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AnnHorauusa. PaccmarpuBaercst Hesmmueiinoe ypasuenue lllpegunrepa orpumareibHOTO
MOpsiZIKa C HArPYKEHHBIM YJIEHOM B KJiacce mepuommdeckux dyuknwmii. [Tokaszano, dro
TaKOe ypaBHEHHWE MOXKET OBITh NMPOMHTEIPUPOBAHO METOAOM OOpPATHOHN CHEKTPaIbHOMN
zagaan. OnpejesieHa SBOJIIONMS CIEKTPAJIBHBIX JAHHBIX oneparopa upaka ¢ nepuou-
YeCKHUM IOTEHITNAJIOM, CBSI3AHHOIO C pelleHueM HejuHeitHoro ypasHenust [lIpemmarepa
OTPHUIIATEIFHOTO MOPSIKA C HATPYKEHHBIM ieHOM. [loTydeHHble pe3yabTaThl TO3BOJIs-
OT TMPUMEHUTb MeTOoJ OOpaTHON 3aaadu IJjisl pellleHusi HeJuHeitHoro ypasHenust [1Ipe-
JUHTEPA OTPUIATEILHOTO IMOPSIKA C HATPYKEHHBIM WIEHOM B KJIACCE MEPUOTUIECKUX
dyukwmii. [losrydyensr BaxKHBIE CIeACTBUS 00 aHAJUTUYIHOCTA W O MEPUOJIE PEIIEHUs TI0
IPOCTPAHCTBEHHON IepEeMEHHOIA.

KutoueBble ciioBa: HarpyzkeHHoe HejmHeiiHoe ypasHenue [llpenuwHrepa orpuiaresb-
HOI'O TIOpPsJIKA, COJMUTOH, oneparop Jlupaka, obpaTHasl CHeKTpasbHAsl 3aJ/ada, CHCTEMa
ypasaennii /ly6posuna, (popMyJIbl CJIe10B
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1. Introduction

One of the representatives of the class of completely integrable nonlinear
partial differential equations, which has great applied significance, is the
nonlinear Schrodinger equation (NSE). The complete integrability of this
equation by the inverse problem method, in the classes of periodic and
finite-zone functions, was first established in [1;8].

In [7;26], other integrable nonlinear evolution equations with loaded
terms in the class of periodic functions were studied using the inverse
spectral problem method. The use of the (G'/G)-expansion method for
integrating the loaded Korteweg-de Vries equation (KdV), the loaded mod-
ified Korteweg-de Vries equation (mKdV) and the loaded Burger’s equation
is discussed in [2;20;23].

In 1991, J.M. Verosky [25], when studying symmetries and negative
powers of the recursive operator, derived the following KdV equation of
negative order:

<@> +2ppa= 0. (1.1)
D/

S.Y. Lou [15] introduced additional symmetries based on the invert-
ibility of the recursive operator for the KdV equation, and in particular
showed that the negative order KdV equation is equivalent to the system
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INTEGRATION OF THE LOADED NEGATIVE ORDER NSE 93

of equations
4t = 2ppa;,
{ Pzatqp = 0. (12)

In [19], using the inverse scattering problem method, the KdV equation
of negative order was integrated in the class of rapidly decreasing functions.

The KdV equation of negative order with a self-consistent source in the
class of periodic functions was studied in [12;21;22], and in [6] the negative-
even mKdV hierarchy and its soliton solutions were studied. Mixed positive
and negative hierarchies were studied in [5;13].

Hierarchies of the negative-order mKdV equation were studied using
recurrent methods in [17].

In [9], breather solutions of the following mKdV equation of negative

order were studied
(@) +(2°)=0,
q )z

Pre = Q% Qut + 2qput + g = 0.

It is easy to see that by replacing ¢ by iq and using transformationy =
pe+ 5t the mKdV equation of negative order will take the following simpler
form

or

Bz = —q

The mKdV equation of negative order in the class of periodic functions
was studied in [24], and in [18], the negative order mKdV equation was
integrated in the class of rapidly decreasing functions using the inverse
scattering problem method.

In this paper, the inverse spectral problem method is applied to the
integration of the loaded negative order Schrodinger equation (NSE) in the
class periodic functions.

We consider the following loaded negative order nonlinear Schrodinger
equation

Pat = 2pp — @z — () (P*(0, 1) + ¢*(0, 1)),
et = 2pq + pe + () P*(0,8) + ¢*(0,8))px >0, zeR  (1.3)
Mz = 2qqt + 2ppy

=2
{%t W50, zeR.

with conditions

Q(xvt)‘t:() = QO(x)a p(xvt)‘t:() = p()(.%'), M(xvt)‘zzo = :U'O(t)v (1'4)

where, po(t) € C0, o0), po(z),q0(z) and ~(t) € C[0, oo) - given real
functions with period 7, and the function 7(¢) is bounded. It is required to
find the real functions p(z,t), ¢(z,t) and p(z,t) that are periodic in variable
x, where

platm,1) = p(a,t), q(@+m,t) = qla, 1), plo+,t) = p(z,8),t > 0, z€ R,
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and satisfying smoothness conditions:

p(z,t) € CL(t > 0)NCLHt>0)NC(t>0),
q(z,t) € CL(t>0)NCLHEt>0)NC(t>0), (1.5)
plx,t) € CLt>0)NCLE > 0)NC(t > 0).

)
When studying problem (1.3)-(1.5), we use the spectral problem for the
following Dirac operator

d
L(t)y = B% L Qe t)y =Ny, z € R (1.6)

where

0 1 p(z,t) qlz,) yi(z, 1)
B = , Qzx,t) = ’ ’ , Y= ’ )
The purpose of this work is to give a procedure for constructing a so-

lution (q(z,t), p(x,t), u(x,t)) to problem (1.3)-(1.5), within the framework
of the inverse spectral problem for the Dirac equation (1.6).

2. Direct and inverse spectral problems for the Dirac operator
with a periodic coefficient

In this section, we present some basic information concerning the inverse
spectral problem for the Dirac operator with a periodic coefficient [3;4;10;
11;14; 16]. Let us consider the system of Dirac equations on the entire
straight-line

= (53) () (8 2 () (3w emnn

where p(z) and g(x) are real continuous functions from class C!(R), which
has period 7, and a complex parameter .
Let us denote by

oz, \) = (c1(z, N), ca(z, AT and  s(z, A) = (s1(, N), s2(x, A) T

solutions to equation (2.1) satisfying the initial conditions c¢(0, \) = (1, 0)”
and s(0,\) = (0, 1)T. Function A(\) = ci(m, ) + sa(m, A) is called the
Lyapunov function or the Hill discriminant for the Dirac operator (2.1).
The spectrum of the operator (2.1) consists of the following set

n=—oo
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The intervals (Aon—1, Aop), n € Z are called lacunes.

The roots of the equation si(m,A\) = 0 we denote by &,, n € Z. The
numbers &,, n € Z coincide with the eigenvalues of the Dirichlet problem
y1(0) = 0,y1(m) = 0 for system (2.1) and the relations &, € [Aan—1, Aon],
n € Z are satisfied.

Numbers &, € [Aan—1,Aon], 7 € Z and signs

Op = Sign {Sz(ﬂ,{n) - 01(7r, fn)} )

n € Z are called spectral parameters of problem (2.1). Spectral parameters
&n, On, n € Z and spectrum boundaries \,, n € Z are called spectral data
of problem (2.1). Finding the spectral data of problem (2.1) is called a
direct problem, and recovering the coefficients p(z) and ¢(z) from spectral
data is called an inverse problem.

If in the problem (2.1) we consider p(x + 7) and ¢q(z 4 7) instead of p(x)
and ¢(x), then the spectrum of the resulting problem does not depend on
the parameter 7: A\, (7) = A\, n € Z, and the spectral parameters depend
on the parameter 7:£,(7), 0,(7), n € Z. These spectral parameters satisfy
an analog of the Dubrovin’s system of equations:

%:(*1”71%(7)%(5(7)) {2€n(7') tz_oo()\%—1+)\2k2€k(7))} € Z,
where

h(€) =V (&a(T) = Azn—1) 2 — &u(7)):

7 (A2 — &(7) Dok — &(7))
H (fk(’r) - §n(7'))2 .

The sign 0,,(7) — changes to the opposite at each collision of £, (7) with
the boundaries of its lacuna [Ag,—1, A2y
Dubrovin’s system of equations, as well as the following trace formulas

00 Aok—1+A 00 n—
p(r) = Lo (225122 — (7)) a(r) = 000 (<) o) (€(7)
give the method for solving the inverse problem.

Lemma 1. If the vector function (y1, y2)" is a solution to the system (2.1),
then the following identities hold:

1 1
2yoy1 = 5[2/% —yil + Xq(y% +y3) (2.2)
1 1
Y —yi = S vl + Xp(y% +v3) (2.3)
1
—[y5 +yil = qa(yi — v3) — 2py1ye. (2.4)

2
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3. Evolution of spectral parameters

The main result of this work is the following theorem.

Theorem 1. Let (p(z,t),q(x,t), u(z,t)) be the solution to problem (1.3)-
(1.5). Then the spectrum of operator (1.6) does not depend on the parame-
tert, and the spectral parameters &, = &,(t), n € Z\{0} satisfy an analogue
of the Dubrovin system of equations:

_ 1
&

x {ae(0,1) + p(0,8) + (=p(0, 1) — &) (L + () (P*(0,1) +¢*(0,1))} . (3.1)

The signs o, (t) = £1 change each time a point &, (t) collides with the bound-
aries of its lacuna [Aan—1, Aayn]. Moreover, the following initial conditions
are satisfied

Sn (=1)"on(t)hn(§) x

En(t)li—o = 5701’ on(t)|i—o = Jroz’ n € Z\{0} (3.2)
0

where €2, 0% n € Z\{0} are the spectral parameters of the Dirac operator
with coefficients po(x), qo(x).

Proof. Let us denote by yn(z,t) = (yn,1(z,1), ymg(x,t))T, n € Z, the or-
thonormal eigenvector functions of the Dirichlet problem for equation (1.6),
corresponding to the eigenvalues of &,(t), n € Z.

Differentiating the identity &,(t) = (L(t)yn,yn) with respect to t and
using the symmetry of the operator L(t), we have

Sn = (Q(:C’ t)yna yn) (3'3)
Using an explicit dot product

X

0. = [ n@a) +m@a@l y= (10 ) o= (20,

we rewrite equality (3.3) in the form

™
&n = / (Y2 1 — Y2 .2)Pt + 2Yn,1Yn,2 ¢)da. (3.4)
0

Using formula (2.2) and (2.3) we obtain the following equality

. 1 ™ 1 -
&, = 5—/ (yn,lyn,Q)/ptdx + 5—/ (yf%2 + yg,l)pptdx—l—
n Jo wJo
1 ™ 2 2 / 1 s 9 )
f/ (Yn2 = Yn,1) @rdz + 5—/ (Y2 + Yn1)aqdr, n € Z\{0}, (3.5)
n JoO w Jo
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The equality (3.5) can be rewritten as

1

. 1 T
&n = 25”[%2(77 i) — ynQ(O t)]q:(0,t) — fn/ (Yn,1Yn,2)Pardr—

1 s s

3 | e vioaade + = [Ra 02 ) 0m + an)d.
n n

From the system of equation (1.3) we have

=B =20 — g — () @2(0,1) + ¢2(0,8))qa,

PPt + qqt 5

Got = 2q1+ P + (1) (P* (0, 1) + ¢*(0,))pa- (3.6)

Hence,
1

26n

9 T T ) )

5_ / Yn,1Yn, QPIU’dx - 5_ / (yn,Q - yn,l)qudx+
n n

+— | (Wn,1Yn2)qedx — (yn,z — Yn1)PxdT—
0 2571

€n = Y2 o(m,t) — yp 5(0, )] (0, ) —

&n

—l—'y(t)(p?(o, t) + q2(0, t)) /” {;n (Yn,1Yn,2)qz 22
+or / "2y R ada (3.7)

We integrate the last integral by parts

(2o — yi,l)px} da+
n

1 T
11:—/ Yo+ Yn1)Hada =
25" 0 ( ,2 71)
1 2 2 1 " 2 2/
= 25 [yn,2(77’ t) - yn,Q(O’ t)] (0 t) 25 (y2,n + yl,n) de (38)

Based on (2.4), equality (3.8) will take the form

o %[yig(m) 250,60, 1)+

1

T 2 T
+— / (V3. — Yin)auds + — / Y12, nppde. (3.9)
gn 0 Sn

Now consider the third and fourth integrals in equality (3.7):

1

iy 1 T
I = —/ (Yn,1Yn,2)qudr — / (Yo — p 1 )Padx =
Sn 0 2511
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%[ygzﬂ(ﬂ', t) — ygg(o’ t)]p((), t)+

1 ™
+§_ / ((Yn,2P = Yn19)Yn 2 — (YUn1D + Yn.20)Yn 1) dz. (3.10)
n JO

From equation (1.6) the following equalities follow:

Yn 1+ Enln2 = qYn,1 — DYn,2
Snyn,l - y;L,Q =PYn,1 + qYn,2 -

Using these identities, we get

1" 1 [T, B
12—§_n/0 (yn lynZ)Qxdm 2§n/ (yn,2 yn’l)pxdx_
1
= g Wna(mt) = un2(0.D](=p(0.) &) (3.11)

Now let’s calculate the fifth integral in equality (3.7):

" 1

2; 2.2(m.1) — 92200, D)(~p(0,1) — €0) (312)

From (3.7), (3.9), (3.11) and (3.12) we deduce that

alt) = 5l alm )~ 122(0.0)] %

x {g1(0,1) + p(0,8) + (=p(0,8) — &) (1L + () (p* (0, 1) + ¢°(0, 1)) } ,
n € Z\{0}. (3.13)
Let us denote by s(z,\,t) = (s1(z, A\, t), sa2(z, A\, 1)) the solution of equa-
tion (1.6) satisfying the initial conditions s(0, A\, ¢) = (0, 1)7. From equality

/ (2@, A1) + 32 A )] de
0

832(7r,)\,t) 681(7T,)\,t)
[ oA\

we find a formula for the norm of the eigenvector function s(x,&,(t),t) of
the Dirichlet problem (1.6), (2.4), corresponding to the eigenvalue &, (¢):

= Sl(T(,)\,t) - 32(71',)\’13)

20 = [ 60,0 + Fn&a(0).0)ds =
0

= _WQ(W’&#)’Q (3.14)
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Using equality y,(z,t) = —L=s(x,&,(t),t) and (3.13) we get

cn(t)
s3(m, n(t),t) =1
20

so(, gn(t)v t) B m

y121,2(7r7 t) - y121,2(07 t) =

- D31 (mn(),) (3.15)
[}
Substituting values z = m and A = &,(t) into identity
cr(z, A\ t)sa(z, N\ t) — calx, A\ t)s1(x, A\ t) =1,
we find )
ci(m, &n(t), 1) = (3.16)

s2(m, &n(t), 1)
Taking into account the equality (3.16) and the following identity

[er(m, A\ t) — sa(m, A, 1)]2 = (A2(N) — 4) — dea(m, N, t)s1(m, A, 1),

we write

53, En(t), 1) — m o (VAT ) — 4, (3.17)

where
AN =cr(m, N\ t) + sa(m, A t), 00 (t) = sign {sa(m,&(t),t) — c1(m, & (), 1)} .
From (3.15) and (3.17) we deduce

on () /A2 (n(t)) — 4

2 2 _
yn,Q(ﬂ-’ t) - yn,Q(Oa t) - Bs1(m,En (1) 1) : (3'18)
oA
Using the following expansions
(A= A1) (A = Agp) = A
A%2(\) —4 = —47? ( 2k—1 ,si(mo A t)=m ,
» A= 17

where ag = 1 and ap = k when k # 0, the equality (3.18) can be rewritten
as follows:
Yno(m,) = yn 2(0,) = 2(=1)" 0 ()1 (§). (3.19)

At the same time, we used the equality

sign - H L%Sn = (=1L
= —00

k#mn
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Substituting expression (3.19) into identity (3.13) we derive (3.1).

If we replace Dirichlet boundary conditions with periodic y(7) = y(0) or
antiperiodic y(m) = —y(0) boundary conditions, then instead of equation
(3.13) we have A, = 0. This means that the eigenvalues \,, n € Z of the
periodic and anti-periodic problems do not depend on the parameter t. [

Corollary 1. If we consider p(x,t) and q(z,t) instead of p(x + 7,t) and
q(z +7,t), then the eigenvalues of the periodic and antiperiodic problem do
not depend on the parameters T, t, and the eigenvalues &, of the Dirichlet
problem and the signs oy, depend on T, t: &, = &, (7,1), op = op(7,t) =
+1, n € Z. In this case, the signs o,(1,t) = £1 change, when a point
&n(T,t) collides with the boundaries of its lacuna [Aan—1, \op], and system
(3.1) will take the form

& 1 n
B §_n(_1) (7, 6)hn (€)%
< {qe(rt) + p(r,t) + (—p(7,t) = &u(m, 1) (1 + v(1) (2% (0,1) + ¢*(0,1))) } ,
n e Z\{0}, (3.20)
En(T )| i—o = E0(7), on(T,t)|,—g = on(7) ,n € Z\{0} (3.21)

Using the trace formula

(e o]

g(r,t) = Y (=1)"on (7, )hn(€) (3.22)
Pt = 3 (P a) (3.23)
and the equality p, = 2pp: + 2qq:, we get
wlr )= 3 () o 2l 321
& At
pe=-— nz_:oo T (3.25)
(rot) = polt) +2 (s, O, t) +als, (s, D)ds (3.26)

Corollary 2. This theorem provides a method for solving problem (1.3)-
(1.5). To do this, we first find the spectral data A, £2(7), 0%(7), n € Z of

n
the Dirac operator corresponding to the potential qo(x+7), po(z+7). Next,
by solving the Cauchy problem (3.20)-(3.21) when 7 = 0 we find £,(0,t) and

on(0,t), n € Z. Using these data we will find q(0,t), p(0,t). After this, we
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substitute the expression for q(0,t), p(0,t), into equation (3.20) and solving
the Cauchy problem for an arbitrary T value, we find &,(7,t) and op(7,t),
n € Z. After this, using the trace formulas (3.22) and (3.23), we find the
solutions p(x,t) and q(x,t) of problem (1.3)-(1.5), and then from formula
(3.26) we determine u(x,t).

Corollary 3. Using the results of work [10], we conclude that if the initial
functions po(x) and qo(x) are real analytical functions, then the components
of the solution p(x,t) and q(x,t) are real analytical functions in x.

Corollary 4. If the number % is the period for the initial function po(z)
and qo(x), then all the roots of the equation A(X)+2 = 0 are twice multiple.
Since the Lyapunov function corresponding to the coefficients p(x,t) and
q(z,t) coincides with A(X), then according to Borg’s converse theorem [11],

the number § is also a period for both the solution p(x,t) and q(z,t) in the

variable x.

Corollary 5. If the number % is an antiperiod for the initial function po(x)
and qo(x), then all the roots of the equation A(N) —2 = 0 twice multiple.
Since the Lyapunov function corresponding to the coefficients p(z,t) and
q(z,t) coincides with A(N), then [3] it follows that the number is also an
antiperiod for solutions p(x,t) and q(x,t) in the variable x.
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