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KOTOpPOH MCTHUHHOCTHas (PYHKIMs 00Ja/1aeT cBoficTBaMU HedeTKOW Mepbl. IlokasbiBaer-
Csl, 9TO HEUYETKAsI MOJEJb SIBJISIETCsT 0000IIeHeM MOHsITHS (ha3udUKaIUN TPeIeIeHTHON
(cemMaHTHYIECKOM) MOZIEIN HA CJIydall CUETHOTO YUCJA HMPENEIEHTOB. BBOAATCH MOHATHUS
COTJIACOBAHHOI'O ¥ JIOKAJBHO COIVIACOBAHHOI'O O3HAYMBAHUS MHOYKECTBA IIPE/IJIOZKEHMIA,
JIOKa3BIBAIOTCS TeOpeMbl 00 MHTEPBAJIAX ¥ AHAJIOI TEOPEMbI KOMIIAKTHOCTH.

KirroueBble cjioBa: HedeTKasi MO/IeJ1b, TeOPpUsl HEYETKUX MO,ZLe.HefI, HedeTKasd Mepa, CO-
TJIaCOBaHHOE€ O3HAaYUBaHHE, JIOKAJIBHO COIVIACOBAHHOE O3HaAYHNBaHHUE
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1. Introduction

Artificial intelligence (AI) plays a crucial role in various fields of activ-
ity that have adopted new information technologies. The importance of
intelligent machines that can learn, reason, and adapt is widely recognized.
These capabilities enable Al methods to achieve remarkable performance
and solve increasingly complex computational problems [12]. However, the
complexity of Al-based systems has reached a point where human inter-
vention is almost unnecessary for their development and deployment. This
raises concerns, especially when these systems make decisions that impact
people’s lives, such as in the field of medicine [7].

As the use of black box models for critical predictions becomes more
prevalent, there is a growing demand for transparency in Al systems. The
risk lies in using solutions that lack justification, legality, or detailed expla-
nations of their behavior [2].

It is now understood that focusing solely on performance can lead to
increasingly opaque systems. There is a trade-off between model perfor-
mance and transparency. It is essential to interpret the system to under-
stand its mechanisms, generated predictions, visualize its rules, and identify
potential pitfalls that could undermine the model.

One approach to developing trustworthy Al is to employ logical-semantic
methods, particularly semantic models. A four-level semantic model of
knowledge representation has been proposed in previous work [8]. The
modeling process of any object domain starts with describing the concepts
of the subject area at the first level of the semantic model [10]. Selecting
an appropriate set of concepts for domain description is a crucial step in
conceptual modeling. It should be easily understood by domain experts and
ideally accessible to a broader group of specialists for describing domain
constituents [5;6].
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However, the further description can continue by starting with the for-
malization of any of the remaining levels. For example, when describing
mathematical object domains, it is customary to start from the second
level of formalization, which involves describing the set of axioms for a
given object domain.

Another empirical approach is to form a database of precedents in the
object domain and statistically process this database [3]. The analysis of
formal concepts methodology is striking example of such an approach to
knowledge representation [4]. Knowledge is formalized in the form of a
formal context and then subjected to various statistical processing.

From a model-theoretic perspective, the empirical approach to con-
structing a semantic model is described using the language of precedent
and Boolean valued models [13;14]. This paper continues research in this
direction and introduces the concept of a fuzzy model, where the truth
function has the properties of a fuzzy measure [1]. It is shown that a fuzzy
model is a generalization of the concept of fuzzification of a case model to
a countable number of cases.

In practice, we often have partial expert knowledge about the set of
events in the object domain, making it challenging to immediately describe
the fuzzy model. Additionally, since expert valuations are subjective, they
may be incorrect or inconsistent with any fuzzy model. The article intro-
duces the concepts of coordinated and locally coordinated valuation of a set
of sentences, proving interval theorems and an analogue of the compactness
theorem.

Let us introduce the main notation. We will consider the fuzzy algebraic
system 2 of the signature o with base set A. In this paper we consider
signatures that do not contain function symbols. We denote by F(o) the
set of formulas of signature o, and by S(o) the set of sentences of the same
signature.

For convenience, in order to talk not about the truth of arbitrary for-
mulas in 2, but only about the truth of sentences, we extend the signature
o with new constants. We will use signature o4 = o0 U {c, | a € A}, where
{ca | a € A} No = (). Moreover, c* = a on the model 2 .

a =

2. Submodels of Fuzzy Models

When analyzing complex systems under uncertainty, methods of proba-
bility theory and mathematical statistics are widely used. These methods
involve a probabilistic interpretation of the processed data and the statisti-
cal conclusions derived from them. Recently, there has been an increasing
need for new approaches to the mathematical description of information
characterized by a high level of uncertainty. We propose one of the possible
ways to solve this problem.
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Definition 1. [9] A triple A, = (A,o,p) is called a fuzzy model
if the valuation p : S(ca) — [0,1] is a probability measure defined on
the Lidenbaum-Tarski algebra S(ca),~, i.e. the following conditions are
satisfied:

(A1) If the sentence ¢ € S(o4) is identically true (identically false),

then p(p) =1 (u(p) =0).
(A2) For any countable sequence of sentences {@; € S(ca)|li € N} such
that p(pi&p;) =0 for any i,j € N we have

M(\/ Pi) = ZM(%)-
ieN ieN
(A3) For any sentences ¢, € S(oa) we have
e~y = pu(p) = ).
(A4) For any formula p(x) € F (o) with one free variable we have
p(Vzo(x) = p( N\ e(a), pEze(z) = p(\/ ela)).
acA acA

Note that the property (A3) guarantees that all sentences that are true
on all fuzzy models of the signature o 4 are also true on the classical theory
of models of the signature. This means that fuzzy models can be considered
as a natural extension of the classical theory of models.

We introduce an order relation on the set of sentences S(o4) in a stan-
dard way. For sentences ¢, € S(04) we denote ¢ < ¥ if ¢ ~ (p&)).

Lemma 1. Consider the fuzzy model A, = (A,o,u). For any sentences
v, € S(04) the property monotonicity is satisfied, i.e.
e 2P = pulp) < p(h).

Proof. For any sentences ¢, € S(04) we have

U~ (&) V (mp&er)).
Then from (A2) and (A3) it follows that

p(y) = u((so&w) % (w&w)) = p(p&p) + p(—p&y)).
Thus, from ¢ sin p&1) the assertion of the Lemma follows. O

Lemma 2. Consider a countable fuzzy model A, = (A, o, 1), i.e. such that
A ={a;li € N}. Then for any formula with one free variable p(z) € F (o)
we have

n n

u(Vw(w)) = nlgrgou( A w(az’)) and u(ﬂw(w)) = 7}3{}0“( \ sO(az-))-
i=1 i=1
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Proof. Let us show the proof for the existence quantifier. The proof for the
universal quantifier will be similar.
Lemma 1 implies that

n(p(ar)) < p(ear) Ve(az)) < p(elar) Vela) V elas)) < ...

Since this sequence is bounded, it has an limit, i.e.

n

(Vo) = i (V).

acA =1
Thus, property (A5) implies the assertion of the Lemma. O

Constructing the theory of fuzzy models as a conservative extension
of the classical theory of models, we have to abandon the principle of
functionality of the logic under consideration. This means, in particular,
that on any fuzzy model, the truth values of quantifier-free formulas cannot
be unambiguously derived from the truth values of atomic formulas. In this
regard, by introducing the concept of a submodel, we are forced to explicitly
specify the coincidence of truth values on all quantifier-free formulas.

Definition 2. Let A, = (A1,0, 1) and A, = (Aa, 0, 12) be fuzzy models
of identic signature o. We will say that the fuzzy model U, is a submodel
of the fuzzy model A, (and will denoted A, C A,,), if the following
conditions are satisfied:

1) Ay C Ay;

2) For any constant ¢ € o we have ™1 = ¢

3) For any quantifier-free sentence ¢ € S(oa) we have p1(p) = pa(p).

Apy .

Proposition 1. Let 2, C A, and ¢(x1,...,x,) be quantifier-free for-
mula. Then

Ml(\v/xl . -Vxn@(xlv R 7‘r7’b)) > /’LQ(vxl .. -anSO(wla v 7xn))7

pr(Fzy .. Fepp(xr, . xn)) < po(Fzr .. Fxpp(xr, ..o, x0)).

The proof of the Proposition follows directly from Lemma 2.
Just as in classical model theory, we introduce the concept of an elemen-
tary submodel.

Definition 3. Let A, = (A1,0, 1) and A, = (Aa, 0, 12) be fuzzy models
of the same signature o. We will say that the fuzzy model 2, is an ele-
mentary submodel of the fuzzy model A, (and will denoted A, <A, ),
if the following conditions are satisfied:

1) Ay C Ay;

2) For any constant ¢ € o we have ™1 = ¢

3) For any sentence ¢ € S(o4) we have p1(p) = pa(p).

2Apg .
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Lemma 3. For any fuzzy model A, = (A, o, ) and for any set A’ such
that A C A’ it is possible to construct a fuzzy model U,y = (A',0,p') such
that A, < Ay

Proof. Let us arbitrarily choose the element ag € A. Let us define the
mapping h : A — A as follows:

a, aé€A;
h(a) = )
ap, a€ A \A

For any formula ¢(z1,...,2,) € F(0) and for any tuple of elements
(a1, ...,an) € (A"

we define
1 (p(a,...an)) = p(e(h(ar), ..., han))).

Obviously, the mapping p' will have properties (A1)-(A4) from Definition
1, i.e. will define a fuzzy model?l, . 0

3. Coordinated Significations

Defining a fuzzy model A, = (A, 0, 1) as a formal representation of the
object domain, it is necessary to possess knowledge regarding the truth
values of all quantifier-free formulas in the model %A, with signature o.
However, it is possible that the expert (or even a group of experts) may not
possess such comprehensive knowledge. In this context, the task arises of
utilizing the set of subjective valuations of events in the object domain ob-
tained from experts to reconstruct as much complete knowledge as possible
about the object domain [16].

Thus, at the input, we have a certain set of sentences S and the valuation
ns : S — [0,1]. We will denote by og the signature of the set of sentences
S. As we agreed above, we will consider the case when the signature og
does not contain any functional symbols.

The primary task is to check the logical correctness of the valuation ng
received from experts. To do this, we introduce the concept of coordinacy
of the valuation ng.

Definition 4. Consider the set of sentences S and the mapping ng : S —
[0,1]. The valuation ns is coordinated with the fuzzy model A, =
(A,og,p) if for any sentence ¢ € S it holds equality ns(p) = p(y). The
valuation will be called coordinated if there is a fuzzy model of signature
os with which the given valuation is coordinated.
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Note that the concepts of coordination can be considered as a general-
ization of the concept of satisfiability from classical model theory. We will
call a valuation ng trivial if it is a mapping into the singleton set {1}.
Clearly, a set of propositions is satisfiable (in classical model theory) if and
only if its trivial valuation is coordinated.

Next we present some properties of coordinated valuations, the proof of
which can be found in the papers [11;16]

Proposition 2. For any set of sentences S there is always a coordinated
valuation.

Proposition 3. If the set S contains at least one satisfiable-falsifiable
sentence, then the set S has a non-trivial coordinated valuation.

Proposition 4. Let S be a set of atomic sentences, then any valuation
ns : S — [0,1] is coordinated.

Let us denote by K(ng) the class of all fuzzy models coordinated with
the valuation ng. According to Lemma 3 and to simplify the presentation,
we will assume that all fuzzy models from the class K(ng) are defined on
the same basic set, i.e. we will assume that

K(ns) = {4, = (A,05,1)[Vp € S : pu(p) = ns(p)}-

Let ¢ € S(og). Let us denote

Ens (V) = {u(P) A, € K(ns)}-

The set &, (1)) will be called the generalized truth value of the sentence
1 on the class of fuzzy models K(ng). Obviously, if ¢ € S, then &, (v) is
a singleton set, i.e. &,5(¢) = {ns(¥)}.

Definition 5. Consider the sets of sentences S1 and Sy such that S; C Ss.
We will say that the valuation ng, is an extension of the valuation ng, if
for any sentence ¢ € S1 we have ng, (¢) = ns,(¥).

In this case, we will call the valuation ns, a narrowing of the valuation

UEPE

Lemma 4. Consider the sets of sentences S1 and So such that S; C Ss.
Then, if the valuation ng, is an extension of the valuation ng,, then for any
sentence 1 of signature og, we have

Ens, (V) € &ns, (V).

Proof. Obviously, if the valuation 7g, is an extension of the valuation ng,,
then K(ns,) € K(ns,). And the statement of the Lemma directly follows
from this. O
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Theorem 1. Consider the set of sentences S and the coordinated valuation
ns : S — [0,1]. For any sentence ¢ € S(og) the generalized truth value
&ns (W) is an interval.

Proof. Let A, = (A,08,11),A,, = (A,05,1u2) € K(ns). Consider the
sentence v of the signature og such that ¢ ¢ S. Without loss of gen-
erality, we will assume that p;(¢) < p2(v). Let us show that for any
a € [u1(); p2(v)] there is such a fuzzy model A, = (A,05,1) € K(ng)
that u(¢) = a.

— _oa—m¥) — _m@)-a ) :
Let ]{71 = m and ]{72 = m Let’s define the mapping

w="ko-p1+ k1 - pe.

It is not difficult to verify that p(1)) = a. Let us now show that the
mapping p has properties (A1)-(A4) from Definition 1.

(A1). Let ¢ € S(04) be identically true. Then pi(p) = pa(p) = 1.
Therefore, pu(p) = ko + k1 = 1.

(A2). Consider the sequence of sentences {yp; € S(o4)|i € N} such
that p(pi&pj) = 0 for any 4,5 € N. Since k; > 0 and k2 > 0 then

p1(pikepj) = pa(pi&p;) = 0 Then

M(\/%) Zkz'M(\/%) +k1-,u2<\/<,01‘> -
ieN i€N ieN
=ky- Zul(w) + k1 - Z,U2(S0i) =

1eN i€N
=y <k2 “pa (i) + k- M2(<Pz')> =Y ulei).
ieN 1€EN
(A3). Let the sentences ¢,1 € S(04) be equivalent, i.e. ¢ ~ 1. Then
p(p) = ko - pa(p) + ki - pa(p) = ko - pa () + ki - pa(¥) = p(¥).

(A4) Proved by analogy with (A2).
Consequently, the valuation ;o defines a fuzzy model A, = (4,03, p).
Let us now consider the sentence ¢ € S. We have

u(p) = ko - p1(p) + k1 - pa(p) = ko - ns(w) + k1 - ns(e) = ns(e).
Thus, we get that A, = (4,05, 1) € K(ng). O
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4. Relationship Between Fuzzy Models and Classes of Classical
Models

Consider the fuzzy model 2, = (A, 0, 1). Let us denote by K the class
of all (classical) models of signature o defined on the set A, i.e.

K= {22 =(4,0))
For any sentence ¢ € S(04) we define

Klp) ={AeK|AE= ¢}

Definition 6. Mapping v : KU {0} — [0;1] we will call distribution
defined on the class of models K if the following properties are satisfied:
(B1) v(0) = 0;
(B2) > qex V() = 1.

Proposition 5. Let on the class of models K be given the distribution
v:KU{0} — [0;1]. Then the mapping u: S(c4) — [0;1] such that for any
sentence ¢ € S(o4) it holds

AeK ()

is the valuation of some fuzzy model A, = (A, o, ).
We will say that the distribution v generates a fuzzy model 2.

Proof. To prove the Proposition, it is enough to check that properties (A1)-
(A4) from Definition 1 are satisfied. O

Proposition 6. For any fuzzy model A, = (A, 0, 1) there is a generating
distribution.

Proof. Consider the set S,(c4) of all atomic sentences of signature o4. Let
Saloa) = {o | i € I}.

For each model 21 € K we define an atomic diagram D(2() defined as
follows:

for any ¢ € I if 2 |= ¢; then ¢; € D(), otherwise —¢; € D(2).

Thus, the atomic diagram of any model consists of all atomic sentences
of signature o4, taken with or without negation. We will denote D(2l) =
(i€}

Let us define the mapping v : KU {(}} — [0;1] as follows:

v(@ =0 v@)=pu( Al
el
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Note that if the set S,(04) is countable, then, reasoning in the same
way as in Lemma 2 we obtain

V(2 J:H;oﬂ(/\%)

Let us show that the mapping v defined in this way has property (B2)
from Definition 6. Let us give a proof for the case when the set S,(04) is
countable.

Indeed, from properties (A1), (A2) and (A3) of the Definition 1 it follows

> v =3 n(Ael) = Q%:Knli%o“(iz\f?) -

AeK AeK iel
n n
=i (S alAet)) = iV (A)) = pn =
AeK =1 AeK =1

O]

From Propositions 5 and 6 it follows that the concept of a fuzzy model
can be considered as a generalization of the concept of fuzzification of a
precedent model to the case of a countable number of precedents. (Defini-
tions of precedent models and their fuzzification can be found, for example,
in [9;15]. In these works, only finite sets of precedents of the object domain
were studied.)

Theorem 2. Consider the set of sentences S and the coordinated valuation
ng : S — [0,1]. Then for any sentencep € S(og) the generalized truth value

&ns (V) is a segment.

Proof. In Theorem 1 we showed that for any sentence ¢ € S(og) the
generalized truth value (1) is an interval. Now we will show that this
interval contains its limit points.

Let us consider the case when the set of sentences S is finite, i.e. S =
{¢1, ..., on}. By the conditions of the Theorem, the value of ng is coordi-
nated.

Let’s index the class K, that is, assume that K = {2(; | i € I}. Let
us introduce into consideration the set of variables X = {z; | ¢ € I} and
compose a system of linear equations:

Eie[ Li = 1a . (41)
ZiGI lixZ = 775(90])7 (] = 1a "'7”),

where
iy —
0, le 175 ng.
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Since the valuation 7ng is coordinated, there is at least one fuzzy model
21, coordinated with the valuation 7g. Therefore, according to Proposition
6, there is at least one distribution v that is a solution to the system (4.1)
under the constraints

0<z; <1,iel. (4.2)

Thus, the problem of finding limit points of the set &, (¢) is reduced to
the linear programming problem of finding the optimal solution:

U= Zpixi — max(min),
i€l
where
B (U
under restrictions (4.1) and (4.2).

And since the objective function W is limited by the segment [0, 1], the
optimal solution always exists.

Thus, we have shown that in the case when the set of sentences S is
finite, then for any sentence ¢ € S(og) the generalized truth value &, (v)
is an segment (i.e. closed interval).

Let us now show that the Theorem will also be true in the case when

the set S is countable.
Let S = {p; | i € N}. Let’s define

So = {0},
S; =8S;_1U {(pi}, (’L c N).

It is obvious that all S; are finite, and also Sy C S1 C Sy C ....
Therefore, by Lemma 4, we get

Ens, (1) 2 Ens, (1) 2 &y, (1) 2 ...

Thus we obtain a sequence of nested segments. And since all the segments
are closed, then (according to the Cauchy-Cantor principle) there is their
limit, i.e.

&ns (¥) = nh—%lo fnsi (),

which is also a segment.

4.1. COMPACTNESS THEOREM

We call a valuation ng : S — [0,1] locally coordinated if any of its
restrictions to a finite subset is coordinated.

WsBectus VMpkyTcKOro rocy1apCTBEHHOTO YHUBEPCUTETA.
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Theorem 3. Any valuation of a countable set of sentences S is coordinated
if and only if it is locally coordinated.

Proof. Consider the set of sentences S and the valuation ng. Obviously, if
the valuation of ng is coordinated, then it is locally coordinated.

Let the valuation ng be locally coordinated. Since the set S is countable,
it is possible to construct a countable sequence of finite sets Si, S9,, ... such
that

S1CSC... and S=|]8S;
€N

For each 7 € N we define the valuation ng, as the restriction of the valua-
tion ng to the finite set S;. Since the valuation of ng is locally coordinated,
then for each i € N we have K(ng,) # 0.

Therefore, by Theorem 2, for any sentence 1 of signature og, the gen-
eralized truth value &, (v) is a segment. And by Lemma 4 the sequence
&ns, (v), &ns, (1), ... forms a sequence of nested segments.

Thus, the set K(ng) is also not empty, i.e. there is at least one fuzzy
model with which the valuation ng is coordinated. O

5. Conclusion

This work is devoted to the study of model-theoretic properties of fuzzy
models. The concept of a fuzzy model is a conservative extension of the
concept of a model in classical model theory. In other words, the set
of formulas that are true on all fuzzy models coincides with the set of
identically true formulas. This is the main advantage of the developed
approach over fuzzy logic in the style of multi-valued logics, such as J.
Lukasevich or L. Zade. This approach allows us to work with incomplete
and inaccurate knowledge about the object domain while still complying
with all the laws of Aristotelian logic. This is achieved by abandoning the
principle of functionality of the logic in question, meaning that the truth
values of complex formulas are functionally independent of the truth values
of atomic formulas. This assumption inevitably complicates the algorithms
for calculating the truth values of various sentences. However, instead of
using point truth values, we can consider interval truth values (Theorem 1
and Theorem 2), which will enable us to utilize the full power of interval
analysis in further research. In this article, this approach allowed us to
prove an analogue of the compactness theorem (Theorem 3).
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