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KuaroyeBbie ciioBa: croxacTudeckoe JIpobHoe juddepeHimaabHoe ypaBHEHUE B JacT-
HBIX TTPOU3BO/IHBIX, JPOOHAsT MPOU3BOHASI, CIab0e pellleHre, YyCTONIMBOCTD

Ccobuika ausa unutupoBaHusi: Bouteraa N. Existence and Stability of Solutions for
a Class of Stochastic Fractional Partial Differential Equation with a Noise // U3Becrus
WpkyTckoro rocymapcreentoro yauepcurera. Cepuss Maremaruka. 2022. T. 41. C. 107-
120.

https://doi.org/10.26516/1997-7670.2022.41.107

1. Introduction

In this paper, we are interested in the existence of solutions for an
original nonlinear fractional difference equation

SDYu (z,t) — Au(z,t) = g (x,t) W (t), xz €D, t>0, (1.1)
subject to the initial condition
u(z,0)=p(x), z €D, (1.2)
and the Dirichlet boundary condition
u(z,t) =0, z € 0D, (1.3)

where D C R, u(x,t) represents the velocity field of the fluid, the state
u (-) takes values in a separable real Hilbert space H with inner product
(-,), g(x,t) continuously differentiable function, g (z,0) = 0, the term
gz, )W (t) = g (z,1) %W (t) describes a state dependent random noise,
where W (t)tE[O,T] is a Fy—adapted Wiener process defined in completed
probability space (£2, F, P) with expectation E and associate with the nor-
mal filtration
Fr=0c{W(s):0<s<t}.

The operator A is the Laplacian. Here, §Df* denotes the Caputo type
derivative of order a (0 < o < 1) for the function u (z,¢) with respect time
t which is defined by

§Dfu (t,7) = iy Jo Z5e e, 0 <a <1,
ou(x,t
e

where I (+) is the Euler gamma function and Caputo fractional derivative
of order « also defined as
0%u(x,t) "
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Fractional stochastic equaions have been considered in the literature, first
by introducing a stochastic forcing term which cames from a Brownian
motion see [1;22]. The addition of the white noise driven term to the basic
governing equations is natural for both practical and theoretical applica-
tions to take into account for numerical and empirical uncertainties, and
have been proposed as a model for turbulence. Later on other kinds of
noises have been studied. Stochastic differential equations have attracted
great interest because of their applications in characterizing many prob-
lems in physics, mecanics, electrical engineering, biology, ecology and so
on. On this matter, we refer the reader to [6;14] and references therein.
We quote also stochastic partial differential equations, for more details
see [4;10;15-17]. To identify a few models, there has been a widespread in-
terest during the last decade in constructing a stochastic integration theory
with respect to fractional Brownian motion (FBM) and solving stochastic
differential equations driven by FBM. In fact, stochastic perturbation fac-
tors, such as precipitation, absolute humidity, and temperature, have a
significant impact on the infection force of all types of virus diseases to
humans. Taking this into consideration enables us to present randomness
into deterministic biological models to expose the environmental variability
effect, whether it is environmental fluctuations in parameters or random
noise in the differential systems, for more details, see [18]. The reason
that we use Caputo type fractional-order time derivative is not only to
make the equation original but also to employ the advantages of fractional-
order operators in an equation having a noise term. The most-well known
advantage of Caputo derivatives with respect to the classical derivatives is
its capability of taking into account the previous historical effects of model
at each time step. This feature of fractional-order operators makes them
more accurate and appropriate in modeling of the systems.

The stability theory for functional equations developed and it got pop-
ularity so quikly. Subsequently, a large number of mathematicians took
differents types of stabilities. In particular, the stability theory of stochastic
differential equations has been popularly applied in variety fields of science
and technology. Several authors have established the stability results of
mild solutions for these equations by using various techniques. Govindan [§]
considered the existence and stability for mild solution of stochastic partial
differential equations by applying the comparison theorem. Caraballo and
Liu [12] proved the exponential stability for mild solution to stochastic par-
tial differential equations with delays by utilizing the well-known Gronwall
inequality. The exponential stability of the mild solutions for semilinear
stochastic delay evolution equations have been discussed by using Lyapunov
functionals in [13]. The author in [12] considered the exponential stabil-
ity for stochastic partial functional differential equations by means of the
Razuminkhin-type theorem. Further, Sakthivel et al. [20] established the
asymptotic stability and exponential stability of second-order stochastic
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evolution equations in Hilbert spaces. The study of this area has grown
to be one of the central and most essential subjects in the mathematical
analysis area. For more details on the recent advances on the study of
stability solution one can see the research papers [3;21;25].

The classical Duhamel principle, established nearly two centuries ago
by Jean-Marie-Constant Duhamel, reduces the Cauchy problem for an in-
homogeneous partial differential equation to the Cauchy problem for the
corresponding homogeneous equation. In [23;24], Umarov generalized the
classical Duhamel principle for the Cauchy problem to general inhomoge-
neous fractional distributed differential-operator equations. In this paper
we formulate and prove fractional analogue of this famous principle for
the stochastic time-fractional partial differential equation. We first es-
tablish a fractional Duhamel principle for the nonhomogeneous stochastic
time-fractional partial differential equation. Then based on it and the
superposition principle, the solution of the above initial value problem
is represented. Finally, we obtain the stability and boundedness of the
solution. To the best of the authors knowledge, literature on study of
stability by fractional Duhamel principle for stochastic fractional problems
is rather limited and even remain open. For this raison and motivated by
the above articles, the aim of this paper is to derive stability and boudedness
of solutions for initial value problems of an original stochastic fractional
equations (1.1) — (1.3). Furthermore, The goal of this paper is to enrich
this academic area. Hence, this paper will contribute a slightly general way.
The current paper is organized as follows. In Section 2, we shall present
basic definitions, lemmas and preliminary results that are needed in the
sequel. In Section 3, we develop a fractional version of Duhamel’s principle
and conditions for existence, boundedness and stability of mild solution are
establish for the problem (1.1) — (1.3).

2. Preliminaries

In this section, we give some notions and certain important preliminaries,
which will be used in the subsequent discussions.

Let <Q,F, P {F }tzo) be a filtered probability space with a normal fil-

tration, where P is a probability measure on (2, F') and F' is the Borel
o—algebra. Let {F'},- satisfying that Fi contains all P-null sets.

The operator A is the infinitesimal generator of a strongly continuous semi-
group on a separable real Hilbert space H = L? (D).

Denote the basic functional space LP (D), 1 < p < oo and H* (D) by the
usual Lebesgue and Sobolev space, respectively. We assume that

A=-A, D(A)=H}(D)nH*(D),
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since the operator A is self-adjoint, i.e. there exist the eigenvectors ey
corresponding to eigenvalues Aj such that

Aep, = Ap€k, €x = \@sin (]{77'('), A = 7T2k2, EeNT.

SIS

For any ¢ > 0, let H? be the domain of the fractional power A2 = (=A)z,
which can be defined by

o >0, A%ek:'y,fek, k=1,2,...

and
0 g
H° =D (AE) = {v e L} (D), s.t. |v|[}e = Z’y,fv,% < oo} ,
k=1

where v = (v,e;) with the inner product (-,-) in L? (D) and the norm
|Hv| = HA%UH. Then we can rewrite the equation (1.1) —(1.3) as follows
in the abstract form
§Dfw (x,t) + Au(z,t) = g (2,t) SW (t), t > 0, (2.1)
u(z,0) = (z),
where {W (t), t > 0} is a Q-Wiener process with linear bounded covariance
o
operator ) such that a trace class operator @) denote Tr (Q) = > A\ < 00,
k=1

which satisfies that Qer = Ager, K = 1,2,..., then the Wiener process is
given by

W () => v/ B (t) er,
k=1

where {S;}7—, is a sequence of real-valued standard Brownian motions.
Let L3 = L? (Q% (H),H ) be a Hilbert-Schmidt space of operators from

Q% (H) to H with the norm

oy = ||o@t|| = (Zw%en) ,
n=1
ie.,
o0 1 L 2
L3 = {¢eL(H) D) (MR eQzen, <oo},
n=1

where L (H) is the space of bounded linear operators from H to H.
For an arbitrary Banach space Y, we denote

1
H,UHLP(Q,Y) = (E HvH%)/)p ’ Vv € Lp (QvF7 P7 Y)7 fOT any p 2 2.
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We shall also need the following result with respect to the operator A
(see [26]).

Lemma 1. For any v > 0, an analytic semigroup T (t) = e7%4, t > 0
generated by the operator A on LP, there exists a constant C,, dependent on
v such that

JAT (8)] gy < Cut™, >0,

in which L (Y) denotes the Banach space of all bounded operators from Y
to itself.

Next, we will introduce the following lemmas and definitions which will
be used in the sequel.

Definition 1. [19/. The Laplace transform of the Caputo fractional
deriwative §DY f (t) is

LEDES (@)3s] = [ e (§DFf (1) de
0

n—1

=5 (s) =Y s>k (0,

k=0

where n — 1 < a < n, f(s) is the Laplace transform of f(t) and s is a
parameter. In particular, for 0 < a <1,

L[EDE T (t);s] = s (s) = s*71f (0).

Definition 2. [19] The Fourier transform of a continuous function h (t)
absolutely integrable in R is defined by

B () = Flh(z);€) = /Reszm) dr, £ €R.

& is a parameter. The inverse Fourier transform is defined by

~ 1 .
h(z) = F! [h ©) ;m} - /e—zth(g) de, z € R
2 R
Lemma 2. [2/] Let X be a reflexive Banach space and suppose v (t,T)
is an X — valued function defined for all t > 7 > 0, the derivatives

algg-ﬁ), 0 <j < k-1, are jointly continuous in the X — norm and

% € LY (0,t; X) for all t > 0. Let u (t fo (t,7)dr. Then

t
dk k-1 ak—l J a
dtk““’zzo[atku 67 b= ] /a
0

=
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Lemma 3. [11] Let 0 < o < 1. Then

ol LD f ()] = f () — £(0).

Lemma 4. [9]. The Fourier transform of the Dirac delta function 6 (-)
has the following property

Fo(2),6 = /Reifwx) do =1,

and the inverse Fourier transform of the Dirac delta function 0 (-) is

5(z) = F'[1] =

5 e %5 (z)dx = 1.

Lemma 5. [9] The Dirac delta function § () has the following property

/Ré(x)d:c:

Lemma 6. ( [9] Hausdorff-Young inequality) If g € LP (p > 1), f € L',
then h= f*xg¢e LP and

1Plle < 1A lze - gl s

where fxg= [ f(x—y)g(y)dy denotes the convolution between f and g.

3. Main results

Inspired by the definition of the mild solution to the time-fractional
differential equations (see [21]), we give the following definition of mild
solution for our stochastic time-fractional partial differential equation. The
mild solution (3.1) obtained by using the Definitions 1, 2 and Lemma 4.

Definition 3. An Fi-adapted stochastic process (u (t), t € [0,T]) is called
a mild solution to homogeneous equation in (2.1) if the following integral
equation is satisfied

s

1 7 —ig(z—y)
— e Eq (t) dép (y) dy, (3.1)

where the generalized Mittag-Leffler operator E,, (t) is defined by

/ Co (0) S (£70) d
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where S (t) = e, t > 0 is an analytic semi group generated by the
operator —A and the Mainardi’s Wright-type function with o € (0,1) is
given by
ek
k'F 1—a (1+k)

Note that the classical Duhamel principle reduces the Cauchy problem
for an inhomogeneous partial differential equation to Cauchy problem for
corresponding homogeneous equation.

3.1. FRACTIONAL DUHAMEL PRINCIPLE

We consider the equation (1.1) subject to the initial data u(x,0) =
¢ (z) = 0, that is we study the nonhomogenuous problem

cDu (z,t) — Au(z,t) = g (z,t) W (t), z €D, t>0, (3.2)

u(x,0)=0, zeD. (3.3)

A fractional Duhamel principle is firstly given, which can reduce the nonho-
mogeneous problem (3.2) — (3.3) to the corresponding homogeneous prolem
that is the problem (3.2) — (3.3) without the right hand part of (3.2).

Theorem 1. (Fractional Duhamel principle) Let T is a parameter. If
w (z,t;7) is the solution of the homogeneuos equation.

oDfw (z,t) — Aw (z,t) =0, ze€D,t>0, (3.4)
satisfying when t = T,
w(z,7) = DY g (x,7) W (1), (3.5)

where g (x,T) is continuously differentiable function and {W (1), 7 > 0}
Brownian motion starting at 0 i.e., W (0) = 0. Then, the solution of

problem (3.2) — (3.3) is given by
¢
/w x,t;7)
0

Proof. Suppose that w (x,t,7) is the solution of (3.4) — (3.5) and we will
prove that

u(z,t) = [ w(z,t;7)dr.

o _
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Let £ =1 in Lemma 2, then we have
d 0
pr (2,t) = w (2, 67) |1=r +/8tw (x,t;7)dr.
0

Thus, by (1.4), (3.7) and g (z,0) W (0) = 0, we have

oDfu (x,t) — Au(x,t) = Itlo‘aatu (z,t) — Au(z,t) =

t

t
= OItl_a;/w(a:,t;T)dT—A/w(a:,t;T)dT:
0

0
t

¢
= ol 7 |w(z,t;7) |t:r+/ gtw (x,t;7)dr —A/w(m,t; T)dr=
0

¢
= o} (SDtlfo‘g (x,t) W (t ))—|—/ - a%w (x,t;T dT—/Aw x, t;T)dr =

¢
=gz, )W) —g(z +/ w(x,t;7) — Aw (z,t;7)] dr =
0

:g(x,t)W(t).

In addition, u (z,0) = 0. Thus u (x,t) fo (x,t;7)dr is the solution of
(3.2) — (3.3). The proof is complete. O]

Corollary 1. The solution of (3.4) — (3.5) can be expressed as

t

u(x,t) :/w(x,t—T;T)dT:

s

t oo oo
i i&(z—y) _ cnl—a
: O/O/O/e Eu (t — 7)£D1 % (y, 7) W (r) dédydr.

Proof. In fact, let ' =t —7 > 0in (3.4) — (3.5), then (3.4) — (3.5) turned
in the form,

6D w (:c,t’;v') — Aw (a:,t’,v') =0, ,0<a<l, z€eD, (3.6)

t'=0, w(z,0;7) =5D %0 (z), x € D. 3.7
t
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From Definition 3, the solution of (3.6) — (3.7), expressed by
] [Ce) 4 .
we,t—7im) = o / / @D E, (t - 1) §DIg (y,7) W () dédy.
7r
00

Further, in view of Theorem 1, the solution of (3.2) — (3.3) has the form

t

u(:v,t):/w(x t—7;7)dr =

s

t oo oo
_ QL / / / e_lf(x—y)Ea (t — 7') SDtl_ag (y, 7_) W (7_) dgdydT
0 0 0

O
Combining Definition 3 with Corollary 1, we have the following result.

Theorem 2. The solution of the nonhomogeneous (1.1) — (1.3) has the
form
u(z,t) =u (z,t) +ug (z,1), (3.8)

where uy (x,t), us (x,t) are solution of homogeneous problem and nonho-
mogeneous problem (3.2) — (3.3) respectively. That is

1 00 00 e
- / / e E, (1) (y) dedy+
0 0

21/776 “EE, (t—71)§D g (y, 7) W (7) dédydr. (3.9)
0 0

T
Theorem 3. When t — 0, the solution (3.9) of the problem (1.1) — (1.3)
s bounded.

Proof. From (3.9) and the definition of convolution between two functions,
we have

1 oo o0 '
i | = —ig(z—y) -
gl 2, ey = | 5 [ [P uw 0y dgay| =
0 0

L?(R)
/5($—y)U(y,0)dy =
0 L?(R)
=6 () *u(y,0)|| ory» = 1. (3.10)
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Applying Haousdorff-Yong inequality (Lemma 6) to (3.10) and the property
of Dirac delta function § (z), we have
1 (2, 1)y = 6 (2) % 0 3.0) gy <
<0 (@) gy - 1w (@, 0)[l Lo (ry < llu (@, 0) || Lo gy -

for p > 1. The proof is complete. O

3.2. STABILITY OF SOLUTION

We will concerns with stability of the solution of problem (1.1) — (1.3).

Definition 4. Suppose that H is a linear normed space with the norm
-l 77> w1 (x,t), ua (x,t) are solution of problem (1.1) — (1.3) corresponding
to initial datum o1 (x), w2 (x) respectively. For any e > 0, if there exists a
constant 6 > 0 such that ||p1 (z) — w2 (z)|| < § implies

Jur (2, 1) —ug (2, 8)]| <e,
then we say that the solution of problem (1.1) — (1.3) is stable.

Now, we are in position to give our main result of nonhomogeneous
problem (1.1) — (1.3).

Theorem 4. (Stability) Assume ¢ (z) € LP (R), p > 1. Then the solution
u(z,t) of the nonhomogeneous (1.1) — (1.3) is stable

Proof. Suppose that u; (z,t) is the solution of the nonhomogeneous

oDiu(z,t) — Au(z,t) =g (z,t) W(t), ze€D,t>0,
w(,0) =1 (z), weD.

and that ug (x,t) is the solution of the nonhomogeneous

cDYu (z,t) — Au(z,t) = g (2, ) W (t), xze€D,t>0,
w(@,0)= g2 (), weD.

Then, the superposition principle implies that wui (x,t) — ug (x,t) is the
solution of the following homogenuous problem

cDfu (z,t) — Au(z,t) =0, ze€D,t>0,

u(z,0) =@ () —p2(z), ze€D.
By Definition 3, we have

w (ot) s (ont) = o [ [ EIEL @) ()~ 2 ()] dgy. (310)
0 0



118 N. BOUTERAA

Taking the LP—norm p > 1 on both sides of equation (3.11) and using
Lemma 6, we have

Jur (2,t) = w2 (2, )| Loy =

= ioooo “EEE, () [01 () — w2 (y)] dédy <
| 0/
21/ Eq () d¢ [Iler (¥) — 2 Wl Lor) -
0

LY((R))

for ¢t > 0.
For any ¢ > 0, choose § < &. Then

Ile1 () = @2 W]l Loy <0

this implies
Jur (z,8) — w2 (2,8)|| Lp(r) <&

Thus, from the Definition 4, we deduce that the solution w (z,t) of the
nonhomogeneous (1.1) — (1.3) is stable.
O

4. Conclusion

In this paper, we transform the study of the stochastic fractional partial
differential equation into the study of abstract stochastic fractional differ-
ence equation with initial data. The concept of superposition principle and
fractional Duhamel principle and it’s help to obtain the solution of our
problem is introduced. Finally, we obtain the stability and boundedness of
solutions of the proplem.
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