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in Unital Rings
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Abstract. We shall prove that if R is a ring with a family of orthogonal idempotents
{ei}i=: having sum 1 such that each corner subring e; Re; is commutative nil-clean, then
R is too nil-clean, by showing that this assertion is actually equivalent to the statement
established by Breaz-Calugareanu-Danchev-Micu in Lin. Algebra & Appl. (2013) that
if R is a commutative nil-clean ring, then the full matrix ring My, (R) is also nil-clean
for any size n. Likewise, the present proof somewhat supplies our recent result in Bull.
Iran. Math. Soc. (2018) concerning strongly nil-clean corner rings as well as it gives a
new strategy for further developments of the investigated theme.
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1. Introduction and Background

Everywhere in the text of this short paper, our rings R into consideration
are assumed to be associative, containing the identity element 1 which, in
general, differs from the zero element 0 of R, and all proper subrings are
unital (i.e., containing the same identity as that of the former ring) with the
exception of the corners eRe having the identity e, where e is an arbitrary
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idempotent of R. Our terminology and notations are at all standard being
mainly in agreement with [11]. As usual, J(R) stands for the Jacobson
radical of R, and M,,(R) for the full n x n matrix ring over R whenever
n € N.

First of all, let us recall two more notions, namely that a ring R is
called boolean whenever 1> = r for every r € R, and is called strongly
reqular whenever, for every r € R, there exists an element a € R such that
r = r2a. Evidently, boolean rings are always strongly regular, while the
converse is false.

On the other side, a ring R is said to be nil-clean in [9] (see, e.g., [8] as
well) if, for every element r € R, there exist a nilpotent ¢ and an idempotent
e, both depending on 7, with the property r = ¢ + ¢; such an element 7 is
also called nil-clean. In [1] it was shown that the matrix ring M,,(F') over a
field F' is nil-clean if, and only if, F' & Z4. This was slightly extended to the
matrix ring over a division ring in [10]. In particular, if R is a commutative
nil-clean ring, then M,,(R) remains nil-clean as well (see [2], too) as well as
if R is a strongly regular ring, then M,,(R) is nil-clean if, and only if, R is
a boolean ring.

The aim that we pursue here is to give a brief note on nil-cleanness
of corner rings. We shall demonstrate that the facts presented above are
deducible without any matrix at hand; in fact, we shall use a few new tricks
in terms of corners of an arbitrary ring (see [3], [4], [5] and [6] as well). As
for the converse, it was asked in [9] of whether or not the nil-cleanness of R
will also imply nil-cleanness of the corner subring e Re for any idempotent e
of R, that question seems to be rather difficult and so it leaves unanswered
yet.

2. The Main Result

Before proving up our main achievement, we need two technical claims
as follows:

Proposition 1. Every finitely generated subring of a commutative nil-
clean ring is finite.

Proof. Let R be a commutative nil-clean ring and let S be its subring
generated by the elements aq,--- ,a, € R. Write a; = e; + ¢; for each index
i, where e; is an idempotent and ¢; is a nilpotent, and consider the subring
So of R generated by all such e; and ¢;. Choosing now an integer k such
that qf = ( for every index i, we observe that Sy as an additive group is
generated by a finite set

{ehrekz . ehnghgle g |0 <k <1;0 <1 <k —1).

WzBectusi IpkyTCKOro rocyjapCTBEHHOI'O yHUBEPCHUTETA.
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Since by [9] the char(R) is finite, it follows immediately that Sy must be a
finitely generated torsion group and, therefore, it has to be finite. Hence
S C Sy is finite, too. O

Remark 1. The above assertion could also be derived in the following
more conceptual manner: It follows easily from [9] that a commutative ring
R is nil-clean exactly when J(R) is nil and the quotient R/J(R) is boolean
(see [7] as well). As any subring of a boolean ring is again boolean, it now
plainly follows that a subring of a commutative nil-clean ring is also nil-
clean. Thus being simultaneously finitely generated, we routinely obtain
its finiteness.

Nevertheless, the illustrated above proof gives some further strategies to
be developed.

The following technicality is pivotal for obtaining and proving our main
result.

Lemma 1. Let R be a ring with a family of pair-wise orthogonal idem-
potents ei,...,e, € R with > ye; = 1. If each corner ring e;Re; is
commutative nil-clean, then, for every a € R, the subring of R generated
by the set {e1,...,en,a} is finite.

Proof. We shall verify the statement by the usage of an induction on the
number of idempotents n. In doing that, for n = 1, the conclusion follows
appealing to Proposition 1. So, let us assume that n > 2 and fix an element
a € R. Foreachi=1,...,n,let R; be the subring of the corner (1—¢;)R(1—
e;), generated by the set {ej,e9,...,€i-1,€i41,...,€n, (1 —€;)a(l — €;)}.
Notice that R; has to be finite by the induction hypothesis. Let us now .5;
be the subring of e; Re;, generated by the union {e;, e;ae; } Ue;aR;ae;. Since
S; is obviously a finitely generated subring of a commutative nil-clean ring,
it is finite by Proposition 1. Note also that the element e;ae;, ae;, - - - ae;, ae;
lies in S; for every 1 < iy1,...,4 < n.

Now, let T be the subring of R, generated by the set {ej,...,e,,a}.
Then T, as an additive group, is generated by the set

T ={eiaei, - -ae;,, | k>1,1<4; <n,1<j <k}

We assert that this set is finite. Indeed, take x = e; ae;, ---ae;, € T.
Choose j > 1 such that i; = 4; and j is maximal with this property.
Consequently, = = ras, where r = e;, ae;, - - - ae;; € S;, and

S =ej;,,a€;, , -ae;, € Ry

provided j # k, or x € S;, provided j = k. Thus 7 C [U}' {S;]U[U}-, S;aR;]
is really finite, and hence T is finitely generated as an additive group. Note
that, applying [9], the element 2e; is a nilpotent in the corner e;Re; for
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each ¢, so that 2 is a nilpotent in R. Hence T is a finitely generated torsion
group, whence finite, as expected. O

We now have all the ingredients necessary to proceed by proving our
chief statement.

Theorem 1. Suppose that R is a ring with a family of pair-wise orthogonal
idempotents e, ...,e, € R with 2?21 e; = 1. If each corner ring e; Re; is
commutative nil-clean, then R is also nil-clean.

Proof. Assuming that the ring R satisfies the assumptions of the text, we
take an arbitrary element a € R. Let us now S be the subring of R,
generated by the finite system {ej,...,e,,a}. We will prove now that
S is necessarily nil-clean. In fact, with Lemma 1 at hand, the ring S
is finite, whence by the well-known structure characterization of artinian
rings accomplished with the classical Wedderburn’s theorem (see cf. [11]
for instance), one may write that

S/J(S) =2 M, (Fy) x---x M, (F,) =T,

where all n; > 1 and all F; are finite fields (j € [1,7], » € N). It is not too
difficult to observe that, under this isomorphism, the complete orthogonal
set of idempotents eq, ..., e, is mapped into the complete orthogonal set of
idempotents ey, ...,e, € T, and the corresponding corner rings T; = ¢;T¢;
are commutative nil-clean. Note also that

T = Mnl,i(Fl) X X Mnr,i(FT)7

where it is pretty obvious that 0 < n;; < n;. The commutativity of the ring
T; forces nj; <1 for any index j, whereas, in accordance with [1, Theorem
3], the nil-cleanness of T; implies that Fj = Zy whenever n;; = 1. Hence,
it F; 22 Zy for some j, we would have n;; = 0 for all 4, thus contradicting
the completeness of the family {eq,...,e,}. Therefore, F; = Z, for all j.
Furthermore, once again using [1, Theorem 3], we shall obtain that T is
nil-clean. Since S is finite, one easily sees that J(S) is nil, whence with the
aid of [9] it follows that S is nil-clean, indeed, as claimed.

That the ring R is also nil-clean follows rather elementary as the element
a is already shown to be nil-clean, concluding the proof. O

As an immediate consequence, one deduces the following assertion which
is actually the chief result in [1] (compare with [2] too). Besides, this mani-
festly shows that the above theorem and the next corollary are tantamount
being deducible one of other.

Corollary 1. If R is a commutative nil-clean ring, then M, (R) is nil-
clean.

UzBectusi IpkyTCKOro rocyZjapCTBEHHOI'O yHUBEPCHUTETA.
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Proof. 1t is principally known that there is a system of n pair-wise or-
thogonal idempotents of M, (R), say fi,...,fn, with sum equal to the
identity matrix E, such that the isomorphisms R = fiM,(R)f; = - - =
fnMy,(R) fr, hold. Henceforth, the previous Theorem 1 successfully works
to get the wanted claim. O

3. Concluding Discussion

As final comments, it is worthwhile noticing that we somewhat have
obtain some advantage on the problem raised by Diesl in [9] of whether
the full matrix ring of any size over a nil-clean ring is again nil-clean. As
noticed above, this was partially settled in [1] when the former ring R is
commutative nil-clean, that is, R/J(R) is boolean and J(R) is nil.

The further progress in the object to solve completely the aforemen-
tioned Diesl’s problem seems to be not too quick by taking into account
the very complicated structure of non-commutative nil-clean rings (see,

e.g., [7).

We end our work with the following query consisting of two questions of
interest:

Problem 1. What can be said for the ring R from Theorem 1, provided
that its corners e;Re; are mon-commutative nil-clean rings? Is this ring R
still nil-clean?
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O KOMMYTAaTUBHBIX HMJJIb-YUCTBIX YIJIOBBIX IIOAKOJIbBIIaX B
YHUTApHbIX KOJIbIIax

IT. B. Tanaes

Hyuemumym mamemamuru u ungopmamuru Boszapckot axademuu Ha-
yk, Codusn, Boazapus

AnHorauusa. Mpbl goka3asu, 94To eciim R — KOJIBIIO C CeMeHCTBOM OPTOrOHAJIbHBIX
UEMIIOTEHTOB {€; }i_ 1, NMeroIee CyMMy 1, TaKyIo, 9TO KarK/[0e yIJIOBOe IIOJKOJIbIIO €; Re;
KOMMYTATUBHO HUJIb-YUCTO, TOTJA R Tak:Ke HUJIb-YMCTO, IOKA3BIBAsI, YTO 9TO YTBEPIK/Ie-
Hre (paKTUIECKN SKBUBAJIGHTHO YTBEPXKJIEHMIO, ycTaHoBIeHHOMYy Breaz S., Calugireanu
G., Danchev P., Micu T. B "Lin. Algebra & Appl." (2013), aro eciu R — KOMMyTaTHBHOE
HUJIb-YHCTOE KOJIBIO, TO IOJIHOE MaTpu4YHOe KOJblo M, (R) Tak:Ke HIJIb — UHUCTO JJIs
Joboro pasmepa n. Hacrosiiee [10Ka3aTeIbCTBO B HEKOTOPOH CTENEHM YTOYHSIET HAII
HEJIABHUI pe3yJbTaT, OmyOaukoBaHubil B xKypHase "Bull. Iran. Math. Soc."(2018), ka-
CAIOMIUICS CUJIBHO HUJIb-YUCTBIX YIVIOBBIX KOJIEIl, 8 TAKYKEe J1aeT HOBYIO CTPATEIMIO JIJIst
JaJIbHEHIIero pa3BUTUS UCCJIELYEMOR TEeMBI.

KinoueBble cji0Ba: HUJIb-YUCTbIE KOJIbIA, HUJILIOTEHTBI, UJIEMIIOTEHTBI, YIJIOBbIE
[IOJIKOJIBIIA.
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