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Awunorarusi. [Ipu pemenun 3a1a9u ONTUMAIBHOTO OBICTPOAEHCTBUS st MAHUITYJISATIN-
OHHBIX POOOTOB B HAyYHOM KOJLIEKTHBe, Bo3riasisieMom P. JI. YepHOyCcbKO, aKTUBHO
HCHOJIb3yeTcss TpuHIMI MakcuMyma llonTpsaruna. Ilpumenenue npuHimma MakCUMyMa
YCIOYXKHSIETCST HEJIMHEWHOCTSIMI YIIPABJISEMbIX CHCTEM MaHUITYJIANMOHHBIX poboToB. [lo-
9TOMY IIPU €r0 UCIIOJb30BAHUU UCXOAHYIO MATEMATUYIECKYIO MOJIE/Ib 3aMEHSIOT Ha OoJiee
MPOCTYI0. DTU 3aMEHBI MO3BOJININ AHAJIUTUIECKN PEIIATDH 3a7[a9d HAXOXKIEHUST MOMEH-
TOB NEPEKJIIOYEHUs PeJIeHBIX yIIPABJIEHU JJIsS OTAEJIBHBIX MOJIesIell MaHUITYJISITMOHHBIX
poboToB. B Hacrosieii pabore mpu HAXOXKJIEHUU MOMEHTOB IEPEKJIIOYEHUsT PeIeHHbIX
YIIpaBJIEHUI JIJIsT MAHUITYJISIIIUOHHOTO pOOOTa UCIIO/IB3YeTCsT NCXO/THASI HeJIMHEWHAsT yIIpaB-
nsemas cucreMma. [locraBiennas 3ajada CBOIUTCS K IpobJieMe CYIIeCTBOBAHUS PEIeHUs
KpaeBoOil 3a/a4u JJTsl yIPaB/IsieMONl HEJTWHEHHON CUCTEMBI B BBIODAHHOM KJIACCE JOIY-
CTUMBIX yIIpaBJIeHUl, TapaHTUPYIONINX IPUXOJ MAHUIIYJISTOPa B KOHEYHOE II0JI0XKEHUE C
HYJIEBBIMHU CKOPOCTSAMU.

KuroueBble ciioBa: ONTHMAJIBHOE YIIPABJIEHNE, IPUHITUI MakcuMyMa [loHTpsaruna, Mma-
HUILYJISITOD

Ccoinka aas nurupoBaHusi: Dolgii Yu. F., Chupinl. A. Optimal Control of Manipu-
lator // Ussectusi pkyTckoro rocymapcrsenuoro yamsepcutera. Cepus MaremaTuka.
2023. T. 43. C. 3-18.
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1. Introduction

The plane movement of an anthropomorphic manipulator is considered.
The manipulator consists of a base 1, a rack 2, a vertically oriented shaft 3,
a guide 4 rigidly connected to it, and a hand 5 with a grip. All elements of
the manipulator are considered absolutely solid bodies. The arm can move
progressively along the horizontal guide, while its center of mass moves
along the axis of the guide 4, perpendicular to the axis of the shaft. We
neglect the size of the grip and model its material point.

The plane movements of the robot are controlled by the moment M
applied to the shaft axis and the horizontal force F' applied to the arm.
The force F' and the moment M are created by two independent drives.
The plane movements of the manipulator are described by generalized co-

Ussectust IpkyTCKOro roCylapCTBEHHOTO YHUBEPCUTETA.
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Figure 1. Manipulation Robot

ordinates: x is the coordinate of the center of mass of the arm, and ¢ is
the angle of rotation of the arm.
Lagrange equations of the second kind have the form

(J1+ J2 + m2x2) ¢+ 2moxip = M(t), (1.1)

my (& — zp?) = F(t), (1.2)

where my is the mass of the manipulator arm, J; is the total moment of
the shaft and the guiding arm relative to the axis OZ, J, is the moment of
inertia of the arm relative to the vertical axis passing through the center
of mass of the arm.

It is required to find the control M (t) and F'(t) that translates the system
(1.1), (1.2) from the initial position

©(0) =0, ¢0)=0, z(0)=z9>0, #(0)=0 (1.3)
to the assigned final position
o(T)=¢r, $T)=0, z(T)=zr>0, z(T)=0. (1.4)
The following restrictions are imposed on the resources of the controls:
M(6)| < Mo, |F(t)] <Ry, te(0.T].

The nonlinearity of the mathematical model of the manipulator com-
plicates the application of the Pontryagin [11] maximum principle when
solving the time-optimal control problem. In [3], a mathematical model
is considered in which the equation (1.2) is replaced by a linear equation.
For this model, an analytical method is proposed for finding relay controls
that solve the problem of transferring the manipulator from the initial
equilibrium position to the final position. These controls do not guaran-
tee the arrival of the manipulator in the final position with zero speeds.
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Several options for constructing such relay controls have been proposed.
In this paper, we study the formulation of the optimal speed problem for
the manipulator, in which it is guaranteed to arrive at the final position
with zero speeds. In this formulation, no additional geometric restrictions
are imposed on the movement of the manipulator. The problem of opti-
mal performance for a mechanical object with geometric constraints was
considered in [9]. If the manipulator comes to the final position with non-
zero speeds, then additional impulse controls can be used to slow it down.
In the [7;8] it is shown that the transition of the manipulator from the
initial to the final equilibrium position can be realized using only impulse
controls. In [4], the question of the existence of optimal impulse controls
for a two-link manipulator was investigated.

2. Formulation of the problem of optimal manipulator control

The problem of speed is considered, that is, the optimal controls M =
M? and F = FY should provide the shortest time T for the transition
of the manipulator from the initial position to the final one. According
to the Pontryagin maximum principle, optimal controls are relay [10]. To
implement them, we will clarify the formulation of the management task.
We will assume that the transition times of the manipulator from the initial
position to the final position can be different in various generalized coordi-
nates, namely T, and T, T = maz(Ty,, T,). In this case, the solutions of
the managed system (1.1), (1.2) must meet the following conditions

o(t) = pr, te[l,,T°, when T, < T°,
or
z(t) =xp, t€ [Ty, T°), when T, < T°.

The latter conditions can be provided by choosing controls for which equal-
ity takes place:

M°(t) =0, te€[T,,T%, when T, <T",
or
FO>t) = —moxr@?, t€ [Ty, T"), when T, < T°.

Indeed, with T,, < T?, the function ¢(t),t € [T, T], according to (1.1),
is the solution of the differential equation

d .
P ((J1 + Jo + mez?)¢) =0
with initial conditions ¢(T},) = @7, ¢(T,) = 0. For T,, < T°, the function
z(t), t € [Ty, T°], according to (1.2), is the solution of the differential
equation

mad — ma(x — x7)P*(t) = 0

Ussectust IpKyTCKOro rocyIapCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukas. 2023. T. 43. C. 3—18



OPTIMAL CONTROL OF MANIPULATOR 7

with initial conditions z(7;) = z7, ©(T;) = 0.

Let’s limit ourselves to studying controls with one switching point ¢, at
the generalized coordinate ¢ and with one switching point at the generalized
coordinate x.

The set of controls under consideration is described by formulas

M0<t) =4 My t,<t<T,, (2 1)
0, T, <t<T0O,
FO; 0<t< o,
FO(t) = § —Fy te <t < T, (2:2)

—moxrp?(t), Tp <t <TO.

According to the maximum principle [10], optimal control of the per-
formance task for the manipulator belong to the set (2.1), (2.2), while for
the parameters t,, Ty, t;, T, is required existence of a solution to the
boundary value problem (1.1), (1.2), (1.3), (1.4) with controls defined by
formulas (2.1), (2.2).

The purpose of this work is to find unknown parameters of controls £,
Ty, tz, Tp. Other methods for finding switching moments in time-optimal
control problems were proposed in [1;2;5;6] for mechanical objects other
than the manipulator considered in this paper.

3. A model of a manipulator with a slow rotation of the arm

In [3], a simplified model of the manipulator is proposed, describing
approximately its movements with a slow rotation of the arm. The corre-
sponding system of differential equations has the form

%«L+hwmﬁ@:M@, (3.1)
mai = F(t). (3.2)

For this model, you need to change a lot of controls (2.2), assuming

FO, 0 S t < ta:v
Fo(t) =4 —fo tz <t<Ty, (33)
0, T, <t<T09

Optimal controls of the speed problem for a manipulator with a slow
rotation of the arm are found by examining the solvability condition of the
boundary value problem (3.1), (3.2), (1.3), (1.4) with controls defined by
formulas (2.1), (3.3).
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Theorem 1. Optimal control parameters (2.1), (3.3) the speed-in-action
problem of system (3.1), (3.2) are determined by formulas

mQ(xT - xo)

to=T,/2, Tp=2 i = 2t,,
where T}, is the root of the following equation
T
/ﬁp sds /T“’ (T, —s)ds _pr
o J1+ J2+moa3(s) Tp Ji+ Jo +mox2(s) My’

and x(t) changes according to the following formula

x0+§g§2, 0<t<T,/2
Fy T2 2
o(t) = §wo — s + Bt - B0 T2<i<T,  (34)
T, T, <t<T°

Proof. We find the conditions for the existence of a solution to the bound-
ary value problem for the equation (3.2) with controls (3.3) and boundary
conditions

z(0) =x9, #(0)=0, =z(Ty)=zr, z(Ty)=0.

We have
zo + £, 0<t< ty,
VIRV
o(t) = { alts) + ilte)(t — to) — Ly <t <,
T, T, <t<TO

From the boundary condition #(7,) = 0 we find 7, = 2¢,, and from the

boundary condition x(7;) = xr we have T, = 2 %ﬂxo) As a result,

the function x(¢) is described by the formula (3.4).

We proceed to finding the conditions for the existence of a solution of
the boundary value problem for the equation (3.1) with control (2.1) and
boundary conditions

©(0)=0, ¢(0)=0, o(T,)=er, (T, =0.

Taking into account the boundary condition ¢(0) = 0, we have

Mot
J1}FWJ2(—12-(T)n2 :ﬂQ)(t) 0 S t< t@’
. . 0 (2t,—t
p(t) = J1+J(2+77fz $2()t) o<t <Tp,
Mo (2t 0
J1+J2+7(”;LQ x(g(t) TQ@ S t S 1"

Ussectust IpkyTCKOro roCyIapCTBEHHOTO YHUBEPCUTETA.
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Using the condition ¢(7,) = 0, we find T, = 2t,. Taking into account this
equality and the boundary condition ¢(7;,) = @7, we get the function

t  Moa(s,Ty)ds
p(t) = {QOT I, Trmem ey 0St<Tp

o, T, <t<TO

where
t <t<T,/2
altTe) = {T@ —t, (C)ap_/z ;t 2/1’;.
Using the boundary condition ¢(0) = 0, we have the equality
T, T
o) = /0 Ty +a§j+tr)bj;(s) - %' (3.5)
Derivative of the ®(T,,) function

o'(T,) /Tw ds >0, 0<T,<+
— 0.
? To J1+ Jo + moa?(s) ’ s

Here, in the definition of the function ®, the following continuation of the
function x(t) = zp is used for T, < t < +o0.

We have ®(0) = 0, limz, 100 ®(T,) = +0o. Therefore, the equation
(3.5) has a unique solution. O

The integral included in the definition of the function ®(7,) can be
calculated analytically. For T,, < T,/2, the analytical representation of
this function has the form

J(J(:Bo —x(T,)) /2 + o(T,) (z*(T,) + 3x3)/4>
T2+ J(22(T,)2) 1 o(T,) o) + 2(T,) 22(T,/2) x0
T
+ 4a \/ing b .
(2(Tp) +20)” + a (2(T) = w0) + 47 = Ty \[ 3L (2(T,) — o - 2a)
(z(T,) + x0)2 +a(z(T,) — o) +4J + T, \/mIQ(x(Tw) —zo —2a)

4F, T, <2 ma(z(T,) — xz0) + V/ma b+ b)

(Ty)

arctg

T RT

X In +

T,

+
2a+/mab

arctg

)

2
4<2m2(m(T¢,) — 20) +W+b> — FgT2(1+ 22)

where J = (J1 + J2)/2, a = \/J + 23, b = Fy(a — x0), and x(T,), 2(T,/2)
are defined by formulas
Fy T? Fy T?

0 ¢ z(Ty/2) = xo + 0 ¢,

T pu—
.%'( <P) .’Bo—l— 2777,27 8m2
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4. Determination of optimal control parameters for the
manipulator without restriction on the nature of movements

We proceed to finding the solvability conditions of the boundary value
problem (1.1), (1.2), (1.3), (1.4) with controls defined by formulas (2.1),
(2.2).

Theorem 2. If the following condition is met

ma x'Q(TwTw)

T,,T
x( > SO)+ 2F0

< xT, (4.1)

the parameters of optimal controls (2.1), (2.2) are determined by the for-
mulas t, = T, /2,

mo iQ(T ,T ) FO .
te =T, + ?0 <\/§%0 + m—Q(xT — x(T(p,T@)) - (T, Ty) ), (4.2)

mso 3&2(T ,Tp) Fy .
T, = T¢+?o <2 \/‘;%" 4 m—z(af;r — x(Ty, Tw)) —x(TWT(p)). (4.3)

The parameter T, is the solution of the equation

Te a(s,T,)ds oT
O(T,) = . = 4.4
(Te) /0 Ji + Jo+mox?(s,T,) My (4.4)

and the function x(t,T,), 0 <t < T, — solution of the differential equation

M2 a?(t, T, F,
i Ty @ (ta 4/’) 5= 20 (45)
(Jl + Jo + m2932(75)) m2

with initial conditions x(0) = g, ©(0) = 0.

Proof. Let T, < t, < T,. We find the solvability conditions of the boundary
value problem (1.1), (1.2), (1.3), (1.4) with controls defined by the formulas

(2.1), (2.2).
For the equation (1.2) on the section [T, T;] we have the boundary value
problem
L1, <t<t
p={mey eSSl (4.6)
_mi(;a tl‘ <t S TI:
z(Ty) = x(T,, T,), #(Ty) = 2(T,,Ty), (4.7)
2(Ty) =z, x(Ty) =0, (4.8)

Ussectust IpkyTCKOro rocyIapCTBEHHOTO YHUBEPCUTETA.
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where x(-,T,) is the solution of the equation (4.5). For the equation
(4.6), the solution of the Cauchy problem with initial conditions (4.8) is
determined by the formulas

Fo(T, — t)?
x(t):xT—O(;;nQ), ty <t <T,, (4.9)
Fo(Ty —t,)? Fo(Tp —tg)(t —tg) Fo(t —tg)?
x(t):xT— 0( T x) + 0( T :v)( x)+ 0( $> ’ T@Stgtr.
2ma mo 2meo

Given the boundary conditions (4.7), we obtain the equations

Fo(T, —tz) n Fo(T, —ts)
meo me9

)

ﬂb(Tw Tsﬁ) =

Fo(T, — t,)? N Fo(Ty — t2)(Ty — ta) N Fo(Ty, — ty)?

T,, T,) =xp —
l’( v Lp) o 2m2 mo 277’L2

From the first equation we find

1

ty 5

(4.10)

i(T,, T
<T$+T¥,—m2x( L *")>.

Foy

Taking into account this equality, the second equation is transformed to
the following form

2my . 4mo
(Ty — T,)* + TOCU(TW To) (T — To) + To(x(Tw T,) — ar)—
2
m3 ;2
— F02:r (Ty, Ty,) =0

When the condition (4.1) is met, the last equation has a unique solution
satisfying the requirement 7, > T, and defined by the formula (4.3). From
the equality (4.10) with (4.3), we obtain the formula (4.2). When the
condition (4.1) is met, the condition ¢, > T, is satisfied, as well as T? = T},

Consider a boundary value problem for the equation (1.1) with boundary
conditions

e(0) =0, ¢0)=0, «(T,) =¢r, @&(T,) =0, (4.11)

and control defined by the formula (2.1). For the equation (1.1) there is

the first integral
. Mo&(t, T@)
= 4.12
4 J1 + Jo + moz?’ (4.12)

where
t, 0<t<ty,,
2, —t, t, <t<T,.

a(t,T,) = {
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Taking into account the boundary condition ¢(7;,) = 0, we have T, = 2t,,.

On the section [0,7T,], the equation (1.2) is transformed to the form
(4.5). Its solution is z(t,T,), 0 < t < T, with initial conditions x(0) = o,
#(0) = 0, as well as the solution (4.9) of the equation (4.6), with parameters
set by the formulas (4.2), (4.3), determines the solution of the equation (1.2)
on the section [0, 7] with boundary conditions

z(0) =x9, #(0)=0, =z(Ty)=zr, z(1y)=0.

Using (4.12), we find that the solution of the equation (1.1) on the section
[0, T,,] with boundary conditions (4.11) is determined by the formula

¢
My a(s,T,) ds
t) = . te[0,T.],
(1) /0 Ji+ Jo +mo x2(s, T,) 0, T

where the parameter T, is the solution of equation (4.4). O

When finding the parameter T,,, another representation of the function
®(T},) can be used, using the properties of the solution x(t,7T,), 0 <t < T,
of the differential equation (4.5). We have

dm'Q(t,Tw)_i_Mga?(t’T@)i 1 :2F0d:c(t,T¢) (4.13)
dt mo dty(t,T,) mo dt '

where y(t,T,) = J1 + Jo + moz?(t,T,), 0 < t < T,,. Using the definition
of the function « and the independence of the solution of the equation
(4.5) from the parameter T, on the section [0,T,/2] (x(t,T,) = =(t,0) =
x(t),y(t, Tp) = y(t)) we get

M2 ¥ d 1 2 F{

.2 0 2 0

z°(T,/2) + ds = x(T,/2) —x
To/2) ma /0 T y(s) ’ ™3 ( To/2) 0>7

M2 Ty d 1

-2 .2 0 2

T,,T,) — i*(T/2 To=s) oty =
4( ) <p) = ( <P/ )+ Mo /Tf( ¥ ) dsy(s,T¢) s

2R

m72 (x(Tw T<p) - x(Tw/2)) .

Partial integration formulas are used to transform integrals

< .d 1 T2 s
0 ds y(s) 4y(T,/2) o Y(s)
Ty d 1 T; T T, —s
T —SQdSZ—@—i—Q/ —£ " ds.
/T,f( ) dsy(s,T,) 4y(T,/2) Lo y(s, Ty)

Ussectust IpkyTCKOro rocyIapCTBEHHOTO YHUBEPCUTETA.
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From the definition of the function ®

@(T)—/T;Sdsjt/% Te=s
Pl e T s T Y

As a result, we find

T2 Fy
®(T,) = ¢ +—(;pT,T + a0 — 22(T, 2)+
(Te) 4(Jy + Jo + mo22(Tp/2))  MZ (T, T) + 20 (Te/2)
ma (. 1.
+ g (P 0/2) - 3P T).
for the parameters x(7,/2), y(T,/2), the following equalities are fulfilled
x(Ty/2) 1. di(T,/2) 1.
dy(Ty/2) 3 3 Fy | MZTZx(T,/2)
— = T,/2)%(T,/2 T,/2)= — 4+ ———————
Using the equalities above, as a result we get
do(T,) T, n
dT, 2(J1 + Jo + maa?(T,/2))

Fy d ma .o
20 O (T, Ty — 2 a2, T )
+M3dT¢<x( 0 Tp) 2F0f’j (T, Tp)
Restoring the derivative of the function
Ti
2

sds Fy ma .o
®(T,) = 2 —( T, T,) — 22 32(T, T, )
(Ty) /0 J1+J2+m2x2(s)+Mg z(Ty, Tp) 2F0$ (T, Top)

Theorem 3. Let z(t,t,,T,), 0 <t < T,, — solution of the differential
equation

Mg o (¢, T, 1
i TMool(t, W)Qz—F(t) (4.14)
(Jl + Jo + m2x2) ma
with initial conditions x(0) = g, ©(0) = 0, satisfying the condition
(T, te, T,y) > 0. Then the parameters of optimal controls (2.1), (2.2) are
determined by the equations t, = T,/2,

ma .
T, =T, + %x(z}o,tz,ﬂ,), (4.15)
0

mo ¥ (T, ty, T,p)

(T, e, Typ) + 3 = o7, (4.16)
/Tcp a(s,T,)ds _ T (4.17)
0 J1+J2+m2$2(8,tx,T¢) MO. '
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Proof. For T, <t < T, the solution of the equation (1.2) is determined by

the formula

Fy(t —1T,)?
x@)_xT_W_

Its continuous conjugation with the solution x(t,t,,7T,), 0 <t < T,,, defines
the equations (4.15) and (4.16). The change over time of the generalized
coordinate ¢ is determined by the solution of the equation

o MO a(th<P)
i+ Jo +moa(tty, T,)

¢

It satisfies the required boundary conditions if ¢, = T,,/2 and the equation
(4.17) is satisfied. O

5. Numerical simulation

When numerically modeling the movement of the manipulator, the fol-
lowing values of the parameters of the mechanical system were used: J; = 3,
Jo = 2, mg = 1. The problem of transferring the center of mass by the
manipulator from the initial position (zg = 0.25, ¢9 = 0) to the final
position (zp = 1.5, o7 = m/6) was considered.

In fig. 2 a graph of the change in the position of the grip z(¢) of the
manipulator is given. The purple thick line shows the change in the function
x(t) at the values of the control parameters My = 4, Fy = 0.25. The red
thick line shows the change in the function x(t) at the values of the control
parameters My = 8, Fy = 0.25. Both cases correspond to the conditions of
the theorem 2. The purple dashed line shows the change in the function
x(t) at the values of the control parameters My = 4, Fy = 0.25, with the
assumption of slow rotation of the hand and fulfillment of the conditions of
the theorem 1. The red dashed line shows the change in the function x(t)
at the values of the control parameters My = 8, Fy = 0.25, assuming slow
rotation of the hand and fulfillment of the conditions of the theorem 1. The
figure shows that using the results of the theorem 1 leads to a noticeable
error in reaching the final position. The table 1 shows the obtained values
of the control switching moments. It can be seen from the results that
the movement occurs faster when building controls in accordance with the
theorem 2.

If the conditions of the theorem 3 are met, there is also a noticeable
difference in the results of the controls constructed in accordance with the
theorem 3 and the theorem 1.

Fig. 3 shows a graph of the function ®(7,,). The purple thick line shows
the change in the function ®(7,) at the values of the control parameters
My = 4, Fy = 0.25. The red thick line shows the change in the function
®(T,,) at the values of the control parameters Mo = 8, Fy = 0.25. The figure
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shows that the function ®(7;,) is monotonic, regardless of the control values.
The function ®(7;,) has no significant differences when the conditions of
theorem 1 or theorem 2 are met.

X el

0 t

0.121

0.08f-

0] L L L t

0.5 1.0 5

Figure 3. Function ®(t) for different values of controls

Table 1
Numerical simulation results
Line Fo Moy | to T, te T,
Purple Thick 0.25 0.82 | 1.64 | 1.99 | 4.3
Red Thick 0.25 0.58 | 1.16 | 1.92 | 4.22
Purple Dashed | 0.25 0.82 | 1.64 | 2.24 | 4.47
Red Dashed 0.25 0.58 | 1.15 | 2.24 | 4.47

CO | | CO| W~

6. Conclusion

The design of the manipulator allows translational and rotational move-
ments of its components. Relay controls are used to solve the nonlin-
ear time-optimal problem. Equations for finding unknown parameters
of optimal controls are obtained. The conditions of their solvability are
studied.
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