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Abstract. Algebras of distributions of binary isolating and semi-isolating formulas
are derived objects for given theory and reflect binary formula relations between realiza-
tions of 1-types. These algebras are associated with the following natural classification
questions: 1) for a given class of theories, determine which algebras correspond to the
theories from this class and classify these algebras; 2) to classify theories from a given
class depending on the algebras defined by these theories of isolating and semi-isolating
formulas. Here the description of a finite algebra of binary isolating formulas unambigu-
ously entails a description of the algebra of binary semi-isolating formulas, which makes
it possible to track the behavior of all binary formula relations of a given theory. The
paper describes algebras of binary formulae for root products. The Cayley tables are
given for the obtained algebras. Based on these tables, theorems describing all algebras
of binary formulae distributions for the root multiplication theory of regular polygons on
an edge are formulated. It is shown that they are completely described by two algebras.
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94 D.Y.EMEL’YANOV

Algebras of distributions of binary isolating and semi-isolating formulas
are derived objects for this theory and reflect the binary formula relations
between 1-type realizations. These objects play an important role both
in the classification of these theories and in the study of general issues of
reconstruction of information recovery from derived objects. Along with
the developed general theory of binary formula algebras [10;11;13], a series
of classification results is obtained on ordered and countably categorical
theories [3;4;14], theories of abelian groups [?], theories of unars [2], poly-
gonometric theories [5], including theories of regular polyhedrons, simplex
theories [6], etc.

This paper continues the study of algebras of distributions of binary
isolation formulas: such algebras are described for theories of root products
of graphs.

1. Distribution algebras of binary isolating formulas for graph
root product theories

Initial concepts and notations used in this paper can be found in [1;2;
10-13].

Definition 1. [7-9] The root product G o H of graph G and of root graph
H is defined as follows: take |V (G)| disjoint copies of graph H and for each
vertex v; of graph G, identify v; with the root vertex of i-th copy H. Thus
G o H is the union of G with copies of H whose roots are identified with
correspondent vertices of G.

It is known that the diameter of the graph for the product G o H equals
m + 2l, where m is the diameter of the graph G and [ is the diameter of
the graph H.

If HL = Hy = ... = H;, = H then the root product Ho Ho...o H is
called kth root degree of the graph H and it is denoted by H*.

Definition 2. We denote by $? the algebra (P({0,1,2,3}); ) of binary
isolating formulas for the graph H?, where H is a graph for an edge, given
by the following table:

0 1 2 3

oy | {1} | {23 | 8
{1} | {0,2} | {1,3} | {0,2}
(2} | {13} | {0,2} | {1,3}
(3} | 0,2} | {1,3} | {0,2}

WIN|=|O

Ussectust IpkyTCKOro rocyIapCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukas. 2021. T. 37. C. 93-103



ALGEBRAS OF BINARY ISOLATING FORMULAS 95

Definition 3. We denote by $* the algebra (P({0,1,2,3,...,n});*) of
binary isolating formulas for the graph H*, where H is a graph for an edge,
n =2xk — 1, given by the following table:

. 0 1 2 3 4 n

o [ | W 2 B @ )

1 | {1} {0,2} {1,3} {0,2,4} {1,3,5} Foe(n + 1)
2 | {2} {1,3} {0,2,4} {1,3,5} | {0,2,4,6} Foe(n + 2)
3 [ {3} | {0,2,4} {1,3,5) | {0,2,4,6} | Odd(n) Foe(n + 3)
4 {4} {1,3,5} {0,2,4,6} Odd(n) Ev(n) Foe(n + 4)
n {n} | Foe(n+1) | Foe(n+2) | Foe(n+3) | Foe(n+4) Ev(n)

where Ev(n) is the set of all even numbers up to n, Odd(n) is the set of
all odd numbers up to n, Foe(n) takes the value Ev(n) if n is even, and
Odd(n) otherwise.

Definition 4. For the product Q o H of a square (Q and an edge H we
denote by Q% the algebra (P ({0, 1,2,3,4}); %) given by the following table:

0 1 2 3 4
o1 {oy] {1 {2} {3} {4}

1| {1} | {0,2} {1,3} | {0,2,4} | {1,3}
2| {2} | {13} |{0.2,4} | {1,3} [{0.2,4}
31 (31]{0,2,4} | {1,3} |{0,2,4}] {1,3}
41 {4y | {13} [{0.2,4} | {1,3} |{0,2,4}

Definition 5. For the product Q o H? of a square @ and an edge H we
denote by Q9?* the algebra (P({0,1,2,3,4,5,6}); *) given by the following
table:

0 1 2 3 4 5 6
o/{o}y| {1} {2} {3} {4} {5} {6}

1] {1y] {o0,2} (1,3} | {0,2,4} | {1,3,5} |[{0,2,4,6}| {1,3,5}
2 {23 (1,3} | {0,2,47 | {1,3,5} |{0,2,4,6}| {1,3,5} |{0,2,4,6}
31{3}] {0,2,4} | {1,3,5} [{0,2,4,6}| {1,3,5} [{0,2,4,6} | {1,3,5}
41{4}] 1,35} [{0,2,4,6}| {1,3,5} [{0,2,4,6}| {1,3,5} |{0,2,4,6}
5/{511{0,2,4,6} | {1,3,5} [{0,2,4,6}| {1,3,5} [{0,2,4,6}| {1,3,5}
6{6}] {1,3,5} [{0,2,4,6}| {1,3,5} |{0,2,4,6}| {1,3,5% |{0,2,4,6}

Definition 6. For the product Q o H* of a square Q and an edge H we
denote by Q$¢ the algebra (P({0,1,2,3,4,...,n});*), where n = 2%k + 1,
given by the following table:
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. 0 1 2 3 4 n

o [0y [ o 0 ay )

1 {1} {0,2} {1,3} {0,2,4} {1,3,5} Foe(n + 1)
2 | {2} 1,3} {0,2,4} 1,3,5) | {0,2,4,6} Foe(n + 2)
3 | {3} | {0,2,4] (1,35} | {0,2,4,6} | Odd(n) Foe(n + 3)
4 {4} {1,3,5} {0,2,4,6} Odd(n) Ev(n) Foe(n + 4)
n | {n} | Foe(n+1) | Foe(n+2) | Foe(n+3) | Foe(n+4) Ev(n)

where Ev(n) is

all odd numbers up to n, Foe(n) takes the value Ev(n) if n

is the set of
is even, and

the set of all even numbers up to n, Odd(n)

Odd(n) otherwise.

Remark 1. Note that the algebra $t absorbs the algebra Q§¢.

Definition 7.

For the product T o H of a triangle T" and an edge H we

denote by T the algebra (P({0,1,2,3});x*) given by the following table:

0 1 2 3
0| {0} {1} {2} (3}

1] {1} | {0,1,2} |{0,1,2,3} | {0,1,2,3}
2 | {2} | {0,1,2,3} | {0,1,2,3} | {0,1,2,3}
31 {3} ]{0,1,2,3} | {0.1,2,3} | {0,1,2,3}

Definition 8.

For the product T'o H? of a triangle 7" and the graph H?

we denote by T$H?* the algebra (P({0,1,2,3,4,5}); %), given by the following

table:

-1 0 1 2 3 4 5

0/{0} {1} {2} {3} {4} {5}
{1} {o0,1,2} {0,1,2,3} | {0,1,2,3,4} [{0,1,2,3,4,5}/{0,1,2,3,4,5}
21{2}| {0,1,2,3} {0,1,2,3,4} [{0,1,2,3,4,5}|{0,1,2,3,4,5}|{0,1,2,3,4,5}
3/{3}] {0,1,2,3,4} |{0,1,2,3,4,5}|{0,1,2,3,4,5}|{0,1,2,3,4,5}/{0,1,2,3,4,5}
41{4}/{0,1,2,3,4,5}|{0,1,2,3,4,5}|{0,1,2,3,4,5}{{0, 1,2, 3,4,5}|{0,1,2,3,4,5}
5/{5}/{0,1,2,3,4,5}/{0,1,2,3,4,5}/{0,1,2,3,4,5}/{0,1,2,3,4,5}|{0, 1,2, 3,4, 5}

Definition 9. For the product T o H* of a triangle T and the graph H*
we denote by T$H the algebra (P({0,1,2,3,4,...,n});*), where n = 2 x k,
given by the following table:
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0 1 2 3 4 n
oo 1 | @ Bl oL
L[] {0,1,2) |{0,1,2,3} | {0,1,2,3,4} | {0,1,2,3,4,5} |...|{0,1,2,...n}
2 [{21] {0, 1, 2,3} [{0,1,2,3,4}]{0,1,2,3,4,5}[{0,1,2,3,4,5,6}].. |{0, 1,2, ..., n}
3 {3}{0,1,2,3,4} {0,1,2,3, | {0,1,2,3, {0,1,2,3, {0,1,2,3,

4,5} 4,5,6) 4,5,6,7) ol
4]{4) {0,1,2,3, | {0,1,2,3, | {0,1,2,3, | {0,1,2,3,4, 10,1,2, 3,
4,5} 4,5,6} 4,5,6,7} 5,6,7,8} ..,n}
n {n}{0,1,...,n}{0,1,...,n} {0,1,...,n} | {0,1,...,n} {0,1,...,n}

Remark 2. The algebra for a simplex theory [6] absorbs the algebra $¥.

Definition 10. For the product P o H of a pentagon P and an edge H
we denote by B the algebra (P({0,1,2,3,4});*) given by the following

table:
0 1 2 3 4
0[{0y | {1 {2} {3} {4}
1] {1} {0,2} {1,3,2} [1{0,1,2,3,4} | {0,1,2,3,4}
2 [ {2y | {1,3,2} ]1{0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4}
31 {3} ]1{0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4}
4] {4} [ {0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4}

Definition 11. For the product P o H? of a pentagon P and the graph
H? we denote by $? the algebra (P({0,1,2,3,4,5,6}); %) given by the
following table:

1o 1 2 3 4 5 6
0{0} {1} {2} {3} {4} {5} {6}
{1} {0,2} [{1,3,2} [{0,1,2,3,4}[{0,1,2,3,43/{0,1,2,3,4,5,6}{0,1,2,3,4,5,6}
2(2) {1,3,2} [ {0,1,2,| {0,1,2, |{0,1,2,3, | {0,1,2,3, {0,1,2,3,
3,4} 3,4} 4,5,6} 4,5,6} 4,5,6}
3(3} {0,1,2, [ {0,1,2, | {0,1,2,3, | {0,1,2,3, | {0,1,2,3, {0,1,2,3,
3,4} | 3,4} | 4,56} 4,5,6} 4,5,6} 4,5,6}
4{4}[{0,1,2,3[0,1,2,3] {0,1,2,3, | {0,1,2,3, | {0,1,2,3, {0,1,2,3,
4,56} | 4,5,6} | 4,5,6} 4,5,6} 4,5,6} 4,5,6}
5{5}{0,1,2,3){0,1,2,3] {0,1,2,3, | {0,1,2,3, | {0,1,2,3, {0,1,2,3,
4,5,6} | 4,5,6} | 4,5,6} 4,5,6} 4,5,6} 4,5,6}
6{6}{0,1,2,3){0,1,2,3] {0,1,2,3, | {0,1,2,3, | {0,1,2,3, {0,1,2,3,
4,5,6} | 4,5,6} | 4,5,6} 4,5,6} 4,5,6} 4,5,6}
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Definition 12. For the product Po H* of a pentagon P and the graph H*
we denote by T$H* the algebra (P({0,1,2,3,4,...,n}); %), where n = 2xk+1,
given by the following table:

-1 0 1 2 3 4 n

o{oy {1} {2} {3} {4} _ {n}

{1y {027 | {L2,3} |{0,1,2,3,4}{0,1,2,3.,4,5..[{0,1,2,3,...n}

21{2}| {1,2,3} [{0,1,2,3,4}| {0,1,2,3, | {0,1,2,3, {0,1,2,3,

4,5} 4,5,6} ..,n}

31{31{0,1,2,3,4} {0,1,2,3, | {0,1,2,3, | {0,1,2,3, {0,1,2,3,
4,5} 4,5,6) | 4,5,6,7) on}

n{n}{0,1,...,n}{0,1,...,n}{0,1,...,n}{0,1,...,n}|...| {0,1,...,n}

Definition 13. For the product D o H of a hexagon D and an edge H
we denote by ©5) the algebra (P({0,1,2,3,4,5});*) given by the following

table:

0 1 2 3 4 5
o {0y {1 {2} (3} {4} {5}

1 {3 {02y | {13} [{0,2,4} | {1,3,5} | {0,2,4}
2 | {20 | {1,3} |{0,2,4} | {1,3,5} | {0,2,4} | {1,3,5}
3143} {0.2,4} | {1,3,5} | {0.2,4} | {1,3,5} | {0,2,4}
41 {4y | {1,3,5} | {0,2,4} | {1,3,5} | {0,2,4} | {1,3,5}
51 {5} | {0,2.4} | {1,3,5} | {0,2,4} | {1,3,5} | {0,2,4}

Definition 14. For the product D o H? of a hexagon D and the graph
H? we denote by D2 the algebra (P({0,1,2,3,4,5,6,7}); ¥) given by the
following table:

10 1 2 3 4 5 6 7

ooy {1} {2} {3} {4} {5} {6} {7}

1{1}] {0,2} | {1,3} [{0,2,4} | {1,3,5} [{0,2,4,6}[{1,3,5,7}|{0,2,4,6}
2[{2}] {1,3} | {0,2,4} | {1,3,5} [{0,2.4,6}|{1,3,5,7}|{0,2,4,6}|{1,3,5,7}
3[{3}] {0,2,41 | {1,3,5} [{0,2,4,6}|{1,3,5,7}[{0,2,4,6}|{1,3,5,7}[{0,2,4, 6}
4/{4}] {1,3,5} [{0,2,4,6}|{1,3,5,7}|{0,2,4,6}|{1,3,5,7}[{0,2,4,6}|{1,3,5,7}
5/{5}[{0,2,4,6}[{1,3,5,7}|{0,2,4,6}|{1,3,5,7}[{0,2,4,6}|{1, 3,5, 7}{0, 2,4, 6}
6/{6}[{1,3,5,7}[{0,2,4,6}|{1,3,5,7}|{0,2,4,6}|{1,3,5,7}|{0,2,4,6}[{1,3,5,7}
71{7}{0,2,4,6}[{1,3,5,7}/{0,2,4,6}|{1,3,5,7}[{0,2,4,6}/{1,3,5,7}|{0,2, 4,6}

Definition 15. For the product D o H* of a hexagon D and the graph
H* we denote by D9t the algebra (P({0,1,2,3,4,...,n});*), where n =
2 x k 4+ 2, given by the following table:
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0 1 2 3 4 n
o[ U | & {3} W [
1 {1y {02} | {13} | {0,2.4} | {1,3,5} |...|{0dd(n)}
2 ({2} {13} | {0,2,4} | {1,3,5} [{0,2,4,6}]...| {Ev(n)}
3 [{31] {0,2,4} | {1,3,5} [{0,2,4,6}|{1,3,5,7}|... [{Odd(n)}
4 [{ay] {1,3,5} [{0,2,4,6}[{1,3,5,7}[{0,2,4,6}|... | {Ev(n)}
n [ {n} |{0dd(m)}| {Ev(n)} [{Odd(m)}| {Ev(n)} |...| {Ev(n)}

where Ev(n) is the set of all even numbers up to n, Odd(n) is the set of all
odd numbers up to n.

Definition 16. For the product G o H of a heptagon G and an edge H
we denote by &5 the algebra (P({0,1,2,3,4,5}); *) given by the following

table:

-1 0 1 2 3 4 5
0[{0} {1} {2} {3} {4} {5}
11{1} {0,2} {1,3} {0,2,4} {1,2,3,4,5} | {1,2,3,4,5}
2[{2}]  {1,3} {0,2,4} {1,2,3,4,5} | {1,2,3,4,5} [{0,1,2,3,4,5}
31{3}| {0,2,4} {1,2,3,4,5} | {1,2,3,4,5} [{0,1,2,3,4,5}|{0,1,2,3,4,5}
4[{4}]{1,2,3,4,5}| {1,2,3,4,5} [{0,1,2,3,4,5}[{0,1,2,3,4,5}[{0,1,2,3,4,5}
5[{5}/{1,2,3,4,5}[{0,1,2,3,4,5}[{0,1,2,3,4,5}[{0,1,2,3,4,5}[{0,1,2,3,4,5}

Definition 17. For the product N o H of a nonagon N and an edge H we
denote by 919 the algebra (P({0,1,2,3,4,5,6}); %) given by the following

table:
-1 0 1 2 3 4 5 6
0{o}| {1} {2} {3} {4} {5} {6}
11{1}| {0,2} {1,3} |{0,2,4} | {1,3,5} |{0,1,2,3,4,5,6}|{1,2,3,4,5,6}
21{2}| {1,3} {0,2,4} | {1,3,5} [{0,1,2,3, {1,2,3, {0,1,2,3,
4,5,6} 4,56} 4,5,6}
31{3}| {0,2,4} | {1,3,5} |{0,1,2,3,| {1,2,3, {0,1,2,3, {0,1,2,3,
4,56} | 4,5,6} 4,56} 4,56}
41{4}| {1,3,5} |{0,1,2,3,| {1,2,3, |{0,1,2,3, {0,1,2,3, {0,1,2,3,
4,5,6} 4,5,6} 4,5,6} 4,5,6} 4,5,6}
5({6}/{0,1,2,3,| {1,2,3, |{0,1,2,3,[{0,1,2,3, {0,1,2,3, {0,1,2,3,
4,5,6} 4,5,6} 4,5,6} 4,5,6} 4,5,6} 4,5,6}
61{6}| {1,2,3, |{0,1,2,3,/{0,1,2,3,/{0,1,2,3, {0,1,2,3, {0,1,2,3,
4,5,6} | 4,5,6} | 4,5,6} | 4,5,6} 4,5,6} 4,5,6}
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Definition 18. The algebra of binary isolating root product formulas of
general form A o H for regular polygons A with an odd number of vertices
with edge H is denoted by A$H* and it is represented as (P({0,1,2,3,4, ...,
n}); *) with the following table:

0 1 2 3 4 n
o0y (11 | @ B3 W
1 {1} {0,2} | {1,3} {0,2,4} {1,3,5} Fr(n+1)
2 [{2} (1,3} [{0,2,4}| {1,3,5} [0,1,2,3,4,5,6}..] Fr(n+1)
3 {3}/ 10,2,4} [ {1,3,5} [{0,1,2,3,4,5,6}] {1,2,3,4,5,6} |...| Fr(n+1)
n {n}Fr(n+ 1)Fr(n+1) Fr(n+1) Fr(n+1) |..0,1,2,3,4,...,n}

where for the number m of vertices of a regular polygon, Fr(k) takes value {0, 1, 2,
3,4,...,k} for even k, and for odd k there are two cases: first, if & > m then
Fr(k) ={0,1,2,3,4,...,k}; second, if & < m then Fr(k) = {1,2,3,4,...,k}.

On the basis of the obtained description of the Cayley tables for the
algebras of binary isolating formulas of root product theories we have the
following theorems.

Theorem 1. If the root product of binary isolating formulas for n-gons
results in at least one simplex, then the algebra for the result is isomorphic
to the algebra of simplexes.

Theorem 2. If T is a theory of root product of graphs per edge, B is an
algebra of binary isolating formulas of the theory T, then the algebra B
is given by exactly one of the following algebras: the algebra Ht and the
algebra AHE.

2. Conclusion

In the paper, we obtained Cayley tables for the root product of regular
polygons by an edge and by an edge degree. Based on these tables, theorems
are shown describing all algebras of binary formula distributions for a theory
of root product of regular polygons by an edge. It is produced that they
are completely described by two forms of algebras.
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AJireGpbl OMHAPHBIX U30JIMPYIOMINX (GOPMYJI IJisI TEOPUit
KOPHEBBIX Mpou3BejieHuii rpadoB
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Awnnoranusi.  AsreGpbl pacipejiesiennii GMHAPHBIX U30JUPYIONUX U MOJIyU30JIUPY-
OIMX (DOPMYJI SIBJISIFOTCSI ITPOU3BOIHBIME OObEKTAMHU JJIsI JAHHON TEOPUU W OTPAKAIOT
6uHapHble (POPMYJIbHBIE CBI3U MEXK/y Pean3aiuaMu 1-TumnoB. DT ajarebpbl CBSI3aHbI CO
CJIETYIOIUME €CTECTBEHHBIMY KJIaCCH(DUKAITMOHHBIME BOITPOCaMu: 1) Mo JaHHOMY KJIAcCy
TEOpHil OIpPe/Ie/INTh, KaKie ajredpbl COOTBETCTBYIOT TEOPUSIM U3 ITOrO KJIACCA, U KJac-
cuduIMpoBaTh 3TN aNrebphr; 2) KIaccuUIIpoBATh TEOPUU U3 KJIACCA B 3aBUCAMOCTH OT
OIIPE/IEJISIEMBIX STUMM TEOPUSIMU AJIrebp M30JIMPYIONMX U IOy U30JIMPYIONUX (DOPMYJI.
IIpu sTOoM ommcanme KOHEUHOU anareOpbl OMHAPHBIX U3OJTUPYIONUX (DOPMYJT OTHO3HAY-
HO BJIeYeT U ONHCaHMe ajireOpbl OMHAPHBIX TOJIYU30JIUPYIOMHUX (POPMYJI, 9TO HO3BOJISET
OTCJIE?KUBATD MTOBEJIEHNE BCEX OMHAPHBIX (POPMYJIBHBIX CBsI3eil MaHHOM Teopuw.

B craTbe onucanbl anrebpbl OMHAPHBIX (DOPMYJI JIJIsi KOPHEBBIX NMpou3BeneHmii. /s
MOJIyYeHHBIX ajredp mpuBeaenbl Tabsmibl Kasn. Ha ocHoBanuu sTux Tabsur cpopmysim-
pOBaHBI TEOPEMBI, OMMKUCHIBAOIINE BCE areOpbl pacupeeeHnil CHHAPHBIX (POPMYJT JIJTst
TEOPHUH KOPHEBOI'O0 YMHOXKEHMsI IPABUJIbHBIX MHOIOYTOJIbHUKOB Ha pebpo. [lokazano, uro
OHU TIOJTHOCTBIO OMUCBIBAIOTCS JBYMSsI ajarebpamu.

KurouyeBbie ciioBa: aJsirebpa pacripejesiennii OnHapHbIX (pOpMyJI, KOPHEBOE ITPOM3-
BefeHne rpadoB.
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