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Аннотация. Рассматривается класс систем псевдопараболических уравнений в
частных производных. Эти системы (S)ε являются версией псевдопараболической
диссипативной системы энергии Кобаяси – Уоррен – Картер, предложенной [Kobaya-
shi et al., Physica D, 140, 141–150 (2000)] для описания движения плоских границ
зерен. В этом контексте ε – это значение для контроля релаксации сингулярной
диффузии. Эти системы были изучены в [Antil et al., SIAM J. Math. Anal., 56(5),
6422–6455], где была доказана разрешимость, единственность и сильная регуляр-
ность решения при условии, что начальные данные достаточно гладкие. Накла-
дываются более слабые условия регулярности на начальные данные и происходит
работа над слабой формулировкой систем. Доказываются две теоремы, касающиеся
существования и единственности слабого решения для (S)ε, а также непрерывной
зависимости от индекса ε, начальных данных и воздействий.

Ключевые слова: плоское движение границ, псевдопараболическая система KWC,
рассеяние энергии, сингулярная диффузия, дискретизация по времени
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1. Introduction

Let N ∈ {1, 2, 3, 4} be a fixed spatial dimension, and let Ω ⊂ RN be a
bounded domain. When N ≥ 2, Γ denotes a smooth boundary of Ω, and
nΓ denotes the outer unit normal on Γ. Also, let T > 0 be a fixed time
constant, and set Q := (0, T ) × Ω, Σ := (0, T ) × Γ, H := L2(Ω), and
V := H1(Ω).

In this paper, we consider a class of pseudo-parabolic systems, denoted
by (S)ε for ε ∈ [0,∞):

(S)ε




∂tη −∆(η + µ2∂tη) + g(η) + α′(η)
√
ε2 + |∇θ|2 = u, in Q,

∇(η + µ2∂tη) · nΓ = 0, on Σ,

η(0) = η0, in Ω,





α0(η)∂tθ − div
(
α(η)

∇θ√
ε2 + |∇θ|2

+ ν2∇∂tθ
)
= v, in Q,

(
α(η)

∇θ√
ε2 + |∇θ|2

+ ν2∇∂tθ
)
· nΓ = 0, on Σ,

θ(0) = θ0, in Ω.
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The system (S)ε is pseudo-parabolic version of KWC-model of planer grain
boundary motion, which is proposed by [7;8]. In this system, η and θ repre-
sent orientation order and orientation angle in a polycrystal, respectively.
ε ≥ 0 is a value to control the relaxation of singular diffusivity. g is a
perturbation for the orientation order η, with a non-negative primitive G.
α and α0 are positive-valued functions, called mobilities of grain boundary
motion. u, v are forcing terms. Finally, a pair of functions [η0, θ0] is the
initial data of [η, θ].

In this paper, the components of the system (S)ε are considered under
the following assumptions.
(A0) µ > 0, ν > 0 are fixed positive constants.
(A1) g : R −→ R is a locally Lipschitz continuous function with a non-

negative primitive G ∈ C1(R). In addition, g satisfies the condition;
limξ↓−∞ g(ξ) = −∞ and limξ↑∞ g(ξ) = ∞.

(A2) α : R −→ [0,∞) is a C2-class convex function, such that α′(0) = 0
and α′′ ≥ 0 on R. α0 : R −→ (0,∞) is a locally Lipschitz continuous
function. Moreover, we suppose δ∗ := inf α0(R) > 0.

(A3) u ∈ L∞(Q), and v ∈ L2(0, T ;H).
(A4) The initial data [η0, θ0] belong to [V ∩ L∞(Ω)]× V .

The system (S)ε is derived from the following energy-dissipation flow:

−
[

I − µ2∆N

α0(η(t))I − ν2∆N

][
∂tη(t)

∂tθ(t)

]
= ∇[η,θ]Fε(η(t), θ(t)) +

[
u(t)

v(t)

]
in [H]2,

a.e. t > 0, (1.1)

where ∆N denotes the Laplace operator subject to the homogeneous Neu-
mann boundary condition, and Fε is free-energy of grain boundary motion,
called KWC-energy, and defined as follows:

Fε(η, θ) :=
1

2

∫

Ω
|∇η|2 dx+

∫

Ω
G(η) dx +

∫

Ω
α(η)

√
ε2 + |Dθ|2 ∈ [0,∞].

In this context, the last term is given by:
∫

Ω
α(η)

√
ε2 + |Dθ|2

:= inf

{
lim
n→∞

∫

Ω
α(η)

√
ε2 + |∇ϕ|2 dx

{ϕn}∞n=1 ⊂ W 1,1(Ω)
such that ϕn → θ in
L1(Ω) as n→ ∞

}
,

for [η, θ] ∈ H1(Ω)×BV (Ω), and ε ∈ [0,∞).

We note that if θ ∈ H1(Ω), then the integral
∫
Ω α(η)

√
ε2 + |Dθ|2 coincides

with
∫
Ω α(η)

√
ε2 + |∇θ|2 dx. Also, a function w ∈ RN 7→

√
ε2 + |w|2 ∈

[0,∞) is a smooth approximation of the Euclidean norm | · |, which is
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often used in numerical analysis and advanced mathematical topics, such
as optimal control problems.

The system (1.1) can be regarded as a generalized version of KWC
system, and the case µ = ν = ε = 0 corresponds to the original. So
far, many researchers have worked on mathematical verification of KWC-
type systems, and amount of mathematical results have been reported
such as solvability results and large-time behavior on variational settings
(cf. [9–13]). But uniqueness question is still a difficult problem, because
of the nonlinear flux α(η) ∇θ√

ε2+|∇θ|2
, and the unknown-dependent mobility

α and α0. In fact, we need suitable regularization for the energy, and
simplification for the mobility to obtain uniqueness result (cf. [2; 6; 17]).

Recently, [3] reported the solvability, uniqueness results under a smooth-
ness condition for initial data to a KWC-type system with pseudo-parabolic
regularization, which is often found in fluid dynamics as Foigt regular-
ization, and provides better properties such as well-posedness and strong
regularity (cf. [4; 5; 14; 15]). The novelty of [3] lies in the fact that it does
not require resetting the free-energy and the mobilities. In this light, this
article is focused on the extensions of the existence and uniqueness results
of [3] to the weak formulation in Theorem 1.

Theorem 1. Under the assumptions (A0)–(A4), the system (S)ε admits
a unique solution [η, θ] in the following sense:

(S0) η ∈ W 1,2(0, T ;V ) ∩ L∞(Q), and θ ∈ W 1,2(0, T ;V ). In particular, if
θ0 ∈ L∞(Ω) and v ≡ 0, then θ ∈ L∞(Q).

(S1) η solves the following variational identity:

∫

Ω

(
∂tη(t) + g(η(t)) + α′(η(t))

√
ε2 + |∇θ(t)|2

)
ϕdx

+

∫

Ω
∇(η + µ2∂tη)(t) · ∇ϕdx =

∫

Ω
u(t)ϕdx,

for any ϕ ∈ V, and a.e. t ∈ (0, T ), subject to η(0) = η0.

(S2) θ solves the following variational inequality:

∫

Ω
(α0(η)∂tθ)(t)(θ(t)− ψ) dx+

∫

Ω
α(η(t))

√
ε2 + |∇θ(t)|2 dx

+ ν2
∫

Ω
∇∂tθ(t) · ∇(θ(t)− ψ) dx

≤
∫

Ω
α(η(t))

√
ε2 + |∇ψ|2 dx+

∫

Ω
v(t)(θ(t)− ψ) dx,

for any ψ ∈ V, and a.e. t ∈ (0, T ), subject to θ(0) = θ0.
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(S3) [η, θ] fulfills the following energy-inequality:

C0

∫ t

s

(
|∂tη(r)|2V + |∂tθ(r)|2V

)
dr + Fε(η(t), θ(t))

≤ Fε(η(s), θ(s)) +
1

2

∫ t

s

(
|u(r)|2H +

1

δ∗
|v(r)|2H

)
dr,

(1.2)

for any 0 ≤ s ≤ t ≤ T, where C0 = min
{
1
4 , µ

2, δ∗2 , ν
2
}
.

Subsequently, the arguments used in Theorem 1 will derive a result for
continuous dependence of solution, which provides a mathematical funda-
mental in optimal control problems.

Theorem 2. Let {εn}∞n=1 ⊂ [0,∞), {[η0,n, θ0,n]}∞n=1 ⊂ [V ∩L∞(Ω)]×V and
{[un, vn]}∞n=1 ⊂ L∞(Q) × L2(0, T ;H) be sequences satisfying the following
conditions:





• sup
n∈N

|η0,n|L∞(Ω) <∞, and sup
n∈N

|un|L∞(Q) <∞,

•
εn → ε in R, η0,n → η0, θ0,n → θ0 in V, and

un → u, vn → v weakly in [L2(0, T ;H)]2, as n→ ∞.

(1.3)

Let [η, θ] be the unique solution to (S)ε, corresponding to the initial data
[η0, θ0] and the forcings [u, v], and let [ηn, θn] be the unique solution to
(S)εn , for the initial data [η0,n, θ0,n] and the forcings [un, vn], for any n =
1, 2, 3, . . . . Then, we can obtain the following convergences as n→ ∞:





ηn → η in C([0, T ];H), L2(0, T ;V ), weakly in W 1,2(0, T ;V )

and weakly-∗ in L∞(Q),

θn → θ in C([0, T ];H), L2(0, T ;V ), and weakly in W 1,2(0, T ;V ),

ηn(t) → η(t), θn(t) → θ(t) in V, for all t ∈ [0, T ].

(1.4)

The outline of this paper is as follows. Notations and a key-lemma for
the proof are given in Section 2. On account of these preparations, the
proof of the theorems are given in Section 3.

2. Preliminaries

We first prescribe notations and known results used in this paper.

Specific notations. We define r ∨ s := max{r, s} and r ∧ s := min{r, s}
for all r, s ∈ [−∞,∞]. We denote by [·]+, [·]− positive part and negative
part, respectively. We denote by ⌊·⌋, ⌈·⌉ floor function and ceiling function,

Известия Иркутского государственного университета.
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respectively. For an abstract Hilbert space X, we denote by (·, ·)X the inner
product of X.

Next, to simplify notations, we set {γε}ε∈[0,∞) by:

γε : y ∈ RN 7→ γε(y) :=
√
ε2 + |y|2 ∈ [0,∞).

As is easily seen that γε is convex and non-expansive, and for a non-negative
α◦ ∈ H, the following functional is convex and continuous on [H]N :

w ∈ [H]N 7→
∫

Ω
α◦γε(w) dx ∈ [0,∞).

Also, for any ε0 ∈ [0,∞), γε converges to γε0 uniformly on RN as ε→ ε0.
Finally, we use the following fact(∗) in the proof (cf. [1, Proposition

1.80]): if a, b ∈ R and {an}∞n=1, {bn}∞n=1 ⊂ R satisfy:

lim
n→∞

an ≥ a, lim
n→∞

bn ≥ b, and lim
n→∞

(an + bn) ≤ a+ b.

Then, an → a and bn → b as n→ ∞.

Notations for the time-discretization. Let τ > 0 be a constant of
time-step size, and let {ti}∞i=0 ⊂ [0,∞) be time sequence defined as ti =
iτ , i = 0, 1, 2, . . . . Let X be a Hilbert space. Then, for any sequence
{[ti, zi]}∞i=0 ⊂ [0,∞) ×X, we define three interpolations zτ , zτ and zτ by:

zτ (t) := zi, zτ (t) := zi−1, zτ (t) :=
t− ti−1

τ
zi +

ti − t

τ
zi−1,

for t ∈ [ti−1, ti), and for i = 1, 2, 3, . . . .

Note that zτ , zτ ∈ L∞
loc([0,∞);X) and zτ ∈W 1,2

loc ([0,∞);X). Here, the fol-
lowing estimates can be obtained by use of Young’s and Hölder’s inequality
for t ≥ 0 and τ > 0:

∫ t

0
(∂tzτ (r), zτ (r))X dr

≥ 1

2

(
|zτ (t)|2X − |z0|2X

)
− τ

1
2 |zτ |L∞(0,t;X)|∂tzτ |L2(0,t+τ ;X). (2.1)

Meanwhile, for any ζ ∈ L2
loc([0,∞);X), we denote by {ζi}∞i=0 ⊂ X the

sequence of time-discretization data of ζ, defined as:

ζ0 := 0 in X, and ζi :=
1

τ

∫ ti

ti−1

ζ(t) dt in X, for i = 1, 2, 3, . . . .

Clearly, the time-interpolations ζτ , ζτ for the above {ζi}∞i=0 fulfill that:

ζτ → ζ and ζ
τ
→ ζ in L2

loc([0,∞);X), as τ ↓ 0.
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Time-discretization scheme for (S)ε. The proof of Theorem 1 is based

on time-discretization scheme. In this light, we recall a known result (cf. [3,
Theorem 1]). Let τ ∈ (0, 1) be a time-step size, and let {ti}∞i=0 be a
time-sequence. The index ε ∈ [0,∞) is given arbitrarily. Now, the time-
discretization scheme of (S)ε, denoted by (AP)τ , is described as follows:

(AP)τ : To find {[ηi, θi]}∞i=1 ⊂ [V ]2 satisfying the following variational
formulas:




(1
τ
(ηi − ηi−1) + g(TMηi) + α′(TMηi)γε(∇θi), ϕ

)
H
+ (∇ηi,∇ϕ)[H]N

+
µ2

τ
(∇(ηi − ηi−1),∇ϕ)[H]N = (ui, ϕ)H , for any ϕ ∈ V.





1

τ
(α0(TMηi−1)(θi − θi−1), θi − ψ)H +

∫

Ω
αM (ηi−1)γε(∇θi) dx

+
ν2

τ
(∇(θi − θi−1),∇(θi − ψ))[H]N

≤
∫

Ω
αM (ηi−1)γε(∇ψ) dx+ (vi, θi − ψ)H , for any ψ ∈ V,

for i = 1, 2, 3, . . . , where [η0, θ0] is the initial data as in (A4).

Here, TM : r ∈ R 7→ TM(r) :=M ∧ (−M ∨ r) is a truncation operator with
a large constant M > 0, fixed later. αM is a primitive of α′ ◦ TM such that
αM = α on [−M,M ]. Finally, for i = 1, 2, 3, . . . , let [ui, vi] ∈ [H]2 be the
time-discretization data of [uex0 , v

ex
0 ] which is the zero-extension of [u, v].

Based on the above, the following lemma can be obtained through slight
modifications of [3, Theorem 1].

Lemma 1. There exists a sufficiently small constant τ∗ ∈ (0, 1) such that-
for any τ ∈ (0, τ∗), (AP)τ admits a unique solution {[ηi, θi]}∞i=1, satisfying

C0

τ

(
|ηi − ηi−1|2V + |θi − θi−1|2V

)
+FM

ε (ηi, θi) (2.2)

≤ FM
ε (ηi−1, θi−1) +

τ

2
|ui|2H +

τ

2δ∗
|vi|2H , for i = 1, 2, 3, . . . , where

where

FM
ε (η, θ) :=

1

2

∫

Ω
|∇η|2 dx+

∫

Ω
GM (η) dx+

∫

Ω
αM (η)γε(Dθ),

and GM is a non-negative primitive of g ◦ TM .
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3. Proof of Theorem 1 and 2

3.1. Proof of Theorem 1

Let ε ∈ [0,∞) be fixed. Throughout this subsection, we use the notations
mτ (t) :=

⌊
t
τ

⌋
, nτ (t) :=

⌈
t
τ

⌉
. Before the proof, we prepare two lemmas,

concerned with comparison principle for pseudo-parabolic equations.

Lemma 2. (cf. [3, Lemma 5.4]) Let η1, η2 ∈ W 1,2(0, T ;V ), η10 , η
2
0 ∈ V ,

θ̃ ∈ L2(0, T ;V ), ũ ∈ L2(0, T ;H), and





(−1)i−1
(
∂tη

i −∆N (ηi + µ2∂tη
i) + g(TMηi) + α′(TMηi)γε(∇θ̃)

)

≤ (−1)i−1ũ, a.e. in Q,

ηi(0) = ηi0, in H.

Then, there exists a constant C1 > 0 such that

∣∣[η1 − η2]+(t)
∣∣2
V
≤ C1

∣∣[η10 − η20]
+
∣∣2
V
, for any t ∈ [0, T ].

Lemma 3. We assume that θ1, θ2 ∈W 1,2(0, T ;V ), θ10, θ
2
0 ∈ V ,

η̃ ∈W 1,2(0, T ;H) ∩ L∞(Q), and

(α0(η̃(t))∂tθ
i(t), θi(t)− ψ)H +

∫

Ω
α(η̃(t))γε(∇θi(t)) dx

+(∇∂tθi(t),∇(θi(t)− ψ))[H]N ≤
∫

Ω
α(η̃(t))γε(∇ψ) dx,

for any ψ ∈ V, and for a.e. t ∈ (0, T ). (3.1)

Then, there exists a constant C2 > 0 such that:

∣∣[θ1 − θ2]+(t)
∣∣2
V
≤ C2

∣∣[θ10 − θ20]
+
∣∣2
V
, for any t ∈ [0, T ].

Proof. By putting ψ = (θ1 ∧ θ2)(t) if i = 1, and ψ = (θ1 ∨ θ2)(t) if i = 2,
and taking the sum of two inequalities, we have

(
α0(η̃(t))∂t(θ

1 − θ2)(t), [θ1 − θ2]+(t)
)
H
+
ν2

2

d

dt

(
|∇[θ1 − θ2]+(t)|2[H]N

)

≤ 0, for a.e. t ∈ (0, T ). (3.2)

Also, in light of (A3), the continuous embedding from V to L4(Ω) under
N ≤ 4, and the generalized chain rule in BV-theory (cf. [1, Theorem 3.99]),
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it is observed that:

(
α0(η̃(t))∂t(θ

1 − θ2)(t), [θ1 − θ2]+(t)
)
H

≥ 1

2

d

dt

(
|
√
α0(η̃)[θ

1 − θ2]+(t)|2H
)

− 1

2
|α′

0(η̃)|L∞(Q)|∂tη̃(t)|H
∣∣[θ1 − θ2]+(t)

∣∣2
L4(Ω)

(3.3)

≥ 1

2

d

dt

(
|
√
α0(η̃)[θ

1 − θ2]+(t)|2H
)

− (CL4

V )2

2
|α′

0(η̃)|L∞(Q)|∂tη̃(t)|H
∣∣[θ1 − θ2]+(t)

∣∣2
V
, for a.e. t ∈ (0, T ),

where CL4

V is the constant of the continuous embedding from V to L4(Ω).
Now, according to (3.2) and (3.3), we can arrive the following Gronwall
type inequality:

d

dt
J0(t) ≤

(CL4

V )2

δ∗ ∧ ν2
|α′

0(η̃)|L∞(Q)|∂tη̃(t)|HJ0(t), for a.e. t ∈ (0, T ), with,

J0(t) :=
∣∣√α0(η̃(t))[θ

1 − θ2]+(t)
∣∣2
H
+ ν2

∣∣∇[θ1 − θ2](t)
∣∣2
[H]N

,

and thus, we conclude Lemma 3.

Proof of Theorem 1 By (A1), (A3) and (A4), let us set the constant M
so large that:

{
M ≥ max{|η0|L∞(Ω), |u|L∞(Q)}, and

g(M) ≥ |u|L∞(Q), g(−M) ≤ −|u|L∞(Q).
(3.4)

Now, Lemma 1 yields the following boundedness:

− ∂tητ , ∂tθτ ∈ L2(0,∞;V ) for τ ∈ (0, τ∗), and
sup{|∂tητ |L2(0,∞;V ) ∨ |∂tθτ |L2(0,∞;V ) | τ ∈ (0, τ∗)} <∞.

− {ητ | τ ∈ (0, τ∗)}, {θτ | τ ∈ (0, τ∗)} is bounded in W 1,2(0, T ;V ),

− {ητ | τ ∈ (0, τ∗)}, {ητ | τ ∈ (0, τ∗)}, {θτ | τ ∈ (0, τ∗)}, {θτ | τ ∈ (0, τ∗)}
is bounded in L∞(0, T ;V ).

Hence, by applying Aubin’s type compactness theory (cf. [16, Corollary
4]), we can obtain a sequence {τn} ⊂ (0, τ∗); τn ↓ 0 and a pair of functions
[η, θ] ∈ [W 1,2(0, T ;V )]2 such that:

ηn := ητn → η, θn := θτn → θ in C([0, T ];H)

and weakly in W 1,2(0, T ;V ), as n→ ∞. (3.5)

and in particular,

[η(0), θ(0)] = lim
n→∞

[ηn(0), θn(0)] = [η0, θ0] in [H]2. (3.6)
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Additionally, taking into account the boundedness of [∂tηn, ∂tθn], we can
compute:

(
|(ητn − ηn)|V ∨ |(η

τn
− ηn)|V ∨ |(θτn − θn)|V ∨ |(θτn − θn)|V

)
(t)

≤
∫

(ti−1,ti)∩(0,T )

(
|∂tηn(r)|V ∨ |∂tθn(r)|V

)
dr (3.7)

≤ τ
1
2
n

(
|∂tηn|L2(0,T ;V ) ∨ |∂tθn|L2(0,T ;V )

)
,

for t ∈ (ti−1, ti) ∩ (0, T ), i = 1, 2, 3, . . . , nτ , and τ ∈ (0, τ∗).

Hence, we obtain the following convergences:

ηn := ητn → η, η
n
:= η

τn
→ η, and θn := θτn → θ, θn := θτn → θ,

in L∞(0, T ;H) and weakly-∗ in L∞(0, T ;V ), as n→ ∞, (3.8)

and in particular,

ηn(t) → η(t), η
n
(t) → η(t), θn(t) → θ(t), θn(t) → θ(t)

in H and weakly in V, for any t ∈ [0, T ]. (3.9)

Now, let us show the pair of functions [η, θ] is a solution to the system
(S)ε. The initial condition is easily confirmed by (3.6). Let us check that
[η, θ] solves the variational inequalities (S1) and (S2). From Lemma 1, the
sequences given in (3.5) and (3.8) fulfill that

∫

I
((∂tηn + g(TMηn) + α′(TMηn(r))γε(∇θn(r))), w(r))H dr (3.10)

+

∫

I
(∇(ηn + µ2∂tηn)(r),∇w(r))[H]N dr =

∫

I
(uτn(r), w(r))H dr,

for any w ∈ L2(0, T ;V ), and

∫

I
(α0(TMηn(r))∂tθn(r), (θn − ω)(r))H dr

+

∫

I

∫

Ω
αM (η

n
(r))γε(∇θn(r)) dxdr (3.11)

+ ν2
∫

I
(∇∂tθn(r),∇(θn − ω)(r))[H]N dr

≤
∫

I

∫

Ω
αM (η

n
(r))γε(∇ω(r)) dxdr +

∫

I
(vτn(r), (θn − ω)(r))H dr,

for any ω ∈ L2(0, T ;V ), and any open interval I ⊂ (0, T ) and n =
1, 2, 3, . . . . Here, set I = (0, t) for t ∈ (0, T ], and w = (ηn − η) in (3.10).
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Then, using (2.1), (3.5) and (3.8), it is observed that:

lim
n→∞

(∫ t

0
|∇ηn(r)|2[H]N dr +

µ2

2

(
|∇ηn(t)|2[H]N − |∇η0|2[H]N

))

≤ lim
n→∞

(∫ t

0
|∇ηn(r)|2[H]N dr + µ2

∫ t

0
(∇∂tηn(r),∇ηn(r))[H]N dr

)
(3.12)

≤− lim
n→∞

∫ t

0

(
(∂tηn + g(TMηn) + α′(TMηn)γε(∇θn))(r), (ηn − η)(r)

)
H
dr

+ lim
n→∞

∫ t

0
(∇(ηn + µ2∂tηn)(r),∇η(r))[H]N dr

+ lim
n→∞

∫ t

0
(uτn(r), (ηn − η)(r))H dr

=

∫ t

0
|∇η(r)|2[H]N dr + µ2

∫ t

0
(∇∂tη(r),∇η(r))[H]N dr

=

∫ t

0
|∇η(r)|2[H]N dr +

µ2

2

(
|∇η(t)|2[H]N − |∇η0|2[H]N

)
.

Moreover, if we take ω = θ in (3.11), then having in mind (2.1), (3.5) and
(3.8), we see that:

lim
n→∞

(∫ t

0

∫

Ω
αM (η

n
(r))γε(∇θn(r)) dxdr +

ν2

2
(|∇θn(t)|2[H]N − |∇θ0|2[H]N )

)

≤ lim
n→∞

∫ t

0

(∫

Ω
αM (η

n
(r))γε(∇θn(r)) dx+ ν2(∇∂tθn(r),∇θn(r))[H]N

)
dr

≤ lim
n→∞

∫ t

0
(−α0(TMηn(r))∂tθn(r) + vτn(r), (θn − θ)(r))H dr (3.13)

+ lim
n→∞

∫ t

0

(∫

Ω
αM (η

n
(r))γε(∇θ(r)) dx+ ν2(∇∂tθn(r),∇θ(r))[H]N

)
dr

=

∫ t

0

∫

Ω
αM (η(r))γε(∇θ(r)) dxdr + ν2

∫ t

0
(∇∂tθ(r),∇θ(r))[H]N dr

=

∫ t

0

∫

Ω
αM (η(r))γε(∇θ(r)) dxdr +

ν2

2

(
|∇θ(t)|2[H]N − |∇θ0|2[H]N

)
.

On the other hand, from (3.8), (3.9) and Fatou’s lemma, we have:

• lim
n→∞

|∇ηn(t)|2[H]N ≥ |∇η(t)|2[H]N , lim
n→∞

|∇θn(t)|2[H]N ≥ |∇θ(t)|2[H]N ,

• lim
n→∞

∫ t

0
|∇ηn(r)|2[H]N dr ≥

∫ t

0
|∇η(r)|2[H]N dr, and (3.14)

• lim
n→∞

∫ t

0

∫

Ω
αM (η

n
(r))γε(∇θn(r)) dxdr≥

∫ t

0

∫

Ω
αM (η(r))γε(∇θ(r)) dxdr.
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Now, by the fact(∗) in Section 2, (3.9), (3.12)–(3.14), and the uniform
convexity of [H]N , we can derive the following convergences as n→ ∞:

|∇ηn(t)|[H]N → |∇η(t)|[H]N , |∇θn(t)|[H]N → |∇θ(t)|[H]N , (3.15)

and therefore, ηn(t) → η(t), θn(t) → θ(t) in V, for all t ∈ [0, T ].

Moreover, from (3.7), (3.15), the boundedness of [∂tητ , ∂tθτ ] in L
2(0, T ;H),

and Lebesgue’s dominated convergence theorem, we find the following con-
vergences as n→ ∞:





• ηn(t), ηn(t) → η(t), θn(t), θn(t) → θ(t) in V,

• ηn → η, θn → θ in L2(0, T ;V ), with

|ηn − η|L2(0,T ;V ), |θn − θ|L2(0,T ;V ) → 0,

(3.16)

Easily, in view of (3.5), (3.8), (3.15) and (3.16), when w = ϕ in V in
(3.10) and ω = ψ in V in (3.11), we let n → ∞ and observe that for any
open interval I ⊂ (0, T ):

∫

I

(
(∂tη + (g(TMη)) + α′(TMη)γε(∇θ))(r), ϕ

)
H
dr

+

∫

I
(∇(η + µ2∂tη)(r),∇ϕ)[H]N dr =

∫

I
(u(r), ϕ)H dr.

and
∫

I
(α0(TMη(r))∂tθ(r), θ(r)− ψ)H dr +

∫

I

∫

Ω
αM (η(r))γε(∇θ(r)) dxdr

+ ν2
∫

I
(∇∂tθ(r),∇(θ(r)− ψ))[H]N dr

≤
∫

I

∫

Ω
αM (η(r))γε(∇ψ) dxdr +

∫

I
(v(r), θ(r)− ψ)H dr.

Since the interval I ⊂ (0, T ) is arbitrary, the limiting pair [η, θ] fulfills (S1)
and (S2) if |η|L∞(Q) ≤M .

Here, let us confirm the L∞-boundedness for the limiting function η,
and for θ when v ≡ 0. Take into account (A2) and (3.4), it follows that:
{
∂tM −∆(M + µ2∂tM) + g(M) + α′(M)|∇θ(t)| ≥ u(t),

∂t(−M)−∆(−M + µ2∂t(−M)) + g(−M) + α′(−M)|∇θ(t)| ≤ u(t),

a.e. on Ω, and for a.e. t ∈ (0, T ).

Hence, applying Lemma 2 with

{
[η1, η2, θ̃, ũ] = [η,M, θ, u] in L2(0, T ;H), [η10 , η

2
0 ] = [η0,M ] in H, and

[η1, η2, θ̃, ũ] = [−M,η, θ, u] in L2(0, T ;H), [η10 , η
2
0 ] = [−M,η0] in H,
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one can see that |η(t)|L∞(Q) ≤M . Also, since any constant function satisfies
the variational inequality (3.1), if we suppose θ0 ∈ L∞(Ω) and v ≡ 0, then
applying Lemma 3 under:





[θ1, θ2, η̃] = [θ, |θ0|L∞(Ω), η] in L
2(0, T ;H),

[θ10, θ
2
0] = [θ0, |θ0|L∞(Ω)] in H, and

[θ1, θ2, η̃] = [−|θ0|L∞(Ω), θ, η] in L
2(0, T ;H),

[θ10, θ
2
0] = [−|θ0|L∞(Ω), θ0] in H,

we obtain that |θ|L∞(Q) ≤ |θ0|L∞(Ω). Therefore, [η, θ] fulfills (S0)–(S2).
Next, we proceed to verify the energy inequality (1.2). Fix s, t ∈ [0, T ];

s < t. For any n = 1, 2, 3, . . . , by summing up the both side of (2.2) for
i = nτn(s), nτn(s) + 1, . . . , nτn(t), it is observed that:

C0

∫ t

s

(
|∂tηn(r)|2V + |∂tθn(r)|2V

)
dr + FM

ε (ηn(t), θn(t)) (3.17)

≤ C0

∫ nτn(t)τn

mτn (s)τn

(
|∂tηn(r)|2V + |∂tθn(r)|2V

)
dr + FM

ε (ηn(t), θn(t))

≤ FM
ε (η

n
(s), θn(s)) +

1

2

∫ nτn (t)τn

mτn (s)τn

(
|uex0 (r)|2H +

1

δ∗
|vex0 (r)|2H

)
dr.

On this basis, owing to the convergences (3.5), (3.15), (3.16), the L∞-
boundedness of η, the estimate (3.17), and Lebesgue’s dominated conver-
gence theorem, letting n→ ∞ yields that:

C0

∫ t

s

(
|∂tη(r)|2V + |∇∂tθ(r)|2V

)
dr + Fε(η(t), θ(t))

≤ lim
n→∞

C0

∫ t

s

(
|∂tηn(r)|2V + |∇∂tθn(r)|2V

)
dr + lim

n→∞
FM
ε (ηn(t), θn(t))

≤ lim
n→∞

FM
ε (η

n
(s), θn(s)) +

1

2
lim
n→∞

∫ nt
τn

τn

ms
τn

τn

(
|uex0 (r)|2H +

1

δ∗
|vex0 (r)|2H

)
dr

= Fε(η(s), θ(s)) +
1

2

∫ t

s

(
|u(r)|2H +

1

δ∗
|v(r)|2H

)
dr.

and hence the solution [η, θ] fulfills the energy inequality.
Now, our remaining task is the verification of uniqueness of solution. The

proof of uniqueness is given in [3, Main Theorem 2], and as in [3, Remark
3.2], the points lie in the pseudo-parabolic regularity θ ∈ W 1,2(0, T ;V )
and the continuous embedding from V to L4(Ω). So, In this article, we
introduce the outline of proof. Let [ηk, θk], k = 1, 2, be the solutions to (S)ε
corresponding to the same initial value [η0, θ0] and forcings [u, v]. Let us
set M0 := |η1|L∞(Q)∨ |η2|L∞(Q), take the difference between the variational
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identities for ηk, k = 1, 2, and put ϕ := (η1 − η2)(t). Then, by using (A1),
(A2), convexity of α and Hölder’s and Young’s inequality, we can compute
as follows:

1

2

d

dt

(
|(η1 − η2)(t)|2H + µ2|∇(η1 − η2)(t)|2[H]N

)
(3.18)

≤ |g′|L∞(−M0,M0)|(η1 − η2)(t)|2H

+
|α′|L∞(−M0,M0)

2

(
|(η1 − η2)(t)|2H + |∇(θ1 − θ2)(t)|2[H]N

)
,

for a.e. t ∈ (0, T ).

On the other hand, we consider putting ψ = θ2 in the variational in-
equality for θ1, and ψ = θ1 in the one for θ2, and adding the both sides of
two inequalities. Then, using (A2), continuous embedding from V to L4(Ω),
and generalized chain rule in BV-theory, we can compute as follows:

1

2

d

dt

(
|
√
α0(η1(t))(θ

1 − θ2)(t)|2H + ν2|∇(θ1 − θ2)(t)|2[H]N

)

≤ |α′|L∞(−M0,M0)

2

(
|(η1 − η2)(t)|2H + |∇(θ1 − θ2)(t)|2[H]N

)

+

(
CL4

V

)2|α′
0|L∞(−M0,M0)

2
(|∂tη1(t)|H + |∂tθ2(t)|V )· (3.19)

·
(
|(η1 − η2)(t)|2H + |(θ1 − θ2)(t)|2V

)
, for a.e. t ∈ (0, T ).

Therefore, putting

J(t) := |(η1 − η2)(t)|2H + µ2|∇(η1 − η2)(t)|2[H]N

+ |
√
α0(η1(t))(θ

1 − θ2)(t)|2H + ν2|∇(θ1 − θ2)(t)|2[H]N , for t ∈ [0, T ],

C3 :=
2
(
|α′|L∞(−M0,M0) + |g′|L∞(−M0,M0) + (CL4

V )2|α′
0|L∞(−M0,M0)

)

1 ∧ δ∗ ∧ ν2
,

it is deduced from (3.18) and (3.19) that:

d

dt
J(t) ≤ C3

(
|∂tη1(t)|H + |∂tθ2(t)|V + 1

)
J(t), a.e. t ∈ (0, T ). (3.20)

(3.20) implies that the solution to (S)ε is unique, and thus, we complete
the proof of Theorem 1.

3.2. Proof of Theorem 2

By setting a large constant M∗ > 0 such that

M∗ ≥ sup
n∈N

(|η0,n|L∞(Ω) ∨ |un|L∞(Q)), and

g(M∗) ≥ sup
n∈N

|un|L∞(Q), g(−M∗) ≤ sup
n∈N

−|un|L∞(Q),
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and applying the same argument in Theorem 1, we obtain |ηn|L∞(Q) ≤M∗

for n = 1, 2, 3, . . . . Also, thanks to Theorem 1, the sequence {[ηn, θn]}∞n=1

satisfies the following energy-inequality for n = 1, 2, 3, . . . :

C0

∫ T

0

(
|∂tηn(r)|2V + |∂tθn(r)|2V

)
dr + Fεn(ηn(T ), θn(T ))

≤ Fεn(η0,n, θ0,n) +
1

2

∫ T

0

(
|un(r)|2H +

1

δ∗
|vn(r)|2H

)
dr. (3.21)

Now, taking into account (1.3), (3.21) and L∞-boundedness of ηn, we
can derive the following boundedness:
− {ηn}∞n=1 is bounded in W 1,2(0, T ;V ) and in L∞(Q),
− {θn}∞n=1 is bounded in W 1,2(0, T ;V ),
By virtue of Aubin’s type compactness theory and variational techniques
used in (3.12)–(3.16), we can find a subsequence {nk} ⊂ {n}; nk ↑ ∞, and
a pair of functions [η̄, θ̄] ∈ [W 1,2(0, T ;V )∩L∞(Q)]×W 1,2(0, T ;V ) fulfilling
the following convergences as k → ∞:

• ηnk
→ η̄ in C([0, T ];H), L2(0, T ;V ), weakly in W 1,2(0, T ;V ),

and weakly-∗ in L∞(Q), (3.22)

• θnk
→ θ̄ in C([0, T ];H), L2(0, T ;V ), weakly in W 1,2(0, T ;V ),

• ηnk
(t) → η̄(t), θnk

(t) → θ̄(t) in V, for all t ∈ [0, T ].

In particular, by (1.3) and (3.22), we see that:

[η̄(0), θ̄(0)] = lim
k→∞

[ηnk
(0), θnk

(0)]

= lim
k→∞

[η0,nk
, θ0,nk

] = [η0, θ0] in [H]2.

Additionally, we can check the pair [η̄, θ̄] satisfies the variational inequalities
(S1) and (S2) by letting k → ∞ in the following (3.23) and (3.24):

∫

I
((∂tηnk

+ g(ηnk
))(t), ϕ)H dt+

∫

I
(∇(ηnk

+ µ2∂tηnk
)(t),∇ϕ)[H]N dt

+

∫

I

∫

Ω
α′(ηnk

(t))ϕγεnk
(∇θnk

(t)) dxdt =

∫

I
(unk

(t), ϕ)H dt, (3.23)

for any ϕ ∈ V , and

∫

I
(α0(ηnk

(t))∂tθnk
(t), θnk

(t)−ψ)H dt+

∫

I

∫

Ω
α(ηnk

(t))γεnk
(∇θnk

(t)) dxdt

+ ν2
∫

I
(∇∂tθnk

(t),∇(θnk
(t)− ψ))[H]N dt

≤
∫

I

∫

Ω
α(ηnk

(t))γεnk
(∇ψ) dxdt +

∫

I
(vnk

(t), θnk
(t)− ψ)H dt, (3.24)

Известия Иркутского государственного университета.
Серия «Математика». 2025. Т. 52. С. 88–104



WEAK SOLUTION TO KWC SYSTEMS OF PSEUDO-PARABOLIC TYPE 103

for any ψ ∈ V and any open interval I ⊂ (0, T ). Therefore, the pair [η̄, θ̄] is
a solution to (S)ε, and we see that [η̄, θ̄] coincides the unique solution [η, θ].

Finally, by the uniqueness of the limit, the convergence (1.4) is verified.
Thus, we complete the proof of Theorem 2.
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