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Abstract. We consider a multidimensional difference equation in a simplicial lattice
cone with coefficients from a field of characteristic zero and sections of a generating
series of a solution to the Cauchy problem for such equations. We use properties of
the shift and projection operators on the integer lattice Z" to find a recurrence relation
(difference equation with polynomial coefficients) for the section of the generating series.
This formula allows us to find a generating series of a solution to the Cauchy problem in
the lattice cone through a generating series of its initial data and a right-side function
of the difference equation. We derived an integral representation for sections of the
holomorphic function, whose coefficients satisfy the difference equation with complex
coefficients. Finally, we propose a system of differential equations for sections that
represent D-finite functions of two complex variables.
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Hayunasa crarbsa

Ceuenust IIPOU3BOJLAINECTIO pPdJia pelleHrusd pa3HOCTHOI'O ypaB-
HeHHUsd B CUMILJIMIIMAQJIBHOM KOHYCe€
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Awnnoranusi. Paccmorpeno MHOrOMepHOe PA3HOCTHOE YPABHEHNE B CUMILIUITHATIHLHOM Pe-
MIETOYHOM KOHYCE ¢ KOd(MDUIMEHTAMA U3 TOJISI XapPAKTEPUCTUKHU HOJIb U CEYEHUST ITPOU3-
BOJISAIIETO psifia perenus 3amadn Ko s takux ypaBuennii. Vcrmoap30BaHbl CBOMCTBA
OIepaToOpPOB CIABUTA M IPOEKIUHA Ha IeJIOYUCJIEHHON pemeTrke Z™, 9ToObl HANTH peKyp-
PEHTHOE COOTHOUIeHUE (PA3HOCTHOE ypaBHEHHUE C NOJIMHOMUAJIBHBIMU KoddbduimenTamn)
JIJIsl CeYEHUsI TTPOU3BOISIIErO psifia. DTa (POPMYJIa MO3BOJISIET HANTH TPOU3BOISIIUN PSIL
petrenns 3aa4u Koy B pereToYHOM KOHYCe depe3 IPOU3BOISINNIM PsiJl €r0 HAYaIbHbIX
JAHHBIX U (DYHKIIHIO B IPABOI 9acTW PA3HOCTHOTO ypaBHeHus . [losiydeno nHTErpaibHOE
IIpe/ICTaBJIEHIE CeYeHNUT TOTIOMOPdHOM DYHKIIH, KOIDDUITHEHTHI KOTOPOi y/I0BJIETBOPSI-
FOT Pa3HOCTHOMY YPABHEHUIO C KOMILIEKCHBIMU Kod(d durmernTamu. [Ipenmoxkena cucrema
nuddepeHInaIbHBIX YPABHEHNN JIJIsl CeYeHnit, IpeacTaBsionux D-konednsle pyHKINN
JBYX KOMILIEKCHBIX II€PEMEHHBIX.

KuroueBrble cjioBa: NpOU3BOASAIIII Psifi, PA3HOCTHOE YpPaBHEHME, PEIIETOYHBIN KOHYC,
unepapxust CTeH/IH, cedeHne

BaaromapaocTu: Pabora nojnep:kana KpacHosipcKuM MareMaTHIeCKUM IIEHTPOM, (bu-
HaHCcUpyeMbiM MwuHOOpHayku P® B paMKax MepOmpusTHii MO CO3IAHUI0 W PA3BUTHUIO
pernonanbubix HOMIT (Coramenne 075-02-2022-876).

Ccouika agis nurupoBaHus: Lyapin A. P., Cuchta T. Sections of the Generating Series
of a Solution to a Difference Equation in a Simplicial Cone // Ussectuss Upkyrckoro
rocynapcrsentoro yuuepcurera. Cepus Maremaruka. 2022. T. 42. C. 75-89.
https://doi.org/10.26516/1997-7670.2022.42.75

1. Introduction

The notion of a section of a power series F(z) appeared in [9] in con-
nection with studying properties of D-finite power series in a subset ZZ% of
vectors with non-negative integer coordinates. In particular, it was proven
that sections of D-finite power series are D-finite.

In the case of lattice paths problem (see, for example, [2] or [3]), sections
represent a generating series of the number of paths ending on the hyper-
plane, parallel to the coordinate axis. In [1], (n— 1)-dimensional sections of
n-dimensional generating functions of numbers of lattice paths in Z% were
studied. In [11], k-dimensional sections, k& < n, were considered in Z2 and
a recurrence relation for such sections was derived, which lead to a simple
algorithm for their computation. Additionally, it was shown that sections
of the generating series in the lattice paths problem could represent famous
recurrence polynomials, dependent on the choice of steps (see e.g. [10]).

Sections of a generating series F'(z) of a solution to a difference equation
in a simplicial lattice cone were considered in [6] to prove a condition
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SECTIONS OF GENERATING SERIES 77

for F(z) belonging to one of the classes of Stanley hierarchy: rational C
algebraic C D-finite. Namely, it was proved that the generating series of
the initial data function and solution to the Cauchy problem belong to the
same class of the hierarchy.

If F(z) is a holomorphic function, then there is an integral formula for
coefficients of its power series (see, for example, [20]). Various integral
representations for diagonals of power series were proved in [14-17], see
also [4]. The integral representation for the generating function of a solution
to the Cauchy problem and the generating function of its initial data was
proved in [5;7;8].

This paper is dedicated to the sections of a generating series in a simpli-
cial lattice cone. In §2, we give a definition of a section of a generating series
of a solution to the multidimensional difference equation. In §3, we derive
a difference equation (Theorem 1) and integral representation (Theorem 2)
for the section of generating series of the Cauchy problem in a lattice cone.
In §4, a simple example for Theorem 1 is given, and recurrence formulas
for its section are derived. Consequently, a system of differential equations
for such sections is derived in Corollary 1.

2. Definitions and notations

Let F be a field of characteristic zero and Z, Z> denote the integers and
the non-negative integers, respectively, Z" = ZXx...xZ,Z5 = Z>X...XZ>
and f,g:2Z" = F. Let A = {a',a?,...,a"N} C Z" be a set of N vector-
columns af = (a{, ... ,a%)T,j =1,...,N. Let K be a lattice cone spanned

by vectors from A as follows:
K={)eZ": x=Xal+---+ o M\, Ay € Zo ).

We consider only simplicial lattice cones, see Fig. 1. A lattice cone
K is called simplicial if each element of K is uniquely represented by
vectors of A, which implies that N < n and the vectors in A are linearly
independent. The simplicial lattice cone K is always pointed which means
that the rational cone

S:{xeR":x:xlal—|—~-+wNaN,x1,...,xNER+}

does not contain any line.
We define a linear difference equation with coefficients ¢; € F,j =
0,...,N, by

cofN+afOh—a)+.. +enfA—a)=g\), AXeK+m, (2.1)

where m = ot + - 4+ oV,



78 A. P. LYAPIN, T. CUCHTA

The Cauchy problem is to find function f()\), satisfying equation 2.1,
which coincides with given initial data function ¢ : Z" — F on the set
Xm=K\(m+K),ie.:

FA) =@M, X € X, (2.2)

Let C be the field of complex numbers, C* = Cx...xC, z = (21,...,2,) €
C", A= (A,...,\,) and 2} = zf‘l .-z, We define the generating series
of f(A\) = f(A1,...,An) in the cone K by:

F(z) =Y f(N2 (2.3)
AEK

The collection of such series forms a ring Fg[[z]] with operations of sum
and product.

Figure 1. Cone K C Z x Z spanned by a* = (2,1)" and o® = (1,2) .
Let 0;: Z" = Z",5 =1,..., N, be a shift operator defined by
(Sj A A+ Cj,
where el is a unit vector with 1 only on jth position, then define 5 =
51 ... ok
1 n

For a polynomial difference operator Q(0) = Q(d1,...,0n) = co +c16% +
s cN(SO‘N, we write difference equation 2.1 as

QU™HfN) =g\, em+ K.

Let cones K, and Ly, p = 1,..., N, be spanned by vectors from A; =
{a',...,aP} and Ay = {aP*! ... &}, respectively. Since vectors in the
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o

Figure 2. Sections in K = Z3 when (left) Ky = <el> and L; = <62763> and
(right) Ky = <€1,€2> and Lo = <e3>.

set A are linearly independent, each element A of the cone K can be rep-

resented uniquely as a sum of elements x and y from the cones L, and K,
by
K>AN=x+y, ze€lL, yck,

Consequently, the generating series 2.3 can be represented as the sum

F(z) = Z F(Kpx;2) 2%, F(Kpx;z):= Z flx+y)2Y.

x€Lyp yeKp

We call F(Kp;z; %),z € Ly, a section of generating series F'(z). If A =
{e!,...,eN} is the standard basis and F = C, we get the sections considered
by L. Lipshitz in [9], see Fig. 2. Sometimes we use the notation

F({aj,, ..., a5 )25 2) = Z flz+y)zY,

YE(Qy 5 Qg )

if the cone K is spanned by vectors {oj,,...,05,} C A, 1 < jip <... <
Jjs < N,s < N. We note that FI(K;0;2) = F(z) and F(@;x;2) = f(x) for
r e K.

Let mj : K — K,j=1,..., N, be the projection operator

; 0, i=j;
At — ). )
i {o/,z‘#j

forl1 <i< N.IfX=za'+.. +zyal, then 7\ = )\—xjaj,j =1,...,N.
For example, applying m; to cone K spanned by vectors from A yields its
(N — 1)-facet ;K spanned by vectors from A\ {a’}, see Fig. 3. We note
that K, = mpp1...onvK and Ly, = 7 ..., K.
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m K3

m3 K3

Figure 3. Facets on K3 obtained by the projections 7; for i = 1,2, 3.

We shall use the same symbol to define an induced operator 7,7 < p <
N, on the ring of formal power series F|[z]] by

7 F(Kpx;z) — F(mjKp; x; 2).

In particular, TFjZa] = 0 for j = 1,...,N. The function F(m;Kp;x;z2)
represents a generating series for the initial data function on the facet
T K.

We now prove some useful properties of ;.

Lemma 1. If1 < j <p and x € L,, then
(1 — 7)) F(Kp;2;2) = F(Kp + o5 2;2) = zo‘jF(Kp;x + a3 2).
Proof. By definition, we compute

(1 —m))F(Kp;a;2) = F(Kpya; 2) — i F(Kp; ; z) =
Z fl@+y)2¥ =z fo—i—y%—oﬂ)

yeKp+ai yeK)

which proves the lemma. O

Lemma 2. If1 < j<p and x € L, then

(1—7))2% F(Kp;z;2) = (1 — ;)0 % F(Kp;2;2).
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Proof. By definition we compute

(1— 1) F(Epai2) =22 Y fla+y)2¥ =

yeKy
=D Syt = Y flaty-a))t =
yeK) yead +Kp
Zf:v—l—y—oﬂ —WJZf:L‘+y—aj)zy—
yeK, yeK,

= (1 - 1)) F(Kp;z — od;2) = (1 — m;)8 ¥ F(Kp; 25 2),
which proves the lemma. O
Lemma 3. If1 <p < N, then
TpF(Kp; x5 2) = F(Kp_1;2; 2).
Proof. By definition we compute
m > flr+yt= > flrty= > fla+y)z
yeky yemp Kp yeKp—1
which proves the lemma. O
Lemma 4. If G(z) is the generating series for g(\) in 2.1, then
(1 —7j)G(Kp;x; 2) = G(Kp; x; 2)
holds for 1 < j < p and x € L.

Proof. Since g()\) is given for A € K + m, we acknowledge that g(\) = 0
for A € Xy, which yields 7;G(Kp; x; 2) = G(mjKp;2;2) =0for 1 < j < p
and x € L. O

3. Difference equation and integral representation for the
sections of generating series

Let f(\) be a solution to the Cauchy problem 2.1-2.2. We derive a
difference equation (recurrence relation) for the sections of generating series

of f(N).
Theorem 1. Let I, = (1 —m1)...(1 —mp),p < N, and let

ap+1

Qp(2;0) =co+ ez o 2™ + cp1d ey
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be a difference operator; if p = 0, then Qp(2;0) = Q(6). The sections
F(Ky;x;z) of generating series F(z) satisfies the recurrence relation

IL,Qp(z; 571)F(Kp§l‘§ z) = IpG(Kp; x5 2), (3.1)
for x € L, + £, where £, =aPtt .. 4oV,

Proof. For x € L,+{, and y € K,+m, we multiply both sides of difference
equation 2.1 by z¥ and sum them over y € K, + my:

Z QU Nf(x+y)2¥ = Z gx+y)zY, z€L,+1,.
yEKp+myp yeKp+my

Lemmas 1, 2 and 3 yield

,Qp(2; 6 ) F(Kp; 2 2) = IL,Q") - Y fla+y)z =

yeK)

=(1=m)--(1=m) > QU Nfla+y)z = > QU ") f(x+y)

yeKp yeEKp+myp

for x € L, + {,. Lemma 4 yields

MG(Kp;x;2) = > glz+y)2
yeKp+myp

for x € L, + ¢,. Equating these expressions proves the theorem. O

Remark 1. We note that for p =0, K, = @, L, = K, then F(Ko;z;2) =
f(z) for x € K, and 3.1 becomes the difference equation 2.1. For p = N
we get K, = K, L, = &, and formula 3.1 for a generating series F'(z) was
proven in [12].

Let F =C, z = (z1,...,2,) € C" and generating (Laurent) series F(z)
of a solution to the Cauchy problem 2.1-2.2 converges at the origin. We
derive an integral representation for sections of generating series F'(z) with
support K C Z".

Theorem 2. Let K be a cone spanned on a set of linearly independent
vectors A = {al, ..., aN} with integer coordinates. If F(¢) = S f(\¢,
AeK

where (* = Cl)‘l ...C;}", is holomorphic at the origin, cone K, C Z" is
spanned by vectors from Ay = {a!,...,aP}, and cone L, C Z" is spanned
by vectors from Ay = {aPTt ... aN}, then its section F(Kp,,2) at any
x € Ly, has the integral representation

1 Q)

. ¢ ; )
ST TE N
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(3.2)
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—x - —x z o “1 0‘{ “n a% d¢ d¢i

dC%’ the contour
I={z€C":|a|l=c1,..., || =en}

is chosen so that the closed polydisk contains no poles of F(z), and ‘z‘ <1

onT.

Proof. Since F(¢) converges on I' and (1 - (z/C)aj)

compute 3.2:

L S /O we
k=0

fep=0

P
I1
7j=1
1 © 7\ e X2\ e d¢
. woe 3 (2) 5 ()
(27‘1’2)”\/)\er( ) klZ:O ¢ Z ¢ ¢
r

—Ir— o —...— o — al «
=G | X X SR e et

e 1¢)n DO At i N {0V / G e L Tl I
T

ki,....kp=0 K
r

=f(z+kial+...+kpaP)

oo
= Z flz+ kit +... + kpap)zk1°‘1+"'+kpap = Z flx+y)2Y,
k1,...,kp=0 - yeKp

=y

since

1 C)‘_x_klal_"'_kpo‘p_IdC: 17 lf)\:x—i‘klal‘i“i‘kpap,
(2mi)" 0, otherwise.

T

The last sum coincides with the definition of F'(K),;x;z2), which proves
the theorem. O
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Remark 2. If x =0, Ay = &, 3.2 yields the integral representation for
coefficients f(\) (see [18]):

1 F(¢)d¢
(27”')71 C)\+I :
T

f) =

Remark 3. Under the conditions of Theorem 2 there is an integral
representation for m;F'(z) = F(A\ {a’};0;2), j=1,...,N, as

o FQO A
AL,

Remark 4. Under the conditions of Theorem 2 we can prove Theorem 1
by substituting integral representation 3.2 into difference equation 3.1.

7TjF(Z) =

4. Example

Theorem 1 provides a recurrence relation between sections of generating
series for 0 < p < N. The left side of the relation is a polynomial and
constant coefficient difference equation on the sections, and the right side
is the difference equation for sections of generating series of the initial data
function ¢(x) and g(z). For p =0 or p = N, see Remark 1.

For n = N = 2, A = {aj,a2} such that K = (a1, a9) is pointed and
simplicial, cg, ¢1,c2 € C, and m = o' +a?, we consider the Cauchy problem

{ cof(N) +erf(A—a') +eaf(A—a?) = g(N), A € K +m,

For p = 0, cone Ky is empty, L, = K, then 3.1 yields the given difference
equation 4.1 for x € K + m:

(4.1)

coF(Ko; w3 2) + 1 F(Ko; @ — o' 2) + coF (Ko @ — o%; 2) = G(Ko; 5 2).

For p = 1, we have K1 = ('), L1 = (a?), and for z € L; + o2 formula 3.1
yields

(1 —m1)(co+ 12 + 625_0‘2)F(K1;x; z)=(1—-m)G(Ky;x; 2),
then using Lemma 3 yields the difference equation

(co+ clzal)F(Kl; z;2) + oF (K — o 2) =
= G(K1;2;2) + coF (Ko; 23 2) + coF (Ko 2 — o5 2).
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Since F(Ko;z;2) = f(z), and F(Ko;x — a?;2) = f(z — a?), we get
(co+ clzal)F(Kl; z;2) + oF (K 2z — o 2) =
= G(Ky;x;2) +cof () + cof (x —a?). (4.2)
For p =2, cone K9 = K, Lo = &, and we get
(1 —m)(1 —m2)(co + 12 + CQZQQ)F(KQ; x;z) =
= (1 — 7T1)(1 — FQ)G(KQ;J?;Z),.%' € Ly =0,
which implies
(co + 1z + 02za2)F(K;m; z) =G(K;x;2) + (co + CQZQZ)F(WlK; x;z)+
+ (co + 12 ) F(maK; a3 2) — coF (mma K w3 2) + cof (),

and yields a formula for the generating series for the solution to 4.1 by the
generating series of its initial data function on facets of the cone K. There
are two one-dimensional facets m; K, mo K, and one facet of zero dimension
m1mo K, which coincides with the origin.

Consider 4.2 and G(z) = 0. Denoting M = cof(z) + caf(r — a?) in 4.2
yields

1
(co+ clzféizg?)F(Kl; x;2) + coF (K132 — o5 2) = M. (4.3)
For z € C" and j € 1,...,n we consider the linear differential operator
with polynomial coefficients
098 , o511 . o A
J J

The function F(z) is called D-finite (see [9;19]) if it satisfies a system of
differential equations

Let F(Ky;x — o?; 2) be a D-finite function. Applying €3 to 4.3 yields
Oll al Oél al
F(Ki;2;2)Q(co + c12y ' 25°) + (co + €12 1292 )0 F(K1; 25 2) = QM.
Since
al Cll al al 1 CVl a1
Qi(co +c127'25%) = 125 ° izt + Py (co+ 12, ' 292)
UM = MPy (21, 2),

we get

[clzgéﬂlz?i + (co + clzal)(Ql + P))| F(Ky;2;2) = MP;.
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Differentiating this equality k1 = deg PO1 + 1 times with respect to z1,
we get

ok

k

027"

1

al (e
c129° 2" + (co + clzo‘l)(Ql + Pol)] F(Ky;x;2) =0.

Applying Qs to 4.3 and differentiating ko = deg P? + 1 times with respect
to zo yields that F(K7;x;z) is D-finite function.
Thus, we have proved the following proposition.

Proposition 1. If section F(Ky;x — o?;2) is D-finite and satisfy the
system of differential equations

O F (Ko —a?2)=0,j=1,2,

then the section F(Ky;x;z) is D-finite and satisfies the system of differen-
tial equations

ki
kj

5 [clzféjfllz;& + (co + clzal)(Ql + Pg) F(Ky;2;2) =0,7 =1,2,
z.
j

where k; = deg Pg + 1.

5. Conclusion

We offered a notion of the section of generating (Laurent) series of a
solution to a difference equation with constant coefficients in a lattice cone.
We found a difference equation for the sections of a generating series and
an integral representation for sections when the generating series defines a
holomorphic function. The results of this article will be useful in the enu-
merative combinatorial analysis, multidimensional recursive digital filters,
and the theory of difference schemes.
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