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Groups with a Strongly Embedded Subgroup
Saturated with Finite Simple Non-abelian Groups *

A. A. Shlepkin

Siberian Federal University, Krasnoyarsk, Russian Federation

Abstract. An important concept in the theory of finite groups is the concept of a
strongly embedded subgroup. The fundamental result on the structure of finite groups
with a strongly embedded subgroup belongs to M. Suzuki. A complete classification of
finite groups with a strongly embedded subgroup was obtained by G. Bender. Infinite
periodic groups with a strongly embedded subgroup were first investigated by V. P.
Shunkov and A. N. Izmailov under certain restrictions on the groups in question. The
structure of a periodic group with a strongly embedded subgroup saturated with finite
simple non-abelian groups is developed. The concepts of a strongly embedded subgroup
and a group saturated with a given set of groups do not imply the periodicity of the
original group. In this connection, the question arises of the location of elements of finite
order both in groups with a strongly embedded subgroup and in groups saturated with
some set of groups. One of the interesting classes of mixed groups (i.e., groups containing
both elements of finite order and elements of infinite order) is the class of Shunkov groups.
It is proved that a Shunkov group with a strongly embedded subgroup saturated with
finite simple non-abelian groups has a periodic part.

Keywords: a periodic group, Shunkov group, groups saturated with a given set of
groups, strongly embedded subgroup, Bender’s theorem.

1. Introduction

The concept of a strongly embedded subgroup is fundamental in the
theory of finite groups [5]. A subgroup R of a group G is called strongly
embedded in G if R contains an involution (a second order element) and for
any element g € G\ R, RN RY does not contain an involution. The funda-
mental result on the structure of finite groups with a strongly embedded

* Research was supported by the Russian Science Foundation (project No. 19-71-
10017).
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subgroup belongs to M. Suzuki. A complete classification of finite groups
with a strongly embedded subgroup belongs to G. Bender [1;5]. Infinite
periodic groups with a strongly embedded subgroup were first investigated
by V.P. Shunkov and A.N. Izmailov under certain restrictions on the groups
in question [6;7]. In the groups Lo(P) and Sz(Q) (P, Q are locally finite
fields of characteristic 2) the normalizers of Sylow 2 subgroups are strongly
embedded and are Frobenius groups. V.P. Shunkov posed question 10.76
in the Kourovka notebook:

Let G be a periodic group with an infinite Sylow 2 subgroup of S, which
either

a) elementary abelian, or

b) Suzuki 2 group , moreover, the normalizer Ng/(S) is strongly embedded
in G and is a Frobenius group with locally cyclic complement. Should the
group G be locally finite ?

In the case of condition a), the question was resolved by A.I. Sozutov [15],
in the case of condition b) the question was resolved by A.I. Sozutov and
N.M. Suchkov [16]. It was established that the group G is isomorphic to
one of the groups of the set {L2(P), Sz(Q)}.

From the G. Bender research mentioned above, it follows, in particular,
that finite simple groups with a strongly embedded subgroup, up to iso-
morphism, are groups from the set {Lo(2"1), Sz(22+1), Us(2"*!) | n =
1,2,--- }. In this paper we prove Theorems 1, 2, "transferring” this result
to periodic groups and Shunkov groups saturated with finite simple non-
abelian groups. Let X be some set of groups. Group G is saturated with
groups from the set X if any finite subgroup of G is contained in a subgroup
of G, isomorphic to some group from X [13].

The concepts of a strongly embedded subgroup and a group saturated
with a given set of groups do not imply the periodicity of the original
group. In this connection, the question arises of the location of elements
of finite order both in groups with a strongly embedded subgroup and in
groups saturated with some set of groups. One of the interesting classes of
mixed groups (that is, groups containing both elements of finite order and
elements of infinite order) is the class of Shunkov groups [12].

A group G is called a Shunkov group if, for any finite subgroup H from
G in the quotient group Ng(H)/H, any two conjugate elements of prime
order generate a finite group.

It is well known that in the general case the Shunkov group does not
have to have the periodic part [2] (the periodic part T(G) of the group G
means the whole set of its elements of finite order, provided that it forms
the group [8]).
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2. Definitions, known facts, auxiliary statements

Definition 1. In this article, the symbol 1 will be used to denote a single
element of a group or a single group. From the context it will always be
clear what kind of situation is involved.

Definition 2. [10] If the group G is saturated with groups from the set
of groups X, then this set is called saturation set for the group G.

Definition 3. [10] Let G be a group, K be a subgroup of G, X be a set of
groups. By Xq(K) we denote the set of all subgroups of G, containing K
and isomorphic to groups from X. In particular, if 1 is the identity subgroup
of G, then X(1) denotes the set of all subgroups of the group G, isomorphic
to groups from X. If it is clear from the context which group we are talking
about, then instead of Xq(K) we will write X(K).

Definition 4. For a group G and a set of groups X, the notation G € X
means that G is isomorphic to some group from X. Respectively, the
notation G & X means that G is not isomorphic to any group from X.

Proposition 1. [5] Let G = Ly(q), where q is an odd number, greater
than 3. Then the following statements are true :

1. The Sylow 2 subgroup of the group G is a dihedral group.

2. If a s an involution from G, then Cg(a) is a dihedral group.

3. Z(Cq(a)) = (a).

Proposition 2. [1] Suppose that a finite group G has a strongly embedded
subgroup. Then one of the following statements holds:

(1) A Sylow 2 subgroup from G is cyclic or a group of quaternions.

(2) O*(G/O(@)) € {La2(2"), Sz(22"1), Us(2") | n=1,2,--- }.

Proposition 3. [11] Let G be a finite simple non-abelian group, and all
involutions from its Sylow 2 subgroup S lie in the center of S. Then G is
isomorphic to one of the groups of the following set :

{J1; La(q),q>3, ¢ =3,5 (mod 8); La(2"); Us(2"); S2(2*"*"; Re(3** 1)},
Moreover, G does not contain elements of order 8, and all involutions from
G are conjugate.

Proposition 4. [13, Lemma 1.3] If in G periodic group some Sylow 2
subgroup is finite, then all Sylow 2 subgroups of G are finite and conjugate.

Proposition 5. [4] Let a periodic group G be saturated with finite simple
non-abelian groups, and in any of its finite 2 -subgroups K all involutions
from K lie in the center K. Then G is isomorphic to one of the groups of
the following set :

{J1, Lo(P), Re(W),Us(F),Sz(Q) | W, F,Q, P — locally finite fields}.
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Proposition 6. [14] Suppose that the Shunkov group G is saturated with
finite simple non-abelian groups, and in any of its finite 2-subgroups K all
involutions from K lie in the center of K. Then G has a periodic part that
is isomorphic to one of the groups of the following set : {J1, Lo(P), Re(W),
Us(F),Sz(Q)} for suitable locally finite fields P,W, F, Q.

3. Proof of the main results

Theorem 1. Let G be a periodic group with a strongly embedded sub-
group saturated with finite simple non-abelian groups. Then G is isomorphic
to one of the groups of the following set:

{L2(P)’ SZ(Q)a U3(F)},
where P,Q,W are locally finite fields of characteristic two.

Proof. Let G be a counterexample to the theorem, R a strongly embedded
subgroup of G, 9 the set of all finite simple non-abelian groups.

Lemma 1. If for some element x € G the intersection RN R* contains
an involution, then x € R.

Proof. An immediate consequence of the definition of a strongly embedded
subgroup given above.
The Lemma is proved. O

Lemma 2. Let K be a finite 2 -subgroup of G. Then in G there is an
element g such that K9 < R.

Proof. Let the involution z € Z(K) and v € R is considering. Since G is a
periodic group, then (z,v) = (d) X (z) = (d) X\ (v) is infinite dihedral group.
If the element d is of odd order, then (z) and (v) are Sylow 2 subgroups of
second order of (z,v) group. Therefore for some g € (z,v) equality ()9 =
(v) occurs. Since (z)9 = {1,2}9 = {19,29} = {1,29} = (v) = {1,v}, than
29 = v. Further, from the fact that z € Z(K), it follows that 2¥ € Z(KY)
for any y € G. Therefore, 29 = v € Z(KY) for any z € K9, v € RN R".
From the above and from Lemma 1 follows that K9 < R, in which case
Lemma is proved. Let the element d have even order. Consider w € (d)
involution. It is obvious that w in the center of a group (z,v). Therefore,
v € RNRY, by the Lemma 1 w € R. Then w € RN R? by Lemma 1 z € R.
Since z € Z(K), then for any x € K, z € RN R*, by Lemma 1 K < R,
that as g element you can take a 1 single element of the group.

The Lemma is proved. O
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Lemma 3. Let M € 9(1). Then
M € {Ly(2"), S2(2*""),U3(2") |n =1,2,--- }.

Proof. Let Sy be a certain Sylow 2 subgroup from M. Due to Lemma 2
there may be considered to be such an element g € G, that S§, < RN M?9.
Note that Ry;¢ = RN MY is a strongly MY-embedded subgroup . Since
Ryrs include S, then Rjs¢ contain involution. Suppose that for some
x € M9\ Ry, Ryo N Rjjg contain involution y. Then y € Rys < R
and y € Ry, < R*. Therefore, y € RN R* and € R due to Lemma
1. In this case z € RN M9 = Rps. Contradict with choice of z. So,
Ryrs — a strongly embedded subgroup in M9. It is clear that R“C]’V;gl — is
strongly embedded subgroup in M. Since M is finite, simple, non-abelian
group, then O(K) = 1, O>(M/O(M) ~ M. At the suggestion of the 2
M € {L2(27), SZ(22n+1)7 Us(2") [n=1,2,--- }.

The Lemma is proved. O

Therefore identifying the set 9t(1), the latest can be taken as a saturated
set for the group G. Then by Lemma 3 as a saturated set for a group G can
be taken set {L2(2"),Sz(22"+1),Us(2") | n = 1,2,---}. At the suggestion
of the 3 this set is a subset of the set

{J1; La(q), ¢ >3, =3, 5 (mod 8); Us(2"); Sz(2*"1; Re(3*"*1)}.

From the proposal 5 it follows that G isomorphic in one of the following
groups:

{J1,La(P), Re(W),Us(F),Sz(Q) | W, F,Q, P are locally-finite fields}.
Lemma 4. G # J;.

Proof. Suppose Inverse Demand. In this case, the saturation condition
implies that J; € {La(2"),S2(2*" 1), U3(2") | n = 1,2,---}. Since the
Sylow 2 subgroup J; is an elementary abelian group of order 8, what we
have here is unique opportunity: J; ~ Lo(8), that it is impossible ( [3, p.
6, p. 36]).

The Lemma is proved. O

Lemma 5. G % Lo(P) if P is locally-finite field of an odd characteristic.

Proof. Suppose Inverse Demand: G =~ Lo(P). If the W field contains
3 elements, then the group G does not contain finite simple non-abelian
subgroups. Contradict with the theorem conditions. If the P field contains
5 items, (since La(5) ~ L2(22)) G ~ Ly(4). Contrary to the fact that G
is a counter-example. Let the P field contain more than 5 items. Let S
be Sylow 2 subgroup of group G. If S contains more than 4 items,then
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for any finite subgroup K from S in the latter there is a finite subgroup
X, consisting of over 4 elements and containing K. the subgroup X is
embeddable in some finite subgroup Y of G group such that Y ~ Lo(Py)
for a suitable finite subfield P; of P field. Therefore, X is a dihedral group
of order greater than 4, and as a result, contains involutions that do not lie
at its center (defenition 1). On the other hand, by the saturation condition
and Lemma 3 X <V < G, where

V € {Ly(2), S2(22"T), U3(2") | n=1,2,--- },

by defenition 3 all involutions from X must lie at its center. The result-
ing contradiction indicates that the order of S is 4, therefore, S — is an
elementary abelian group of order 4. In this case, all Sylow 2 subgroups
of G are conjugate (definition 4) with S group . But then for any group
M € 9(1), Sylow 2 subgroup of M elementary abelian of order 4. There-
fore, M ~ L5(2%) (Lemma 3). Due to randomness of choice M, as an
element of the set M(1), we get that M(1) = {L2(2?)}, and any finite
subgroup of G has an order of at most 60, which is not so. Contradiction.

The Lemma is proved. O

Lemma 6. G % Re(W).

Proof. Assume the opposite: G ~ Re(W). Let S is Sylow 2 subgroup of the
group G. If S contain more than 8 elements, then for any finite subgroup K
from S in the latter there is a finite subgroup X, consisting of more than 8
elements and containing K. The subgroup X is embeddable in some finite
subgroup Y of G group such that Y ~ Re(W7) for a suitable finite subfield
Wy of W field. Therefore the group X contains no more than 8 elements.
Contradiction. So, S is a group of order at most 8, and since the group G
contains a subgroup of Y, then S is an elementary abelian group of order
8.

In this case, all Sylow 2 subgroups of G are conjugate (theorem 4) with
S group. On the other hand, by the saturation condition and Lemma 3
Y <V < G, where

V € {La(27), S2(22"T1), U3(2") | n=1,2,--- }.

By the above, the Sylow 2 subgroup of V group is elementary abelian of
order 8. Therefore V ~ L3(23) (lemma 3). But then Lo(2%) contains a
subgroup H, isomorphic to the Y group . The latter is impossible due to
the fact that Y ~ Re(3?**1) for a suitable natural k ( [3, p. 6]).

The lemma, is proved. O

We complete the proof of the theorem. From definition 5 and the Lem-
mas 4, 5, 6 proved above it follows that G is isomorphic to one of the group
of the following set

{Ly(P),Us(F),Sz(Q) | F,Q, P are locally finite fields of characteristic 2}.
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This contradicts the fact that G is a counterexample.
The theorem is proved. O

Theorem 2. Let G be Shunkov group with a strongly embedded subgroup
saturated with finite simple non-abelian groups. Then G has a periodic part
T(QG), which is isomorphic to one of the groups of the following set:

{L2(P)’ SZ(Q)a U3(F)},
where P,Q, F are locally finite fields of characteristic two.

Proof. Let G be a counterexample to the theorem, let R be a strongly
embedded subgroup of G, and 9 is the set of all finite simple non-abelian
groups. By a direct verification we verify that the Lemmas 1, 2, 3 occurs
for G group. Therefore, as a saturation set for the group G you can take

[La(2"), $2(22"1), Ug(2") | n = 1,2, }
set. By the definition 3 this set is a subset of the set
{J1; L2(q), >3, ¢=3, 5 (mod 8); Us(2"); Sz(2*"""; Re(3*" 1)}

From the definition 6 follows that the group G has a periodic part T(G),
and T'(G) isomorphic to one of the groups of the following set:

{J1, La(W), Re(F), U3(Q), S2(P)},

where W, F, (), P are suitable locally finite fields. It is easy to see that the
periodic group T'(G) has a strongly embedded subgroup R; = T(G) N R
and is saturated with finite simple non-abelian groups. In this case, for
T'(G) all the conditions of Theorem 1 are satisfied, therefore, for T'(G) the
conclusion of this theorem holds: T'(G) is isomorphic to one of the groups
of the following set:

The theorem is proved. O

4. Conclusion

The concept of a strongly embedded subgroup is widely used in the
theory of finite simple non-abelian groups to establish the internal structure
of the group under study. Transferring classical results on groups containing
a strongly embedded subgroup from the class of finite groups to the class of
infinite groups (both with and without finiteness conditions) seems to be a
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meaningful task, since it will allow us to study the structure of the infinite
group, which the present work demonstrates.

Theorems 1, 2 proved above allow us to hope for a generalization of
Bender’s result formulated above to wider classes of groups and saturating
sets themselves. For example,

Hypothesis A. Let G be a periodic group with a strongly embedded
subgroup saturated with finite unsolvable groups. Then

0*(G/O(@)) € {L2(P), S2(Q), Us(F)}
where P, Q, F' are locally finite fields of characteristic two.

Hypothesis B. Let G be Shunkov group with a strongly embedded
subgroup saturated with finite unsolvable groups. Then

0*(G/0(G)) € {La(P), 8x(Q), Us(F)}

where P, Q, f are locally finite fields of characteristic two.
It is natural to consider these hypotheses at first for locally finite groups,
periodic Shunkov groups, and then in general form.
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I'pynnbl ¢ crmiibHO BJIO2KEHHOI IIOJTPYIIIION, HACBIIIIEHHBIE
KOHEYHBIMU ITPOCTHIMU HeabeJIeBbIMU IPynnaMu

A. A. llnenkuna

Cubupcruti gedeparvhonti yrusepcumem, Kpacnosapex, Poccutickas De-
depavus

Anvoranusi. BaXHBIM NMOHSITHEM B TEOPHM KOHEYHBIX I'DYIII SIBJISIETCS IOHSITHE
CHJIBHO BJIOXKEHHOW HOArpynnbl. lIpuHIMINaNbHEIT Pe3ysibTaT O CTPOEHUM KOHEYHDIX
Py C CHJIBHO BJIOXKeHHON noarpymnmoit npunasjmexxkur M. Cysykwu. [lonnas kiaccu-
duKaIys KOHEIHBIX I'PYII C CHUJIBLHO BJIOXKEHHON HOArpymmoi mosydena [. Bemmepom.
Beckoneunble nepuomyueckre rpynnbl ¢ CHJILHO BJIOXKEHHON HOJIPYIIIIOI BlIepBbIe ObLIN
nccaenosanbl B. I1. IIlyukoBeiv n A. H. V3MailyIoBBIM 1pU HEKOTOPBIX OrPAHUYEHUIX
Ha PacCMaTpPHUBaeMble I'PDYNIIbL. B paboTe yCTAHOBIEHO CTPOEHUE IIEPUOJUIECKOM IPYIIIBI
C CUJIbHO BJIOXKEHHOM IIOATPYIIION, HACBIIIEHHON KOHEYHBIMU IIPOCTBIMU HeabeseBbIMU
rpynnamu. [IoHsaTHst CHIBHO BJIO2KEHHOMN MOATPYIILI M IPYIIIIbI, HACBIIEHHON 33/ IaHHBIM
MHOKECTBOM TIDYII, He IPEAIOJIaraloT IEePUOJIUYHOCTH HCXOJIHOI rpynnsel. B cBs3u c
9eM BO3HUKAET BOIIPOC O PACIIOJIOXKEHUH JIEMEHTOB KOHETHOIO IOPsIAKA KaK B IPYIIIax
C CHJIBHO BJIOXKEHHOII IIOATPYIIION, TaK U B I'DYIIIAX, HACBIIIEHHBIX HEKOTOPBIM MHOXKe-
crBoM rpynn. OIHUM M3 MHTEPECHBIX KJIACCOB CMEIIAHHBIX TPyNI (T. €. IPYII, COAep-
JKAIUX KaK 9JIEMEHTBHI KOHEYHOIO IODPSKA, TaK U JIEMEHTHl GECKOHETHOrO IHODPSIKA)
asisiercst Kiaacc rpynn Ilynkosa. Jokasano, uro rpymnmna [IlyHkoBa ¢ CHIBHO BIOXKEHHOI
MOArPYIIION, HACBIIEHHAS KOHEYHBIMHU IIPOCTBIMHM HeabeJIeBBIMU I'DYIIIaMu, 00JIaJaeT
IIEPHOIUYIECKON JaCTBIO.

KiroueBble ciioBa: nepuonudeckas rpyimna, rpynna Ilynkosa, rpynnbl, HACHIIEH-
HbIE 33JIaHHBIM MHOXKECTBOM TI'DYIII, CHJIBHO BJIOXKEHHAs IIOJArpyIIa, TeopeMa BeHnepa.
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