o) %% Cepust «<MaremaTuka» N3BECTNA

’5 " :g‘ E {% 2019. T. 29. C. 22—30 Aprymeroeo
3 |j| i |L I3 o 20CcYy0apPCMEEHHO20
< [mfangaafm 5

Omnaii . yHusepcumema
it HJIAHH-OCTYT K >KypHAJLY:
% @%_( v http://mathizv.isu.ru
VIIK 519.1
MSC 15 +16

DOTI https://doi.org/10.26516,/1997-7670.2019.29.22

A Short Calculation of the Multiple Sum of
Krivokolesko-Leinartas with Linear Constraints
on Summation Indices

G. P. Egorychev

Siberian Federal University, Krasnoyarsk, Russian Federation

Abstract. The method of integral representation and calculation of the combinatorial
sums of various type (the method of coefficients) using the formal Laurent power series
over C, the theory of analitical functions and the theory of multiple residues in C"
were proposed by the author in the late seventies. This method was applied in various
fields of mathematics. The method of coefficients is important for a difficult problem of
calculation of the multiple sums with linear constraints on summation indices. Various
combinatorial problems can be formulated in terms of such constraints. The calcula-
tion of the multiple sum with g-binomial coefficients and linear recurrent constraints
on summation indices was published by the author in «The Bulletin of Irkutsk State
University. Series Mathematics.>in 2016. This problem appears at the enumeration of
all own t-dimensional subspaces of the space V;,, over field GF(q). V.P. Krivokolesko and
E.K. Leinartas in <«The Bulletin of Irkutsk State University. Series Mathematics.> in
2012, using the Hadamard composition have proved the multiple identity with polynomial
coefficients and various constraints on the limits of summation, containing the family of
free parameters. This identity is generalisation of the identities studied earlier by several
authors, since constructions of the Deubechies filters in the wavelets theory. Using the
author’s method of coefficients the short and simple calculation of Krivokolesko—Leinartas
sum is carried out. These calculations also automatically provides an equivalent way of
calculation of the specified sum by means of a traditional method of generation functions,
using only the well-known operations over corresponding multiple formal Laurent power
series.

Keywords: combinatorial sums, the method of coefficients, integral representations,
generating functions
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1. Introduction

Recently, V.P. Krivokolesko and E.K. Leinartas [8] with the Hadamard
composition properties proved the following statement: Let p be the given
natural number, 1 < p < n, and complex numbers z = (z1,...,2y,) such
that

lz1| + .o+ zum| <1, 24204+ 42 =1 (1.1)

Then the following multiple summation formula with polynomial coefficients
and linear constraints on the summation indices holds:

n n
bit+...+8 :
5 =35 Y (5 VO =1 (1.2
j=p 56B3,j 1y--+HPn i=1
Here 8= (51,...,08n) and for j = p,pu+1,...,n set
B i ={B€Z By <sp,--, Bj-1<8j-1,3i=8, Bj+1 < 8jt15- -+ On < Sn}
and polynomial coefficient

Bla"wﬂn ,Bllﬂn' ’

Generalization of combinatorial identities studied in [2], [11], [10], [4]
gives us formula (1.2).

Let us conduct multiple calculation (1.2) using the general scheme of
the coefficient method [3], [6]. Many applications of this method in various
fields of mathematics were found. Here readers may refer to [12], [9], [7],
[1], [5]. First of all, let us give a brief description of the coefficient method.

2. Coefficients method

Let L be the set of Laurent power set with real or complex coefficients,
containing only a finite number of terms with negative powers; Ly = {A(2)}
is set of formal Laurent power series of order k,

k 00
A(z) = Z a_iz "t + Z a;izt, ap # 0.
i=0 i=1

For A(z) € L we define formal residue operator
res,{A(z)} == a_1. (2.1)

Two series are similar A(z) = >, ax2* and B(z) = 3, bgz* from L if
and only if ay = by for all k. Operator res.{A(z)} is defined on the set
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L Laurent formal power series with the well-known operations of addition,
multiplication, superposition and inversion, as well as the operations of
differentiation and integration of series (see, for example, [3]). If

A(z) = ianz",
n=0

then from (2.1) it follows
an = res. {A(z)z7" 1}, n=0,1,....

For example, one of the possible representations for a binomial coefficient

<Z> =res, {(1+2)"z" 1 k=0,1,...,n,

and for polynomial coefficient

“ee n 1 n L
(o) :’”68“'“’“{(1_21_..._%)11% . 1}- (2.2)

i=1

From the operator definition res,{A(z)} and series properties L the
rules of action (output rules) for the operator res,{A(z)} follow directly.
We will omit the replacement, inverse, differentiation and integration rules
and present only those that are used by us in the calculations.

Operator output rules res,{A(z)}

Let us consider the following two series A(z) = >, ax2* and B(z) =
>, bpz® from L.
Deduction rule. FEquality

res,{A(z)z ¥ 1} = res,{B(z)z7F 1}
is fulfilled for all k =0,1,..., if and only if A(z) = B(z).
Linearity rule. For all o, 5 € C
ares.{A(2)} + Bres.{B(z)} = res.{aA(z) + BB(2)}.

By induction, it follows that the operators res,{A(z)} and summation are
commutative for any finite number of terms.
Substitution rule.

Y whres.{A(2)} = [A(2)]._,, = Alw).
k

If series A(z) converges in a punctured neighborhood of the origin, then we
assume

res:{A(z)} = res.—o{A(2)},
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where res,—o{A(2)} is classic residue at z = 0 in the theory of functions
of complex variables, if necessary, we can use theory of residues for one or
more complex variables [3].

3. Main result

Let
o
> Spwpt . wi (3.1)
Sp...5n=0

be the generating function of power type from complex variables w =
(wy, ..., wy) for sequence {S,} from (1.2) non-negative integer parameters

Spy vy Sn-

Theorem 1. (a) The following formula is valid:

sw) =11 5 _1w‘. (3.2)
1=p v

(b) If condition (1.1) holds then identity (1.2) is fulfield.

Proof. Using the integral formula (2.2) for a polynomial coefficient, by the
rule of linearity we get

. Bt 4 Bn\ 1T 8
Dl A | EE

Jj=un  peB? =1
n 00 sp---[g]-
DY > T
i=n BroBu1=0 By...[j]..Bn=0 i=1,i%]
1 n
—s;—1 —Bi—1
TeSzy..xn x H 2 =
(I1—x1—...—xy) =L
- 1
(22 (2) T 22 (3)
J=n i=1,i#£j "

e}

1 el
—s;—1 —Bi—1
S e {(1 e s }

Bl---ﬁuflzo
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Summing up the indices i = y,...,n, i # j, (n — p)-times according to
the formula of finite geometric progression

L3 (2)" 21t
Ti g\ i xri—z
and summation over indices 3i,...,[B,-1 in square brackets according to
the substitution rule (@ — 1)-times: replacements z; = z;, it = 1,..., 4 — 1.
We have
n S n .y |
2 2 J 1 —(z: /2 Si+
Sp =T€Sz,. an Z — (—]> H L= (&/m)" X
— Tj \Zj e Ty — 2z
j=p i=1,i#j

el :
(1 —T1 =T .Z'n) ri=z;,1=1,..,u—1

n ; n .
zi (7 \” 1 — (z/z;)%tt
TeSy,..x E | | X
I n
x; j T — 2

J=p R N

1 } (33
(l—z1—...— 21—y — . — ) '
Using the integral formula (3.3) for the sum S, by the linearity rule we
get

S(w) = Z wy Wi

Sp..8n=0
n ; n .
zi (7 \” 1 — (zi/x;)% !
S e [ ————x
— T \Tj i Ti— %
J=u i=1,i#j
: }
l—z—. . —zp 1 — Ty — .. — Ty)
n o0 S n [o¢] Sz
Zj zjw; \ ™’ 1 y zi [ Ziw; \7*
T€Sa,.. .o —L o e X
2 T T — 2 2.\ o
G=p 7 5;=0 J 1=1,1#j ¢ " 5,=0 ¢ ¢
: }
. (3.4)
l—z1—...—2p1— Ty — ... — Tp)
Let us find the sums by indices s,,...,s, using the formula of infinite
geometric progression in assumption |w;z;/x;| < 1,7 =p,...,n and |w;| <

1,i=pu,...,n, i # j. We have

[e.e] S;
1 Y Z3 Z; Wy ¢ 1 1 Z3
U}A'L _— _— = —_ =
Ty — Z4 v Ty s Ty — Z4 1-— ws Ty — Z; W4

5;=0
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1 5o~ (2w %
Ci=p...om, iA g 2 St ) R N
(1 —wi)(wi — ziw;) a 7 Zj SJZZO < zj > Tj — ZjWj
Hence, in accordance with (3.4), we have
S(w) =resy,.. ., Z —= H X
= Tj — Zjwj i1 ik (1 —w;)(z; — zw;)
1 } B
l—z1—...—2p1— Ty — ... — Tp)
ﬁ # X Y Zj(l — U}j)X
LL (1 —w;) 4
i=p J=n
1 e 1
res
Ty...Tn (1—z1—,,.—zul—x“—...—xn)il—{($i—ziwi)

In the last expression for S(w) let us use the first-order residues for
each variable z; for z; = zw;, and taking into account conditions (1.1)

l—21—...—2zy-1=2,+ ...+ 2y, we have
n n
1 zi(1 — w;)
S(’U)): — X J J _
E(l—wi) jzuwu—...—wn—wuzu—...—wnzn
ﬁ 1
i:u(l_wi)

Thus, item (a) is proved, and according to (3.1) and (3.2)

(o) n

S(n) = E T€Sg,..zn S(w)Hwi Ty =
Sp---8n=0 =u
o0 n n
1 —si—1\ _
T€Sz,. an . w; =
Sp...5n=0 1= 1=
o n
l P
T€Sg, . .an E wy ..wﬁln Hwi simby—
Ly dn=0 1=
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4. Conclusion

In this article the standard scheme of the coefficients method is employed
for a new, direct and simple calculation of the sum S,, from (1.2) which
does not require knowledge of the answer. This proves the effectiveness of
the method of coefficients when calculating multiple sums with polynomial
coefficients and linear constraints on the summation indices, containing a
family of free parameters. In this case, linear constraints are determined
by specifying finite and infinite multiple sums with independent summation
indices. Finally, the sum of S,, in Theorem 1 means that they can easily
be rewritten using the conventional method of generating functions, using
only well-known operations over the corresponding Laurent multiple power
series.
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KopoTkoe BbIYmCIiiIeHHEe KpaTHOII cyMMbl KpuBOKoJ/ieCKO —
JleitHapTaca c JMHENHBIMU OrPAHNYEHUSMU HA UHIEKCHI CyM-
MUPOBaHUSA

I'. TI. Eropbraes

Cubupcruti gedeparvruiti yrusepcumem, Kpacroapck,
Poccutickas Pedeparyus

Awnnoramusi. B xonne 1970-x rr. aBropoMm 6611 pa3paboTaH MeTOJ HHTErpajbHOro
IIPEJICTABJICHNS] U BBIYHCJICHUS] KOMOMHATOPHBIX CYMM DPa3JIMIHOrO Thna (MeTom Kodd-
dunpenTos) ¢ ncrnosbzoBanueM (GOpPMaIbHLIX CTeNeHHbIX psios Jlopana max C, Treopun
aHaJUTUIECKUX (DYHKIME U Teopun KpaTHbix BorderoB B C™. C Tex mop 3ToT Mero Ha-
11eJ1 MHOIOYKCJIEHHBIE IPUMEHEHUs B PA3JINYHBIX 00JIACTIX MaTEMATUKN B HAIIIEH CTpaHe
u 3a pyoexkom. Ha Harmm B3rIsi1, 0COOEHHO MHTEPECHO U AKTYaJJIbHO HCIOJb30BaHUE METOIA
KO3 PUIUEHTOB MIPU PEIIEHUN TPYAHON MPOOJIEMbI BHIYUCIEHUST KPATHBIX CYMM C JIM-
HEWHBIMU OTPAHUYEHUSMH HA WHIEKCHI cyMMupoBanus. [IpobaemMbl TaKOro Tua HepeIKo
BO3HUKAIOT HA MPAKTHUKE IIPY PEIeHNH PA3JINIHBIX KOMOMHATOPHBIX 3a7a4d. Hampuwmep,
B 2016 r. aBTOpOM B crarbe, OIMyOIMKOBaHHOI B KypHase «M3Becrusi Vpkyrckoro ro-
cymapcrBenHoro yauBepcurera. Cepuss Maremarnkay, Obliia BEIYUCIEHA KPATHAS CYyMMa
¢ g-6uHOMUATBLHBIME KOI(DPUITMEHTAMY U JTUHERHBIMUA PEKYPPEHTHBIMI COOTHOIIIEHUSIMU
Ha WHJIEKCHI CYMMHUPDOBAHMS, BOSHUKINAs IPU TEPEUNCIEHUN BCEX COOCTBEHHBIX t-MEPHBIX
IOANPOCTPAHCTB Vi, HaJ mosieM GF(q).

B 2012 roxy B. II. Kpusokonecko u E. K. Jleitnaprac B :xypnase «3Bectus UpkyT-
CKOro rocyzapcrsennoro yuusepcurera. Cepust Maremarukay 10Ka3a/u ¢ NCIIOIb30BaAHMU-
eM KOMIIO3unuu A tamapa KpaTHOEe TOXKIECTBO C MOJIMHOMUAJILHBIMU KO dUIIMeHTaMU 1
OrpaHUYEHUSIMU PA3JIMIHOIO THUIA Ha MPEJe/Ibl CyMMUPOBAaHUsI, COJEPIKAIIEE CEMENCTBO
CBOOOHBIX MTAPAMETPOB. JTO TOXKIECTBO SBJISETCS ODOOIEHNEM TOXKJIECTB, M3YyIEHHBIX
pamHee HECKOJIBKMMH aBTOPAMH, HAYWHAs C MOCTpoeHusi puabtpoB lobernu B BeiiBeT-
Teopuu. 3/1eCh IO CTAHIAPTHON cXeMe MeToa KO MUIMEHTOB IIPOBE/ICHO, He 3HAas OTBE-
Ta, KOPOTKOE U IIPOCTOE BBIYUCIEHNE KpaTHOI cymMbl KpuBokostecko — Jleitnapraca. 9to
BBIYUCJIEHUE TAKKE aBTOMATUYECKH JIaeT SKBUBAJIEHTHBIN CITOCOO BBIYUCJIEHNST yKA3AHHON
CYMMBI C ITOMOIIBIO TPAIUIIMOHHOTO METO/Ia MPOU3BOAANINX (DYHKIIHI, UCIIOIb3Ysl JIUIITH
XOPOIIIO U3BECTHBIE OINEPAIUN HaJ[ COOTBETCTBYIOIIMMYU KPATHBIMU CTEIIEHHBIMU PsiiaMU
Jlopana.

KuroueBsblie ciioBa: KOMOUHATOPHBIE CYMMbI, METOJT KO (DUIIMEHTOB, UHTETPAJIbHBIE
MIPE/ICTABJICHUS, IPOU3BOAIIIE DYHKITAN.
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