𝑒12, 𝑅(𝑒21) =

1
𝛼3
𝑒12, which

after multiplication by 𝛼3 gives 𝑅(𝑣𝑒22) = 𝑒12, 𝑅(𝑒21) = 𝑒12. Example 11
with a scalar 𝛼 = 1 allows us to assume that 𝑅(𝑒21) = 0 and 𝑅(𝑣𝑒22) = 𝑒12.
The lemma is proven.

Lemma 2. Let 𝑅 be a Rota-Baxter operator of zero weight on the split
Cayley-Dickson algebra O and Im(𝑅) = 𝐹𝑒11. Then, up to conjugation by
automorphism, antiautomorphism and up to multiplication by a scalar, an
operator 𝑅 acts in the following way (an operator 𝑅 is zero on unspecified
basic elements 𝑒𝑖𝑗, 𝑣𝑒𝑖𝑗):

𝑅(𝑒21) = 𝑒11.
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Proof. Since Im(𝑅) ⊂ 𝑀2(𝐹 ), then 𝑅 is the Rota-Baxter operator on
the subalgebra 𝑀2(𝐹 ). According to the Proposition 1, we can assume
that 𝑅(𝑒11) = 𝑅(𝑒12) = 𝑅(𝑒22) = 0. Let us introduce the notation
𝑅(𝑣𝑒𝑖𝑗) = 𝛽𝑖𝑗𝑒11. Then 𝐺(𝑣𝑒12, 𝑣𝑒22) = −𝛽12𝛽22𝑒11, whence 𝛽12𝛽22 =
0. Further, 𝐺(𝑣𝑒21, 𝑣𝑒12) = 𝛽12𝛽21𝑒11, whence 𝛽12𝛽21 = 0. Further,
𝐺(𝑣𝑒22, 𝑣𝑒11) = 𝛽11𝛽22𝑒11, whence 𝛽11𝛽22 = 0. Further, 𝐺(𝑣𝑒11, 𝑣𝑒21) =
−𝛽11𝛽21𝑒11, whence 𝛽11𝛽21 = 0. Let 𝑅(𝑒21) = 𝛼𝑒11. Then for any 𝑗 ∈ {1, 2}
we have 𝐺(𝑣𝑒2𝑗 , 𝑒21) = 𝛼𝛽2𝑗𝑒11, whence 𝛼𝛽21 = 𝛼𝛽22 = 0. Thus, either
𝑅(𝑒21) = 𝑅(𝑣𝑒11) = 𝑅(𝑣𝑒12) = 0 or 𝑅(𝑣𝑒21) = 𝑅(𝑣𝑒22) = 0. The involution
from Example 1 allows us to assume that 𝑅(𝑣𝑒21) = 𝑅(𝑣𝑒22) = 0.

If 𝛽12 ̸= 0, then there exists 𝜀1 ∈ 𝐹 such that 𝑣𝑒11 + 𝜀1𝑣𝑒12 ∈ Ker(𝑅).
By Example 2 we can assume that 𝜀1 = 0, so 𝑣𝑒11 ∈ Ker(𝑅). Thus, in
any case, either 𝛽11 = 0 or 𝛽12 = 0. By Example 4 we can assume that
𝛽12 = 0. Conjugation by automorphism from Example 6, as above, allows
us to assume that either 𝑅(𝑒21) = 𝑒11 and 𝑅(𝑣𝑒11) = 𝑒11, or 𝑅(𝑣𝑒11) = 0
and 𝑅(𝑒21) = 𝑒11, or 𝑅(𝑒21) = 0 and 𝑅(𝑣𝑒11) = 𝑒11. The composition of
the standard involution and the involution from Example 5 allows us to
consider that the second and third cases are equivalent. The Example 9
with a scalar 1 states that the first and the second cases are equivalent.
The lemma is proven.

4. RB-Operators with two-dimensional image

In [13] it was proved that there are only two two-dimensional non-unital
subalgebras 𝐵 in O, up to action of automorphism and antiautomorphism:
idempotent 𝐹𝑒11 + 𝐹𝑒12 and nilpotent 𝐹𝑣𝑒12 + 𝐹𝑣𝑒22. Is is easy to see
that 𝑀2(𝐹 ) does not contatin two-dimensional nilpotent subalgebra. Let
us describe the Rota-Baxter operators of zero weight on O with idempotent
image.

Lemma 3. Let 𝑅 be a Rota-Baxter operator of zero weight on the
split Cayley-Dickson algebra O and Im(𝑅) = 𝐹𝑒11 + 𝐹𝑒12. Then, up to
conjugation by automorphism, antiautomorphism and up to multiplication
by a scalar, an operator 𝑅 acts in one of the following ways for some 𝛼 ∈ 𝐹
(an operator 𝑅 is zero on unspecified basic elements 𝑒𝑖𝑗, 𝑣𝑒𝑖𝑗):

1) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑒22) = 𝑒12;

2) 𝑅(𝑒21) = −𝑒11, 𝑅(𝑒11) = 𝑒12;

3) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑣𝑒21) = 𝑒12;

4) 𝑅(𝑣𝑒11) = 𝛼𝑒11, 𝑅(𝑣𝑒21) = 𝑒12, 𝛼 ̸= 0;

5) 𝑅(𝑣𝑒11) = 𝑒12, 𝑅(𝑣𝑒21) = 𝑒11;
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6) 𝑅(𝑣𝑒21) = 𝛼𝑒11, 𝑅(𝑣𝑒22) = 𝑒12, 𝛼 ̸= 0.

Proof. According to the Proposition 1, the following cases are possible.
1) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑒22) = 𝑒12, 𝑅(𝑒11) = 𝑅(𝑒12) = 0.
Let 𝑅(𝑣𝑒11) = 𝛼1𝑒11 + 𝛽1𝑒12. Then 𝐺(𝑣𝑒11, 𝑒21) = −𝛽1𝑒12, whence 𝛽1 =

0. Further, 𝐺(𝑣𝑒11, 𝑒22) = 𝛼1𝑒12, whence 𝛼1 = 0. Therefore, 𝑅(𝑣𝑒11) = 0.
Let 𝑅(𝑣𝑒12) = 𝛼2𝑒11 + 𝛽2𝑒12. Then 𝐺(𝑣𝑒12, 𝑒21) = −𝛽2𝑒12, whence 𝛽2 =

0. Further, 𝐺(𝑣𝑒12, 𝑒22) = 𝛼2𝑒12, whence 𝛼2 = 0. Therefore, 𝑅(𝑣𝑒12) = 0.
Let 𝑅(𝑣𝑒21) = 𝛼3𝑒11+𝛽3𝑒12. Then 𝐺(𝑣𝑒21, 𝑒21) = 𝛼3𝑒11, whence 𝛼3 = 0.

Further, 𝐺(𝑒21, 𝑣𝑒21) = −𝛽3𝑒12, whence 𝛽3 = 0. Therefore, 𝑅(𝑣𝑒21) = 0.
Let 𝑅(𝑣𝑒22) = 𝛼4𝑒11+𝛽4𝑒12. Then 𝐺(𝑣𝑒22, 𝑒21) = 𝛼4𝑒11, whence 𝛼4 = 0.

Further, 𝐺(𝑒21, 𝑣𝑒22) = −𝛽4𝑒12, whence 𝛽4 = 0. Therefore, 𝑅(𝑣𝑒22) = 0.
We have obtained case (1) from the statement of the lemma.

2) 𝑅(𝑒21) = −𝑒11, 𝑅(𝑒11) = 𝑒12, 𝑅(𝑒12) = 𝑅(𝑒22) = 0.
Let 𝑅(𝑣𝑒11) = 𝛼1𝑒11+𝛽1𝑒12. Then 𝐺(𝑒11, 𝑣𝑒11) = −𝛼1𝑒12, whence 𝛼1 =

0. Further, 𝐺(𝑒21, 𝑣𝑒11) = −𝛽1𝑒12, whence 𝛽1 = 0. Therefore, 𝑅(𝑣𝑒11) = 0.
Let 𝑅(𝑣𝑒22) = 𝛼4𝑒11+𝛽4𝑒22. Then 𝐺(𝑒21, 𝑣𝑒22) = 𝛼4𝑒11, whence 𝛼4 = 0.

Further, 𝐺(𝑣𝑒22, 𝑒21) = −𝛽4𝑒12, whence 𝛽4 = 0. Therefore, 𝑅(𝑣𝑒22) = 0.
Let 𝑅(𝑣𝑒12) = 𝛼2𝑒11+𝛽2𝑒12. Then 𝐺(𝑒11, 𝑣𝑒12) = −𝛼2𝑒12, whence 𝛼2 =

0. Further, 𝐺(𝑒11, 𝑣𝑒22) = 𝛽2𝑒12, whence 𝛽2 = 0. Therefore, 𝑅(𝑣𝑒12) = 0.
Let 𝑅(𝑣𝑒21) = 𝛼3𝑒11+𝛽3𝑒12. Then 𝐺(𝑒11, 𝑣𝑒21) = −𝛼3𝑒12, whence 𝛼3 =

0. Further, 𝐺(𝑣𝑒21, 𝑒21) = −𝛽3𝑒12, whence 𝛽3 = 0. Therefore, 𝑅(𝑣𝑒21) = 0.
We have obtained case (2) from the statement of the lemma.

In the remaining three cases, the dimension of 𝑅(𝑀2(𝐹 )) does not exceed
one. Then the dimension of 𝑅(𝑣𝑀2(𝐹 )) is not less than one. Let 0 ̸=
𝑥 = 𝛼𝑣𝑒11 + 𝛽𝑣𝑒12 + 𝛾𝑣𝑒21 + 𝛿𝑣𝑒22 ∈ Ker(𝑅). Since 𝑒11, 𝑒12 ∈ Im(𝑅) and
Ker(𝑅) is an Im(𝑅)-bimodule, then 𝑒11𝑥 = 𝛾𝑣𝑒21+𝛿𝑣𝑒22 ∈ Ker(𝑅), whence
𝛼𝑣𝑒11 + 𝛽𝑣𝑒12 ∈ Ker(𝑅). But then 𝑒12(𝑒11𝑥) = −𝛾𝑣𝑒11 − 𝛿𝑣𝑒12 ∈ Ker(𝑅).
Let 𝑉1 = Ker(𝑅)∩ (𝐹𝑣𝑒11+𝐹𝑣𝑒12), 𝑉2 = Ker(𝑅)∩ (𝐹𝑣𝑒21+𝐹𝑣𝑒22). Thus,
Ker(𝑅)∩𝑣𝑀2(𝐹 ) = 𝑉1⊕𝑉2, and dim𝑉1 ≥ dim𝑉2. Since 2 ≤ dim(Ker(𝑅)∩
𝑣𝑀2(𝐹 )) ≤ 3 (by the theorem on the dimension of the kernel and image
for 𝑅|𝑣𝑀2(𝐹 )), then either dim𝑉1 = 2 and dim𝑉2 = 1, or dim𝑉1 = 2
and dim𝑉2 = 0, or dim𝑉1 = dim𝑉2 = 1. In the first case, 𝑣𝑒11, 𝑣𝑒12 ∈
Ker(𝑅) and we can assume (by Examples 2–4) that 𝑣𝑒21 ∈ Ker(𝑅). In the
second case, 𝑣𝑒11, 𝑣𝑒12 ∈ Ker(𝑅). In the third case, we can assume (by
Examples 2–4) that 𝑣𝑒11, 𝑣𝑒21 ∈ Ker(𝑅).

3) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑒11) = 𝑅(𝑒12) = 𝑅(𝑒22) = 0.
Let 𝑅(𝑣𝑒11) = 𝛼1𝑒11 + 𝛽1𝑒12. Then 𝐺(𝑣𝑒11, 𝑒21) = −𝛽1𝑒12, whence

𝛽1 = 0. Let 𝑅(𝑣𝑒12) = 𝛼2𝑒11 + 𝛽2𝑒12. Then 𝐺(𝑣𝑒12, 𝑒21) = −𝛽2𝑒12, whence
𝛽2 = 0. Let 𝑅(𝑣𝑒21) = 𝛼3𝑒11 + 𝛽3𝑒12. Then 𝐺(𝑣𝑒21, 𝑒21) = 𝛼3𝑒11, whence
𝛼3 = 0. Let 𝑅(𝑣𝑒22) = 𝛼4𝑒11 + 𝛽4𝑒12. Then 𝐺(𝑣𝑒22, 𝑒21) = 𝛼4𝑒11, whence
𝛼4 = 0. Further, 𝐺(𝑣𝑒22, 𝑣𝑒21) = (𝛽4𝛼1 − 𝛽3𝛼2)𝑒11, whence 𝛽3𝛼2 = 𝛽4𝛼1.
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3a) Let dim𝑉1 = 2 and dim𝑉2 = 1. Then, by above and by Example 4,
we can assume that

𝑅(𝑒11) = 𝑅(𝑒12) = 𝑅(𝑒22) = 𝑅(𝑣𝑒11) = 𝑅(𝑣𝑒12) = 𝑅(𝑣𝑒22) = 0,

𝑅(𝑒21) = 𝑒11, 𝑅(𝑣𝑒21) = 𝛽4𝑒12.

Consider the automorphism 𝜙 from Example 6 for 𝛼 = 1
𝛽4
. Then

𝜙−1𝑅𝜙(𝑒21) =
1

𝛽 4

𝑒11, 𝜙
−1𝑅𝜙(𝑣𝑒21) =

1

𝛽4
𝑒12.

After multiplication by the scalar 𝛽4 we can assume that

𝑅(𝑒21) = 𝑒11, 𝑅(𝑣𝑒21) = 𝑒12.

We have obtained case (3) in the statement of the lemma.
3b) Let dim𝑉1 = 2 and dim𝑉2 = 0. If we consider the restriction of

the mapping 𝑅 to 𝑉2, we will find that the image of this mapping has
a dimension at most one, which implies (according to the the theorem
on the dimension of the kernel and the image) that the kernel must have
a dimension at least one. Therefore, this case is impossible.

3c) Let dim𝑉1 = dim𝑉2 = 1. Then, by above, we can assume that

𝑅(𝑒11) = 𝑅(𝑒12) = 𝑅(𝑒22) = 𝑅(𝑣𝑒11) = 𝑅(𝑣𝑒22) = 0,

𝑅(𝑒21) = 𝑒11, 𝑅(𝑣𝑒11) = 𝛼2𝑒11, 𝑅(𝑣𝑒21) = 𝛽4𝑒12.

Consider the automorphism 𝜙 from Example 6 for 𝛼 = 1
𝛽4
. Then

𝜙−1𝑅𝜙(𝑒21) =
1

𝛽 4

𝑒11, 𝜙
−1𝑅𝜙(𝑣𝑒11) = 𝛼2𝑒11, 𝜙

−1𝑅𝜙(𝑣𝑒21) =
1

𝛽4
𝑒12.

After multiplication by the scalar 𝛽4 we can assume that (here 𝜀 = 𝛼2𝛽4)

𝑅(𝑒21) = 𝑒11, 𝑅(𝑣𝑒11) = 𝜀𝑒11, 𝑅(𝑣𝑒21) = 𝑒12.

The Example 10 with a scalar 𝜀 allows us to assume that 𝑅(𝑒21) = 0. We
have obtained the case (4) in the statement of the lemma.

4) 𝑅(𝑒21) = 𝑒12, 𝑅(𝑒11) = 𝑅(𝑒22) = 𝑅(𝑒12) = 0. Let 𝑅(𝑣𝑒11) = 𝛼1𝑒11 +
𝛽1𝑒12. Then 𝐺(𝑣𝑒11, 𝑒21) = 𝛼1𝑒12, whence 𝛼1 = 0. Let 𝑅(𝑣𝑒12) = 𝛼2𝑒11 +
𝛽2𝑒12. Then 𝐺(𝑣𝑒12, 𝑒21) = 𝛼2𝑒12, whence 𝛼2 = 0. Let 𝑅(𝑣𝑒21) = 𝛼3𝑒11 +
𝛽3𝑒12. Then 𝐺(𝑣𝑒21, 𝑒21) = (𝛼3 − 𝛽1)𝑒12, whence 𝛼3 = 𝛽1. Let 𝑅(𝑣𝑒22) =
𝛼4𝑒11 + 𝛽4𝑒12. Then 𝐺(𝑣𝑒22, 𝑒21) = (𝛼4 − 𝛽2)𝑒12, whence 𝛼4 = 𝛽2.

4a) Let dim𝑉1 = 2. By above we have 𝛽1 = 𝛽2 = 0, hence 𝛼3 = 𝛼4 = 0.
Then Im(𝑅) = 𝐹𝑒12, a contradiction. Therefore, this case is impossible.

4b) Let dim𝑉1 = dim𝑉2 = 1. By above and Example 4, we can assume
that 𝑣𝑒12, 𝑣𝑒22 ∈ Ker(𝑅). Therefore, 𝛽2 = 𝛼4 = 𝛽4 = 0. We have

𝑅(𝑒11) = 𝑅(𝑒12) = 𝑅(𝑒22) = 𝑅(𝑣𝑒12) = 𝑅(𝑣𝑒22) = 0,

𝑅(𝑒21) = 𝑒12, 𝑅(𝑣𝑒11) = 𝛽1𝑒12, 𝑅(𝑣𝑒21) = 𝛽1𝑒11 + 𝛽3𝑒12.
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Consider the automorphism 𝜙 from Example 6 for 𝛼 = 𝛽1. Then

𝜙−1𝑅𝜙(𝑒21) = 𝛽21𝑒12, 𝜙
−1𝑅𝜙(𝑣𝑒11) = 𝛽21𝑒12, 𝑅(𝑣𝑒21) = 𝛽21𝑒11 + 𝛽3𝛽

2
1𝑒12.

After multiplication by 1
𝛽2
1
we can assume that

𝑅(𝑒21) = 𝑒12, 𝑅(𝑣𝑒11) = 𝑒12, 𝑅(𝑣𝑒21) = 𝑒11 + 𝛽3𝑒12.

Example 10 allows us to assume that 𝑅(𝑒21) = 0, 𝑅(𝑣𝑒11) = 𝑒12, 𝑅(𝑣𝑒21) =

𝑒11 + 𝛽3𝑒12. Example 12 with a scalar 𝛼 = −𝛽3

2 allows us to assume that
𝑅(𝑒21) = 0, 𝑅(𝑣𝑒11) = 𝑒12, 𝑅(𝑣𝑒21) = 𝑒11. We have obtained case (5) in
the statement of the lemma.

5) 𝑅(𝑀2(𝐹 )) = 0. By above we can assume that either Ker(𝑅) ∩
(𝑣𝑀2(𝐹 )) = 𝐹𝑣𝑒11 + 𝐹𝑣𝑒12, or Ker(𝑅) ∩ (𝑣𝑀2(𝐹 )) = 𝐹𝑣𝑒11 + 𝐹𝑣𝑒21. Let
𝑅(𝑣𝑒12) = 𝛼2𝑒11+𝛽2𝑒12, 𝑅(𝑣𝑒21) = 𝛼3𝑒11+𝛽3𝑒12, 𝑅(𝑣𝑒22) = 𝛼4𝑒11+𝛽4𝑒12.

5a) 𝑅(𝑣𝑒21) = 0, that is 𝛼3 = 𝛽3 = 0. Then

𝐺(𝑣𝑒12, 𝑣𝑒22) = (𝛽2 − 𝛼4)𝛼2𝑒11 + (𝛽2 − 𝛼4)𝛽2𝑒12.

Since 𝑅(𝑣𝑒12) = 𝛼2𝑒11 + 𝛽2𝑒12 ̸= 0, then 𝛼4 = 𝛽2.
If 𝛽2 = 0, then we can assume (up to Example 4) that 𝑅(𝑣𝑒11) = 𝛼2𝑒11,

𝑅(𝑣𝑒21) = 𝑒12. We have obtained case (4) from the statement of the lemma.
If 𝛽2 ̸= 0, then conjugation by automorphism from Example 7 with

𝛼 = 1
𝛽2

gives us (with 𝜀 = 𝛾
𝛽2 )

𝑅(𝑣𝑒12) = 𝛼2𝑒11 + 𝑒12, 𝑅(𝑣𝑒22) = 𝑒11 + 𝜀𝑒12.

The conjugation by automorphism from Example 6 for 𝛼 = 1
𝜀 and Ex-

ample 4 allow us to assume that 𝑅 has the form 𝑅(𝑣𝑒11) = 𝛼2𝜀𝑒11 + 𝑒12,
𝑅(𝑣𝑒21) = 𝑒11+ 𝑒12. After conjugation with an automorphism from Exam-
ple 12 with a scalar − 1

𝛼2
and a multiplication by a scalar, we obtain case (4)

in the statement of the lemma (if 𝛼2 ̸= 1, otherwise we obtain 𝑅(𝑣𝑒21) = 0,
it is a contradiction).

It is easy to see that the operator 𝑅 with these conditions is a Rota-
Baxter operator. It remains to note that in order for the condition Im(𝑅) =
𝐹𝑒11 + 𝐹𝑒12 to be satisfied, it is necessary and sufficient that 𝛼2𝜀 ̸= 1.

5b) 𝑅(𝑣𝑒12) = 0, that is 𝛼2 = 𝛽2 = 0. Then 𝑅(𝑣𝑒21) = 𝛼3𝑒11 + 𝛽3𝑒12,
𝑅(𝑣𝑒22) = 𝛼4𝑒11 + 𝛽4𝑒12. It is easy to see that the operator 𝑅 with these
conditions is a Rota-Baxter operator. Note that in order for the condition
Im(𝑅) = 𝐹𝑒11 + 𝐹𝑒12 to be satisfied, it is necessary and sufficient that
𝛼3𝛽4 ̸= 𝛼4𝛽3. Next, let 𝛽3 = 0. Then we can assume that

𝑅(𝑣𝑒21) = 𝑒11, 𝑅(𝑣𝑒22) = 𝛼4𝑒11 + 𝛽4𝑒12. (4.1)

By the Example 7 we can assume that 𝑅(𝑣𝑒21) = 𝑒11, 𝑅(𝑣𝑒22) = 𝑒11+
𝛽4

𝛼4
𝑒12.

Then, by the Example 8, we can assume that 𝑅(𝑣𝑒21) = 𝛾𝑒11, 𝑅(𝑣𝑒22) =
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𝑒11 + 𝑒12, where 𝛾 = 𝛽4

𝛼4
. According to the Example 3 we can assume that

𝑅(𝑣𝑒21) = 𝛾𝑒11, 𝑅(𝑣𝑒22 + 𝛾−1𝑣𝑒21) = 𝑒11 + 𝑒12, whence 𝑅(𝑣𝑒21) = 𝛾𝑒11,
𝑅(𝑣𝑒22) = 𝑒12. We obtain case (6) in the statement of the lemma.

Let 𝛽3 ̸= 0. Then we can assume that 𝑅(𝑣𝑒21) = 𝛼3𝑒11 + 𝑒12. Further,
by the Example 3 with a scalar 𝛽4 we can assume that

𝑅(𝑣𝑒21) = 𝛼3𝑒11 + 𝑒12, 𝑅(𝑣𝑒22) = 𝛾𝑒12,

where 𝛾 = 𝛼4 − 𝛽4𝛼3. Then we can assume that

𝑅(𝑣𝑒21) = 𝛼′
3𝑒11 + 𝛽′3𝑒12, 𝑅(𝑣𝑒22) = 𝑒11.

According to the Example 4 we can assume that

𝑅(𝑣𝑒21) = 𝑒11, 𝑅(𝑣𝑒22) = −𝛼′
3𝑒11 − 𝛽′3𝑒12.

This is exactly the already discussed case 𝛽3 = 0, formula (4.1). The lemma
is proven.

Corollary 1. Let 𝑅 be a Rota-Baxter operator of zero weight on the
split Cayley-Dickson algebra O and Im(𝑅) = 𝐹𝑒11 + 𝐹𝑒12. If a field 𝐹
is quadratically closed then, up to conjugation by automorphism, antiauto-
morphism and up to multiplication by a scalar, an operator 𝑅 acts in one
of the following ways for some 𝛼 ∈ 𝐹 (an operator 𝑅 is zero on unspecified
basic elements 𝑒𝑖𝑗, 𝑣𝑒𝑖𝑗):

1) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑒22) = 𝑒12;

2) 𝑅(𝑒21) = −𝑒11, 𝑅(𝑒11) = 𝑒12;

3) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑣𝑒21) = 𝑒12;

4) 𝑅(𝑣𝑒11) = 𝑒11, 𝑅(𝑣𝑒21) = 𝑒12;

5) 𝑅(𝑣𝑒11) = 𝑒12, 𝑅(𝑣𝑒21) = 𝑒11;

6) 𝑅(𝑣𝑒21) = 𝑒11, 𝑅(𝑣𝑒22) = 𝑒12;

Proof. Let us consider the resulting cases on 𝑅 in Lemma 3. Cases
1–3,5–7 remained the same.

4) Example 7 with a scalar
√
𝛼 allows us to assume that 𝑅(𝑣𝑒11) =√

𝛼𝑒11, 𝑅(𝑣𝑒21) =
√
𝛼𝑒12. Up to multiplication by a scalar, we obtain the

required operator.
6) Example 7 with a scalar

√
𝛼 allows us to assume that 𝑅(𝑣𝑒21) = 𝛼𝑒11,

𝑅(𝑣𝑒22) = 𝛼𝑒12. Up to multiplication by a scalar, we obtain the required
operator. The corollary is proven.
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5. Main Theorem

We are ready to formulate the main result.

Theorem 1. Let 𝑅 be the Rota-Baxter operator of zero weight on
the split Cayley-Dickson algebra O and Im(𝑅) can be embedded in 𝑀2(𝐹 ).
Then, up to the action of automorphism, antiautomorphism and multipli-
cation by a scalar, 𝑅 acts on O in one of the following ways for some 𝛼 ∈ 𝐹
(an operator 𝑅 is zero on unspecified basic elements 𝑒𝑖𝑗, 𝑣𝑒𝑖𝑗):

1) 𝑅(𝑒21) = 𝑒12;

2) 𝑅(𝑣𝑒22) = 𝑒12;

3) 𝑅(𝑒21) = 𝑒11;

4) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑒22) = 𝑒12;

5) 𝑅(𝑒21) = −𝑒11, 𝑅(𝑒11) = 𝑒12;

6) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑣𝑒21) = 𝑒12;

7) 𝑅(𝑣𝑒11) = 𝛼𝑒11, 𝑅(𝑣𝑒21) = 𝑒12, 𝛼 ̸= 0;

8) 𝑅(𝑣𝑒11) = 𝑒12, 𝑅(𝑣𝑒21) = 𝑒11;

9) 𝑅(𝑣𝑒21) = 𝛼𝑒11, 𝑅(𝑣𝑒22) = 𝑒12, 𝛼 ̸= 0.

Proof. In [13] it was proved that there are only three non-zero non-
unital matrix subalgebras 𝐵 in O, up to action of automorphism. They
are precisely the subalgebras from the statements of Lemmas 1–3. The
theorem is proven.

Corollary 2. Let 𝑅 be the Rota-Baxter operator of zero weight on the
split Cayley-Dickson algebra O and Im(𝑅) can be embedded in 𝑀2(𝐹 ). If
a field 𝐹 is quadratically closed, then, up to the action of automorphism,
antiautomorphism and multiplication by a scalar, 𝑅 acts on O in one of the
following ways (unspecified basic elements 𝑒𝑖𝑗, 𝑣𝑒𝑖𝑗 lie in Ker(𝑅)):

1) 𝑅(𝑒21) = 𝑒12;

2) 𝑅(𝑣𝑒22) = 𝑒12;

3) 𝑅(𝑒21) = 𝑒11;

4) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑒22) = 𝑒12;

5) 𝑅(𝑒21) = −𝑒11, 𝑅(𝑒11) = 𝑒12;

6) 𝑅(𝑒21) = 𝑒11, 𝑅(𝑣𝑒21) = 𝑒12;
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7) 𝑅(𝑣𝑒11) = 𝑒11, 𝑅(𝑣𝑒21) = 𝑒12;

8) 𝑅(𝑣𝑒11) = 𝑒12, 𝑅(𝑣𝑒21) = 𝑒11;

9) 𝑅(𝑣𝑒21) = 𝑒11, 𝑅(𝑣𝑒22) = 𝑒12.

Remark 1. In the Corollary 2 operator (5) is the unique one, where
𝑅2 ̸= 0, but 𝑅3 = 0. Operators (1)–(4), (6)–(9) are the ones, where 𝑅2 = 0.
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