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Abstract. Infinite groups with finiteness conditions for an infinite system of subgroups
are studied. Groups with a condition: the normalizer of any non-trivial finite subgroup is
a layer-finite group or the normalizer of any non-trivial finite subgroup has a layer-finite
periodic part are studied for beginning in the locally finite class of group, then in the
class of periodic groups of Shunkov and finally in the class of Shunkov groups which are
contain a strongly embedded subgroup with an almost layer-finite periodic part. The
group G is called the Shunkov group if for any prime p and for every finite subgroups H
from G any two conjugate elements of order p from the factor-group Ng(H)/H generate a
finite subgroup. Results for almost layer-finite groups and groups with almost layer-finite
periodic part are transferred to layer-finite groups and groups with layer-finite periodic
part. New characterizations of layer-finite groups and groups with layer-finite periodic
part are obtained.
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Hayunasa crarnsa

CJioiiHasi KOHEYHOCTh B HEKOTOPBIX I'pynmax

B. . Cenamos!®

UNucruryT Borauciaurensaoro mogeauposanus CO PAH, Kpacuosipek, Poccuiickas ®e-
Jiepanust
= senll12home@mail.ru

Awnnorarusi. M3ygatorcss GeCKOHEUHBIE TPYIILI C YCIOBUSIMA KOHEYHOCTH JJIsi GECKO-
HEYHON CHCTEMBI MOATrPYNH. ['Pynmbl ¢ yCIoBrEM: HOPMAJIN3ATOP JII000# HETPUBUAIBLHOMN
KOHEYHOU TOJIIPYIIIBI SIBJISIETCST CJIOWHO KOHEYHOU IPYNIION MJIM HOPMAJIH3ATOD JIH0OO0I
HETPUBUAJIBHOII KOHEYHOU NMOArPYIIILI UMeeT CJIOHHO KOHEeYHYIO IepPUOAUYECKYIO YacTb,
U3y9aloTCA CHadaJsla B KJIACCE JJOKAJIbHO KOHEYHBIX I'PYIII, 3aTEM B KJIACCE EPUOIUICCKIAX
rpymm llynkosa u, Hakorer, B Kitacce rpynn llynkosa, comepKammux CHIBHO BIOKEHHYIO
MOATPYIILY € TOYTH CJIONHO KOHEYHOW MEPUOINIECKO dacTbio. I'pynma G Ha3bIBAETCsT
rpynnoit Ilyakosa, ecyim /1151 J1I060r0 IIPOCTOrO YUCIA P U 17151 JII000# KOHEYHOM ITOATPYII-
et H n3 G mo6ble 1Ba CONPSI?KEHHBIX dJIEMEHTa Topska p u3 dbaxrop-rpynust Ng(H)/H
MIOPOK/TAI0T KOHEYHYIO IOArpYyIIy. Pe3yapTaTsl 1 IOYTH CJIOHHO KOHEYHBIX I'DYII U
TPYLII C IIOYTHU CJIOMHO KOHEYHOI IIEPUOAUICCKON JaCThIO IIEPEHOCATCA Ha CJIOMHO KOHEU-
HbIE I'PYIIIbI ¥ I'PYIIILI CO CJIOWHO KOHEYHOU IMepruoutdecKoil yacThio. Ilosydennbl HOBbIE
XapaKTepU3alluy CJIOMHO KOHEUYHBIX I'DYIII U I'PYIII CO CJIOMHO KOHEYHON INEePUOAUICCKONA
JacThIO.

KuaroueBbie ciioBa: mepuoindecKasi 9acTh, CJIOWHO KOHEYHAsl TPYINa, MOYTH CJIOWHO
KOHeYHas rpynmna, rpynmna [Ilyakosa
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1. Introduction

Infinite groups with finiteness conditions include periodic, locally finite
groups. Later, finiteness conditions appeared for a system of subgroups,
which include the conjugately biprimitively finite groups [16] we are study-
ing, or, in modern terminology, Shunkov groups. This paper continues
to study the question of how the properties of subgroups influence the
structure of the group. O. Yu. Schmidt was the first to consider such issues
in our country (see, for example, [15]).

We recall some necessary definitions:

Definition 1. A layer-finite group is a group whose set of elements of any
given order is finite.

WsBectus pkyTcKOro rocy1apCTBEHHOTO YHUBEPCUTETA.
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LAYER-FINITENESS OF SOME GROUPS 147

The concept of a layer-finite group first appeared without a name in
the work of S. N. Chernikov [8], then in his subsequent works layer-finite
groups received a complete description (see, for example, [9]).

Definition 2. An almost layer-finite group is an extension of a layer-finite
group by a finite group.

Definition 3. By the periodic part of a group we mean the set of its
elements of finite order if the latter is a group [3].

Definition 4. The group G is called the Shunkov group if for any prime
p and for every finite subgroups H from G any two conjugate elements of
order p from the factor-group Ng(H)/H generate a finite subgroup.

The author noted that a number of results for almost layer-finite groups
and groups with almost layer-finite periodic part are easily transferred to
layer-finite groups and groups with layer-finite periodic part.

Recently, a number of works have also been devoted to the study of
Shunkov groups [1;2;10-14].

2. Main results

V. P. Shunkov proved the next Theorem

Theorem 1. (V. P. Shunkov, Theorem 1 from [4]). A locally finite group
G if and only if is almost layer-finite if G satisfies the condition: the
normalizer of any non-trivial finite subgroup of G is an almost layer-finite
group.

On the base of this result we will prove

Theorem 2. A locally finite group G if and only if is layer-finite if G
satisfies the condition: the normalizer of any non-trivial finite subgroup of
G is a layer-finite group.

Proof. Let G be a locally finite group and the normalizer of any non-trivial
finite subgroup of G is a layer-finite group. By Theorem 1, the group G
is almost layer-finite. Since in an almost layer-finite group there is a finite
normal subgroup, then the normalizer of this subgroup is layer-finite by
conditions of the theorem and so G is layer-finite group. The theorem is
proved. O

Previously, the author characterized groups with a condition: the nor-
malizer of any non-trivial finite subgroup of G is an almost layer-finite
group or has an almost layer-finite periodic part. Shunkov’s groups with
such condition was studied under additional restrictions: either the periodic
group contains a strongly embedded subgroup [5], or the periodic group
does not contain subgroups of the form PSLy(q) [6], or the group contains
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a strongly embedded subgroup with a Chernikov periodic part, the periodic
group contains a strongly embedded almost layer-finite subgroup, or the
group contains a strongly embedded subgroup with an almost layer-finite
periodic part [7].

Theorem 3. (V. I Senashov, [5]). Let periodic group of Shunkov G
contains a strongly embedded subgroup. If in G the normalizer of any non-
trivial finite subgroups is almost layer-finite, then the group G is almost
layer-finite.

This Theorem we can formulate for layer finiteness of group and sub-
groups instead of almost layer finiteness.

Theorem 4. Let periodic group of Shunkov G contains a strongly embed-
ded subgroup. If in G the normalizer of any non-trivial finite subgroups is
layer-finite, then the group G is layer-finite.

Proof. Let G be a periodic group of Shunkov and in G the normalizer of
any non-trivial finite subgroups is layer-finite. By Theorem 3 the group G
is almost layer-finite. Since in an almost layer-finite group there is a finite
normal subgroup, then the normalizer of this subgroup is layer-finite by
conditions of the theorem and so G is layer-finite group. The theorem is
proved. ]

The following two theorems characterize almost layer-finite groups in the
class of periodic Shunkov groups under additional restrictions: in Theorem
5 in the absence of third-order elements in the group, and in Theorem 6
under a weaker restriction in the absence in the group of subgroups of the
form PSLy(q).

Theorem 5. (V. I. Senashov, [6]). Let G be a periodic Shunkov group
without third order elements. If in G the normalizer of any non-trivial finite
subgroup is almost layer-finite, then the group G is also almost layer-finite.

Theorem 6. (V. I. Senashov, [6]). Let G be a periodic Shunkov group
without subgroups of the form PSLs(q). If in G the normalizer of any non-
trivial finite subgroup is almost layer-finite, then the group G is also almost
layer-finite.

These two theorems can similarly be reformulated for layer-finite groups
instead of almost layer-finite groups.

Theorem 7. Let G be a periodic Shunkov group without third order ele-
ments. If in G the normalizer of any non-trivial finite subgroup is layer-
finite, then the group G is also layer-finite.

Theorem 8. Let G be a periodic Shunkov group without subgroups of the
form PSLy(q). If in G the normalizer of any non-trivial finite subgroup is
layer-finite, then the group G is also layer-finite.

WsBectus VpkyTcKOro rocylapcTBEHHOTO YHUBEPCUTETA.
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The proofs of Theorems 7 and 8 are similar to the proof of Theorem 4.

Let us present another theorem for the Shunkov group with strongly
embedded subgroup with an almost layer-finite periodic part in which nor-
malizer of any non-trivial finite subgroup has an almost layer-finite periodic
part.

Three articles of the author are devoted to the proof of the following
theorem.

Theorem 9. (V. I Senashov, [7]). Let a Shunkov group contains a
strongly embedded subgroup with an almost layer-finite periodic part. If in
the group the normalizer of any non-trivial finite subgroup has an almost
layer-finite periodic part, then the group itself has an almost layer-finite
periodic part.

This Theorem we can formulate for layer finiteness of periodic parts of
group and periodic parts of subgroups instead of almost layer finiteness of
them.

Theorem 10. Let a Shunkov group contains a strongly embedded subgroup
with an almost layer-finite periodic part. If in the group the normalizer of
any mon-trivial finite subgroup has a layer-finite periodic part, then the
group has a layer-finite periodic part.

Proof. Let G be a group of Shunkov with strongly embedded subgroup with
an almost layer-finite periodic part in which normalizer of any non-trivial
finite subgroup has a layer-finite periodic part. By Theorem 9 the group G
has an almost layer-finite periodic part P. Since in an almost layer-finite
group P there is a finite characteristic subgroup K, then the normalizer of
the subgroup K coincide with the group G and has a layer-finite periodic
part by conditions of the theorem. So G has a layer-finite periodic part.
The theorem is proved. O

Despite the ease of proof, the results obtained are new. Previously, sim-
ilar results were obtained with restrictions on soluble subgroups. Without
using Theorem 9, the proof of Theorem 10 would be quite long (the proof
of the similar theorem of the author takes up 12 journal pages).

3. Conclusion

New characterizations of layer-finite groups and groups with layer-finite
periodic part are obtained.

References

1. Durakov B.E. On groups saturated by finite Frobenius groups with com-
plements of even orders. Algebra and Logic, 2021, vol. 60, pp. 560-574.
https://doi.org/10.33048/alglog.2021.60.604 (in Russian)



150

10.

11.

12.

13.

14.

15.

16.

V.I. SENASHOV

Durakov B.E., Sozutov A.I. On groups with involutions saturated by fi-
nite frobenius groups. Sib. Math. J., 2022, vol. 63, pp. 1256-1265.
https://doi.org/10.33048 /smzh.2022.63.607 (in Russian)

Kurosh A.G. Group theory. Moscow, Science Publ., 1967, 648 p.

Senashov V.I., Shunkov V.P. Almost layer finiteness of the periodic part of a
group without involutions. Discrete Math., 2003, vol. 15, no. 3, pp. 91-104.
https://doi.org/10.4213/dm208 (in Russian)

Senashov V.I. Structure of an infinite Sylow subgroup in some periodic Shunkov
groups. Discrete Math., 2002, vol. 14, pp. 133-152. https://doi.org/10.4213/dm268
(in Russian)

Senashov V.I. Characterization of Shunkov groups. Ukranian math. journal, 2008,
vol. 60, pp. 1110-1118. (in Russian)

Senashov V.I. On groups with a strongly embedded subgroup that has an almost
layer-finite periodic part. Ukranian math. journal, 2012, vol. 64, pp. 384-391. (in
Russian)

Chernikov S.N. On the theory of infinite p-groups. Dokl. Academy of Sciences of
the USSR, 1945, pp. 71-74. (in Russian)

Chernikov S.N. Groups with given properties of systems of subgroups. Moscow,
Nauka Publ.,384 p.

Shlepkin A.A. On Shunkov groups saturated by general linear groups. Sib. Math.
J. 2016, vol. 57, pp. 222-235. https://doi.org/10.17377/smzh.2016.57.116 (in
Russian)

Shlepkin A.A. On one sufficient condition for the existence of a periodic part in
the Shunkov group. The Bulletin of Irkutsk State University. Series Mathematics,
2017, vol. 22, pp. 90-105. https://doi.org/10.26516/1997-7670.2017.22.90
Shlepkin A.A. On a periodic part of a Shunkov group saturated with wreathed
groups. Trudy Instituta Matematiki i Mekhaniki UrO RAN, 2018, vol. 24, pp. 281—
285. https://doi.org/10.21538 /0134-4889-2018-24-3-281-285 (in Russian

Shlepkin A.A. On the periodic part of the Shunkov group saturated with linear
groups of degree 2 over finite fields of even characteristic. Chebyshevskii Sbornik,
2019, vol. 20, pp. 399-407. https://doi.org/10.22405/2226-8383-2019-20-4-399-407
(in Russian)

Shlepkin A.A. On Sylow 2-subgroups of Shunkov groups saturated with L3(2™)
groups. Trudy Instituta Matematiki © Mekhaniki UrO RAN, 2019, vol. 25, pp. 275—
282. https://doi.org/10.21538,/0134-4889-2019-25-4-275-282 (in Russian)

Shmidt O.Yu. Groups all of whose subgroups are special. Math. Sbornik, 1924, no.
31, pp. 366-372. (in Russian)

Shunkov V.P. On Chernikov p-groups. All-Union Algebraic Symposium. Abstracts
of reports, 1975, pp. 189-190. (in Russian)

CHOmncok MCTOYHUKOB

Hypakos B. E. O rpynmnax, HaCbIIeHHBIX KOHedHbIMH rpymnnamu Ppobenuyca ¢
JIOIOJIHEHUSIMU YETHBIX T0opsifKkoB // Asnrebpa u soruka. 2021. T. 60. C. 560-574.
https://doi.org/10.33048/alglog.2021.60.604

Hypakos B. E.,; CozyroB A. 1. O rpynmnax ¢ WHBOJIIOIUSMY, HACBHIIIEHHBIMA KO-
HeuHbiMu rpymmavu Ppobennyca // Cubmpckuii MmaTeMaTwaeckuii xKypHas. 2022.
T. 63. C. 1256-1265.

Kypomr A. I'. Teopusi rpynm. M. : Hayka, 1967. 648 c.

https://doi.org/10.33048 /smzh.2022.63.607

WsBectus VpkyTcKOro rocy1lapcTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukay. 2024. T. 48. C. 145-151



10.

11.

12.

13.

14.

15.

16.

LAYER-FINITENESS OF SOME GROUPS 151

Cenamos B. 1., Ilyukos B. I1. [TouTu ciioitHas KOHEYHOCTH IEPUOAMIECKON IACTH
rpynusl 6e3 nuposttonuii // JTuckpernast maremaruka. 2003. T. 15, Ne 3. C. 91-104.
https://doi.org/10.4213/dm208

CenamoB B. 1. Ctpoenne 6eCKOHEYHOI CHJIOBCKOM MOATPYIIIBI B HEKOTOPBIX TIe-
puonndecknx rpynmnax lynkosa // Juckpernas maremarnka. 2002. T. 14, Ne 4.
C. 133-152. https://doi.org/10.4213 /dm268

Cenamos B. 1. Xapakrepusanuu rpynn Ilyrnkosa // YKkpansckuii MaremMaTade-
ckmit )xypuaj. 2008. T. 60, Ne 8. C. 1110-1118.

Cenamos B. 1. O rpymnmax ¢ CHJIBHO BJIOKEHHOH MOATPYIION, MMEIOIIEH I10-
YTH CJIOHHO KOHEYHYIO IIepUOAnYecKasl 4acTb // YKpaWHCKUl MaTeMaTHYecKuii
xypHaia. 2012, T. 64, Ne 3. C. 384-391.

Yepuukos C.H. K teopun 6Geckoneunvix p-rpynn // Hoka. AH CCCP. 1945.
C. 71-74.

Yepuukos C. H. I'pynmbl ¢ 3amanabiMu cBoiictBamu cucreM noarpymm. M. : Hayka,
1980. 384 c.

Ienkun A. A. O rpynnax [IlyHkoBa, HACBIIEHHBIX OOIIUMU JINHEHHBIMY DYy
namu // Cubmpckuit maremarmaeckuii xkKypuasa. 2016. T. 57. C. 222-235.
https://doi.org/10.17377 /smzh.2016.57.116

Hrenkun A. A. O6 oHOM JOCTATOYHOM YCJIOBUU CYIIECTBOBAHUS IIEPUOIUIECCKOM
gactu B rpymne [lyuakosa // U3sectust IpKyTCKOro rocy1apCTBEHHOIO YHUBEPCU-
rera. Cepust Maremaruka. 2017. T. 22. C. 90-105. https://doi.org/10.26516,/1997-
7670.2017.22.90

Ilrenkun A. A. O nepuogudyeckoii yactu rpynnsl [IlyHKOBa, HACBIIIEHHOM CILIE-
rernbiMu rpymnamu // Tpyasr UMM VpO PAH. 2018. Ne 3(24). C. 281-285.
https://doi.org/10.21538,/0134-4889-2018-24-3-281-285

IInenkus A. A. O nepuogmueckoit 4actu rpynnsl 1IIlyHKOBa, HACBIIEH-
HOI JIMHEMHBIMU IpYIIIAMU CTENeHW 2 HaJi KOHEYHBIMU IIOJISIMM YEeTHON Xa-
pakrepuctuku // Yebbmmesckmii cbopmmk. 2019. T. 20, Ne 4. C. 399-407.
https://doi.org/10.22405/2226-8383-2019-20-4-399-407

IInenkun A. A. O cmnosckux 2-mogrpynmax rpymn [IlynkoBa, HACBIIIEHHBIX
rpymmamua L3(2™) // Tpymer UMM YpO PAH. 2019. T. 25. C. 275-282.
https://doi.org/10.21538,/0134-4889-2019-25-4-275-282

IIImugr O. FO. I'pynmsl, Bece NOArPYINIBI KOTOPBIX clienuaiabHble // Maremarnde-
ckuii coopuuk. 1924. Ne 31. C. 366-372.

ITynkos B. II. O yeprukoBckux p-rpynmnax. Bcecorwosnwili anazebpauseckuti cumno-
3uym : te3. gokia. Lomens, 1975. C. 189-190.

O6 aBTOpax About the authors

CenamtoB Biaagunmup BanoBud, Vladimir I. Senashov, Dr. Sci.
J1-p dus.-mar. Hayk, upod., Muacruryr (Phys.—Math.), Prof., Institute of
peraucsmuTesbHOro Mogemposanus CO  Computational Modelling SB RAS,

PAH, Kpacuosipck, 660036, Krasnoyarsk, 660036, Russian
Poccniickas @eneparnus, Federation, sen1112home@mail.ru
senll12home@mail.ru https://orcid.org/0000-0001-8487-5688

https://orcid.org/0000-0001-8487-5688

ITocmynuaa 6 pedaxyuro / Received 07.12.2023
Hocmynuaa nocae peuensuposanus / Revised 30.01.2024
Hpunama x nybaukayuy / Accepted 07.02.2024



