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Abstract. In this paper, we introduce and study a new subclass of meromorphic func-
tions with positive coefficients involving the polylogarithm function and obtain coefficient
estimates, growth and distortion theorem, radius of convexity, integral transforms, convex
linear combinations and convolution properties for the class ocp(a, A).
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1. Introduction

Let X denote the class of functions of the form
f(z)zl—i—ia 2™ (1.1)
z = me
which are analytic in the punctured open unit disk

U ={z:2€C, 0<|2| <1} =U\ {0} (1.2)

A function f in X is said to be meromorphically starlike of order ¢§ if and
only if

m{ - Z;QS)} > 6 (2 e U, (1.3)
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for some ¢ (0 < 6 < 1). We denote by X(J) the class of all meromor-
phically starlike order ¢. Furthermore, a function f in X is said to be
meromorphically convex of order ¢ if and only if

9%{ - (1 + Zﬁg) } > 8 (2 € UY), (1.4)

for some 4§, (0 < § < 1). We denote by X(9) the class of all meromor-
phically convex order ¢. For functions f € ¥ given by (1.1) and g €
X

1 o0
== b 2™, 1.5
Z+m§:jo z (1.5)

we define the Hadamard product (or convolution) of f and g by

(f*x9)(2) = = + Z b 2™ (1.6)
Let ¥, be the class of functions of the form

f) ==+ amz™; am >0 (1.7)

which are analytic and univalent in U*.
For ¢ € N, the set of natural numbers with ¢ > 2, an absolutely
convergent series defined as

Lic(z) = ) ﬁ (1.8)

is known as the polylogarithm. This class of functions was invented by
Leibnitz [2]. For more works on polylogarithm and meromorphic function
(see [4;6] ).

We consider a linear operator Q.f(z): ¥ — ¥ which is defined by the
following Hadamard product (or Convolution):

o0

+ 2™, (1.9)

m+2

0uf(2) = delz) * () =

o

m=

where ¢.(2) = 272 Li.(2).
Next, we define the linear operator ®.f(z) : ¥ — X as follows:

o

o) = {0uf(2) - %ao} _ % + Y g™ (1.10)

—_

m=
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For function f in the class ¥, we define a linear operator D , f (z) as
follows

D0\ f(2) = f(2)
D A flz)=(1- )\)f(z)+>\(z2j;(z))/>\20

= (1 =N f(2) + Xzf'(2) = De, 2 f(2)
D2 3 f(2) =D, Af(2)(Dg, 1 f(2))

D 3 f(2) =D, Af(2) (D24 f(2))
L, f: [1+A(m + 1)]”am

z (m 4+ 2)¢

™ forn=1,2,--- (1.11)
m=1

Now, by making use of operator D7 , f(z), we define a new subclass of
functions in ¥, as follows.

Definition 1. For —1 < a <1 and A > 0 we let ocp(o, ) be the

subclass of ), consisting of functions of the form (1.7) and satisfying the
analytic criterion

2(Dp \f(2))
—Re {W + Oé} >

Dr \f(2) is given by (1.11).

2(Dg \f(2))

o)

(1.12)

The main object of the paper is to study some usual properties of the
geometric function theory such as coefficient bounds, growth and distortion
properties, radius of convexity, convex linear combination and convolution
properties, and integral operators for the class o¢p(a, A).

2. Coefficient inequality

Theorem 1. A function f of the form (1.7) is in ocp(a, ) if

= [+ Mm A4 DM 2m + 3 — o
Z (m +2)¢

lam| <1 -, (2.1)

m=1

-1 <a<l and A > 0.
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Proof. 1t is sufficient to show that

‘Z@Z A (2)
:DZ A (2)

Z(QZ A (2)

+1’+Re{ o NiD)

—|—1}§1—a.

We have

ECAYC) OOy

+1‘+Re{ o NG

Alm m
2zﬂéﬁ§L<+mmma

Z(QZ ,\f(z))l
D.f(2)

<2’ +1‘ <
1A (m4-1)]n
L S A o

m=1

Letting z — 1 along the real axis, we obtain

z:“i;T;m (m +1)|an|

IN

DY %|am|

The last expression is bounded by (1 — «) if

14+ AXm+1)]"[2m+ 3 — q]
(m +2)°

lam| <1 —a.

m=1
Hence the theorem is proved. ]

Corollary 1. Let the function f defined by (1.7) be in the class ocp(a, ).
Then

= (m+2)°(1 — a)
amgg;[+Mm+DWMn+&%W(mzl) (22

Equality holds for the functions of the form

LS mey-e) L,
_z+§%D+AWHJW@m+3—M : (2:3)

3. Distortion Theorems
Theorem 2. Let the function f defined by (1.7) be in the class ocp(cr, A).
Then for 0 <|z|=r <1,

1 3¢(1 — a) 1, 3(-a)
T I+ G—a) SRS [1+2>\] G-a)

(3.1)
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with equality for the function

1 F(l-a)
J& = Y G- (32)

Proof. Suppose f isin ocp(a,A). In view of Theorem 1, we have

[1+2)\ 5—a) Za < 2m+3 —a][l+A(m+1)]"

- (m+ 2)¢ <(-a)

which evidently yields

1 1 31 — o
r”;“m =7t [1+2(>\]”(5)—a)T'

Also

£ (2)] = ‘1 +) amZM‘ > == amle™ >
m=1 m=1
Zl—riamzl— -o)

o= r [14+2X"5 - «)

Hence the results (3.1) follow. O

Theorem 3. Let the function f defined by (1.7) be in the class ocp(cr, A).
Then for 0 <|z|=r <1,

1 3¢(1 — a) 1 3¢(1 — o)

el e vy R QL il ru T o

The result is sharp, the extremal function being of the form (2.3).

Proof. From Theorem 1, we have

1 +2/\ 5—a) 2m + 3 — al[l + A(m + 1)]"
Zmaméz (m 1 2)° <(1l-o)
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which evidently yields

= 3(1 — )
;mam ST 6—a)

Consequently, we obtain

1 o0 1 o0
_ -1
lf(2)| = 2 + mEZI may,r™ 1 < g + mEZI My <

< 1 n 3°(1 —a)
— 2 14265 - a)
Also
]f(z)\ZrQ—Zmamr Zﬁ—Zmam>
m=1 m=1
1 3(1 -«
> — — .
—r2 14225 -«)
This completes the proof. ]

4. Class Preserving Integral Operators

In this section we consider the class preserving integral operators of the
form (1.7).

Theorem 4. Let the function f be defined by (1.7) be in the class ocp(cr, A).
Then

z

1 o0
F(Z> = qufp,—l /tuf(t)dt = ; + ﬁamzm, 1% > O (41)
0 m=1

belongs to the class o[d(a, A\, m, u)|, where

[14 27" (5 — o) (1 + 2) — 3°u(1 — a)

S(a, A, m, 1) = . 42
@A) = G-+ T —a)
The result is sharp for f(z) = % + %2-

Proof. Suppose f(z) =1+ amz™ is in o p(a, A).

1

e
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We have

z
1 = o
F(z)=puz""1 [ t*f(t)dt = = S 0
(2) = /f<> N e
J -

It is sufficient to show that

o0
5
Yy mES Hhn y (4.3)
1-dm+p+1

m=1
Since f(z) isin ocp(a, A), we have

o0

2m+3—a][l+ A(m+1)]"
Z (m+2)¢(1 - «)

lam| < 1. (4.4)

m=1
Thus (4.3) will be satisfied if

(m+d)p 2m +3 —a][l + A(m+ 1)]"

-8 (m+ptl) < (m 1 2)(1 - a) , for each m
[1+/\(m—|—1)}”[2m+3—a](u+m—|—l) —mu(l_a)(m+2)c
= 1+ A(m+ D) 2m +3 —aof(p+m+ 1) +mp(l — a)(m + 2)¢ (4.5)
Gmy = LA+ D" 2m o+ 3= al(e -+ m +1) = mu(l - a)(m + 2)°

1+ AXm+1)|"2m+3—al(p+m+1)+mu(l —a)(m+2)¢

Then G(m+1)—G(m) > 0, for each m. Hence G(m) is increasing function
of m. Since

[142\"(5 —a)(p+2) —3u(l — a)
[14+2X"05 —a)(p+2) +3%u(l—a)

The result follows. O

G(1) =

5. Convex Linear Combinations and Convolution Properties

Theorem 5. If the function f is in ocp(a, ) then f(z) is meromorphi-
cally convex of order § (0 <6 < 1) in|z| <r=r(a,\,0) where

{[1 + A(m+ 1)]"(1 = 8)[2m + 3 — a]}mlﬂ

r(e, A, 0) = inf (m +2)¢(1 — a)ym(m + 2 — 9)

n>1

The result is sharp.
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Proof. Let f(z) is in o¢p(cv, A). Then by Theorem 1, we have

i 1+ A(m+D]"2m+ 3 — o]

(m + 2)° lam| < (1 —a). (5.1)

m=1

It is sufficient to show that ’2 1 )

< 1—9, for |z] < r =r(aA,0),

f'(=)
where 7(a, A, d) is specified in the statement of the theorem. Then
= 1
1 m=
Zf”(z) mZ:1 m(m + )amz oo m + 1 |Z|m+1
2+ 5| = = <3
24 Y magemt | mti1— S mag, ot
m=1 m=1
This will be bounded by (1 — 9) if
(o]
2 -0
yo o m+ mim£2=0) <1, (5.2)

m=1

By (5.1), it follow that (5.2) is true if

m(m +2- 5) |Z|m+1 < [1 + )‘(m + 1)]n[2m +3 - OZ]

>
=5 = mt2ei—a M=t
: (14 A+ 1]"(1 = )] |
A< { (m +2)7(1 — a)ym(m + 2 —9) } ' (5:3)
Setting |z| = r(a, A, d) in (5.3), the result follows.
The result is sharp for the function
1 (m+2)¢(1 — )
= - m >1).
O
Theorem 6. Let fo(z) =1 and
1 (m+2)¢(1 — )
m = - m7 Z 1).
@) = A m s ppmts—a” 0 MY

Then f(z) = 1+ 3 amz™ s in the class ocp(, A) if and only if it can be
=1
expressed in the form f(z) = Aofo(2) + > Amfm(2), where A\g > 0, A, >
m=1

0(m>1) and N+ >, A=

m=1
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Proof. Let f(z) = Xofo(2)+ Y. Amfm(2) with A\g > 0, A, > 0 (m > 1) and
m=1

Ao + i A, = 1.
m=1

+2)(1 — ) "
+ZIA’”[1+A "2 +3 —a]
Since
N 1+A +1)]"[2m + 3 — o] (m +2)¢(1 — )
mzzl +2)(1 - ) A T+ Am+D]"2m+3—ao]

By Theorem 1, f is in the class o p(a, A).
Conversely suppose that the function f is in the class o¢p(a, A), since

(m+2)(1—a)

= T A m+ D" 2m + 3 —a] (m=z1)
N = 1+ (m+1)]"[2m—|—3—a]a
" (m+2)(1-a) "

and \g =1— > A, it follows that f(z) = Aofo(2) + D A fm(2).
m=1

m=1
This completes the proof of the theorem.
oo
For the functions f(z) = 14+ 3 @,,2™ and g(z) =

m=1

to > we denote by (f * g)(z) the convolution of f(z
2

b 2™ belongs

i+ Z
) nd g(z) or

(f*g 7+Zammz
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Theorem 7. If the functions f(z) = 1+ amz™ and g(z) = 1+

1

e

> bm2™ arein the class ocp(a, N), then

(f*g *‘f’zammz

is in the class ocp(or, N).

Proof. Suppose f(z) and g(z) arein o.,(, A). By Theorem 1, we have

00 [1+)\(m+1)]n[2m+3_a]
mZ::l (m +2)(1 — a) am <1
o0 [1+)\(m—|—1)]n[2m+3_a]

mzzjl (m+2)c(1 — a) b < 1

1+)\ 1)] [2m + 3 — o]
+2)°(1-a)
1+ A(m+1)]"[2m + 3 — a2
= { G ) ) b <
2 A+ A(m+1D)]"[2m+3—0]
(Z (m +2)¢(1 —a) m)

m=1

' ( Z [1+A(m+1)]"[2m + 3 — ]

eI R

m=1

Hence by Theorem 1, (f * g)(2) is in the class o p(c, A). O

6. Neighborhoods for the class o.p(a, )

Neighborhoods for the class o.,(c, A) which we define as follows:
Definition 2. A function f € s said to in the class ocp(a, A,7y) if

there exists a function g € ocp(o, A) such that

f(2)

9(2)

—1‘<1—'y,z€U, 0<~v<1). (6.1)
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Following the earlier works on neighborhoods of analytic functions by Good-
man [1] and Ruschweyh [5], we define the §—neighborhhod of a function

fey by
p

Ns(f) == {g € Z 2 g(z) = % + Z by 2™ : Z m|am, — by| < 5}. (6.2)
p m=1 m=1

Theorem 8. If g € ocp(a,N) and

B 5(5 — a)(1 +2))
= AT G o a) — s —a) (6:3)

Then Ns(g) C ocp(o, A, 7).
Proof. Let f € Ns(g). Then we find from (6.2) that

o0

> mlag — byl <6 (6.4)

m=1

which implies the coefficient inequality

> am —bm| <6, (m € N). (6.5)
m=1
Since g € ocp(a, ), we have mZ:1 b < % So that
Am — bm
‘f<z>_1‘<m§1’ L seweew
9(z) - 1_ ibm T (14205 —-a) -3¢l - a)
m=1

provided « is given by (6.3). Hence, by definition f € o¢p(a, A, 7y) for v
given by (6.3), which completes the proof. O

Remark 1. For A =0 in the results mentioned in all the sections above
the class are the same as those of Venkateswarlu et al. [6].

7. Conclusion

This research has introduced a new linear operator related to polylog-
arithm function and studied some basic properties of geometric function
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theory. Accordingly, some results related to coefficient estimates, growth
and distortion properties, closure theorems and neighborhoods have also
been considered, inviting future research for this field of study.
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Mu Ko3(dduiimeHTaMu, CBA3aHHBIX C MOJUJIOrapudpMmUIecKoin

dbyHKIIMEl
I'. Cranna', B. Benkaremsapiy', I1. Tupynaru Peu?

L YVusepcumem THTAM, Kapnamaxa, HAnous
2 Vuusepcumem Kaxamus, Teaaneana, Mnous
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AnHoTauua. B crarbe BBOAMTCS M M3yYaeTCsl HOBBIH MTOIKJIACC MEPOMOPhHBIX hyH-
KIWH C TTOJIOKUTETBHBIME KO(DMUIMEHTAME, CBI3AHHBIX C (PYHKIMEH MouIorapudma.
Tak>ke TOyYeHbI OIEHKH JIsI KO DUIMEHTOB, TeOpeMa POCTa W WUCKAXKEHUS, PaJIH-
yC BBITYKJIOCTH, WHTErPAJIbHBIE TTPEOOPA30BAHNS, BBIMYKJIbIE JIMHEIHbIE KOMOWHAIINA U
CBOICTBA CBEPTKU JIsl KJIacca O¢,p(ar, ).
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