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1. Introduction

The rank [11] for families of theories, similar to Morley rank, can be
considered as a measure for complexity or richness of these families. Thus
increasing the rank by extensions of families we produce more rich families
and obtaining families with the infinite rank that can be considered as “rich
enough”. A series of such rich families, containing all families of given
language, is described in [5]. Additional properties of families of theories
defined by sets of sentences are studied in [6].

Links and closures for families of theories of abelian groups, as well as
values of their e-spectra are described in [8].

In the present paper, we consider and realize ranks for families of theories
of abelian groups. The paper is organized as follows. Preliminary notions,
notations and related results for families of theories and for theories of
abelian groups, including Szmielew invariants, are collected in Sections 2
and 3. In Section 4, we study closures and ranks for theories of finite
abelian groups. In particular, we observe that the set of theories of finite
abelian groups in not totally transcendental (Theorem 4.1) and character-
ize pseudofinite abelian groups in terms of Szmielew invariants (Theorem
4.2). In Section 5, we characterize e-minimal families of theories of abelian
groups both in terms of dimension, i.e., the number of independent limits
for Szmielew invariants, and in terms of inequalities for Szmielew invari-
ants. These characterizations are obtained both for finite abelian groups
(Theorems 5.1, 5.3, 5.4) and in general case (Theorem 5.5). Theorem 5.6
gives characterizations for approximability of theories of abelian groups, as
well as it produce the possibility to count Szmielew invariants via these pa-
rameters for approximations. In Section 6, we describe possibilities to form
d-definable families of theories of abelian groups having given countable
rank and degree (Theorems 6.2 and 6.4).

2. Preliminaries

Throughout we consider families T of complete first-order theories of a
language ¥ = 3(7). For a sentence ¢ we denote by T, the set {T' € T |
¢ € T} being the p-neighbourhood in T.

Definition [12]. Let 7 be a family of theories and T be a theory,
T ¢ T. The theory T is called T -approzimated, or approrimated by T, or
T -approximable, or a pseudo-T -theory, if for any formula ¢ € T there is
T' € T such that ¢ € T".

If T is T-approximated then T is called an approrimating family for T,
theories T € T are approximations for T, and T is an accumulation point

for T.
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An approximating family 7T is called e-minimal if for any sentence ¢ €

X(T), T, is finite or T-, is finite.

It was shown in [12] that any e-minimal family 7 has unique accumula-
tion point 7" with respect to neighbourhoods 7y, and 7 U{T'} is also called
e-minimal.

Following [11] we define the rank RS(-) for the families of theories, similar
to Morley rank [7], and a hierarchy with respect to these ranks in the
following way.

For the empty family 7 we put the rank RS(7) = —1, for finite nonemp-
ty families 7 we put RS(7) = 0, and for infinite families 7 — RS(T) >
1.

For a family 7 and an ordinal a« = 8+ 1 we put RS(7) > « if there are
pairwise inconsistent (7 )-sentences ¢,, n € w, such that RS(7,,) > 8,
n e w.

If o is a limit ordinal then RS(7) > « if RS(T") > B for any § < a.

We set RS(T) = aif RS(T) > a and RS(T) 2 o+ 1.

If RS(T) > « for any «, we put RS(T) = oc.

A family T is called e-totally transcendental, or totally transcendental,
if RS(T) is an ordinal.

Proposition 2.1 [11]. If an infinite family T does not have e-minimal
subfamilies T, then T is not totally transcendental.

If 7 is totally transcendental, with RS(7) = a > 0, we define the degree
ds(T) of T as the maximal number of pairwise inconsistent sentences ¢;

such that RS(7,,) = a.

Theorem 2.2 [11]. For any family T, RS(T) = RS(Clg(T)), and if T
is nonempty and e-totally transcendental then ds(T) = ds(Clg(T)).

Theorem 2.3 [11]. For any family T with |X(T)| < w the following
conditions are equivalent:

(1) [CLp(T)] = 2°;

(2) e-Sp(T) = 2°;

(3) RS(T) = 0.

Definition [6]. Let 7 be a family of first-order complete theories in a
language . For a set ® of Y-sentences we put 7o = {T € T | T = ®}. A
family of the form 7g is called d-definable (in T). If ® is a singleton {¢}
then 7, = Tg is called s-definable.

Theorem 2.4 [6]. Let T be a family of a countable language ¥ and with
RS(7T) =00, a € {0,1}, n € w\ {0}. Then there is a d-definable subfamily
To such that RS(Ts) = a and ds(Ts) = n.

Recall that a subfamily 7y of T is called do-definable if Ty is a union,
possibly infinite, of d-definable subfamilies of 7.
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Theorem 2.5 [6]. Let T be a family of a countable language ¥ and
with RS(T) = oo, a be a countable ordinal, n € w\ {0}. Then there is a
doo-definable subfamily T* C T such that RS(T*) = a and ds(T*) = n.

Similarly [7] and following [11], for a nonempty family 7, we denote
by B(T) the Boolean algebra consisting of all subfamilies 7, where ¢ are
sentences in the language %(7).

Theorem 2.6 [7;11]. A nonempty family T is e-totally transcendental
if and only if the Boolean algebra B(T) is superatomic.

Recall the definition of the Cantor-Bendixson rank. It is defined on
the elements of a topological space X by induction: CBx(p) > 0 for all
p € X; CBx(p) > a if and only if for any 5 < «, p is an accumulation
point of the points of CBx-rank at least 5. We set CBx(p) = « if and
only if both CBx(p) > a and CBx(p) # a + 1 hold; if such an ordinal
a does not exist then CBx(p) = oo. Isolated points of X are precisely
those having rank 0, points of rank 1 are those which are isolated in the
subspace of all non-isolated points, and so on. For a non-empty C C X we
define CBx(C) = sup{CBx(p) | p € C}; in this way CBx(X) is defined
and CBx ({p}) = CBx(p) holds. If X is compact and C' is closed in X then
the sup is achieved: CBx(C) is the maximum value of CBx(p) for p € C;
there are finitely many points of maximum rank in C' and the number of
such points is the CBx-degree of C, denoted by nx(C).

If X is countable and compact then CBx(X) is a countable ordinal
and every closed subset has ordinal-valued rank and finite CBx-degree
nx(X) ew)\ {0}.

For any ordinal « the set {p € X | CBx(p) > «} is called the a-th
CB-derivative X, of X.

Elements p € X with CBx(p) = co form the perfect kernel X, of X.

Clearly, X, 2 Xo4+1, « € Ord, and Xoo = ] Xa-
aeOrd
Similarly, for a nontrivial superatomic Boolean algebra A the character-

istics CB4(A), na(A), and CB4(p), for p € A, are defined [3] starting with
atomic elements being isolated points. Following [3], CB4(A) and n4(A)
are called the Cantor—Bendizson invariants, or CB-invariants of A.

Recall that by [3, Lemma 17.9], CB4(A) < |A|" for any infinite A, and
the following theorem holds.

Theorem 2.7 [3, Theorem 17.11]. Countable superatomic Boolean al-
gebras are isomorphic if and only if they have the same CB-invariants.

By Theorem 2.6 any e-totally transcendental family 7 defines a super-
atomic Boolean algebra B(7), and it is easy to observe step-by-step that
RS(T)=CBp(1)(B(T)), ds(T) =np¢(B(T)), i.e., the pair (RS(T),ds(T))

consists of CB-invariants for B(7).
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In particular, by Theorem 2.7, for any countable e-totally transcenden-
tal family 7, B(T) is uniquely defined, up to isomorphism, by the pair
(RS(T),ds(T)) of CB-invariants.

By the definition for any e-totally transcendental family 7 each theory
T € T obtains the CB-rank CB(T') starting with 7T-isolated points Tp, of
CB7(Tp) = 0. We will denote the values CB1(T") by RS7(7T') as the rank
for the point T in the topological space on T which is defined with respect
to 3(T)-sentences.

3. Theories of abelian groups

Let A be an abelian group in the language ¥ = (+®, —(1) 0 Then
kA denotes its subgroup {ka | a € A} and A[k] denotes the subgroup
{a € A | ka = 0}. Let P be the set of all prime numbers. If p € P and
pA = {0} then dimA denotes the dimension of the group A, considered
as a vector space over a field with p elements. The following numbers, for
arbitrary p € P and n € w \ {0} are called the Szmielew invariants for the
group A [2;13]:

apn(A) = min{dim((p" A)[p]/(p" " A)[p)), w},
Bp(A) = min{inf{dim((p"A)[p] | n € w}, w},
1 A) = min{inf (dim((A/A[p"))/p(A/AB") | n € w} ),
e(A) € {0,1}, and e(A) =0 < (nA = {0} for somen € w,n # 0).

It is known [2, Theorem 8.4.10] that two abelian groups are elementary
equivalent if and only if they have same Szmielew invariants. Besides, the
following proposition holds.

Proposition 3.1 [2, Proposition 8.4.12]. Let for any p and n the car-
dinals oy, Bp, Vp < w, and € € {0,1} be given. Then there is an abelian
group A such that the Szmielew invariants o, ,(A), Bp(A), 1p(A), and £(A)
are equal to oy, Bp, Vp, and e, respectively, if and only if the following
conditions hold:

(1) if for prime p the set {n | app, # 0} is infinite then B, = v, = w;

(2) if e = 0 then for any prime p, B = v, = 0 and the set {(p,n) |
apn # 0} is finite.

We denote by Q the additive group of rational numbers, Z,» — the cyclic
group of the order p", 7, — the quasi-cyclic group of all complex roots of
1 of degrees p™ for all n > 1, R, — the group of irreducible fractions with
denominators which are mutually prime with p. The groups Q, Z,», R,,
Zpeo are called basic. Below the notations of these groups will be identified
with their universes.
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Since abelian groups with same Szmielew invariants have same theories,
any abelian group A is elementary equivalent to a group

BprZior™) @ @, 2% @ ©,RY” ® QP (3.1)

where B®*) denotes the direct sum of k subgroups isomorphic to a group
B. Thus, any theory of an abelian group has a model being a direct sum
of based groups. The groups of form (3.1) are called standard.

Recall that any complete theory of an abelian group is based by the set
of positive primitive formulas [2, Lemma 8.4.5], reduced to the set of the
following formulas:

Jy(mixy + ... + mpz, ~ pty), (3.2)

miT1 + ... +mpz, ~0, (3.3)

where m; € Z, k € w, p is a prime number [1], [2, Lemma 8.4.7]. Formulas
(3.2) and (3.3) allow to witness that Szmielew invariants defines theories of
abelian groups modulo Proposition 3.1.

In view of Proposition 3.1 and equations (3.2) and (3.3) we have the
following;:

Remark 3.2. Theories of abelian groups are forced by sentences implied
by formulas of form (3.2) and (3.3) and describing dimensions with respect
to ap s Bp, Vp, € as well as bounds for orders p* of elements and possibilities
for divisions of elements by p*. Moreover, distinct values of Szmielew
invariants are separated by some sentences modulo Proposition 3.1. Hence,
counting ranks of families of theories of abelian groups it suffices to consider
sentences separating Szmielew invariants.

4. Closures and ranks for families of theories of finite abelian
groups

Consider the family 74 s, of all theories of finite abelian groups. Clearly,
Ta,fin is countable corresponding to tuples of non-zero values of «,,,. By
Proposition 3.1 the E-closure of T4 s, produces theories, of infinite abelian
groups, with some ay, and 3, = 7, = w. Since §, = 7, = w can be
obtained independently with respect to distinct p, we have |Clg(Tan)| =
2“. Applying Theorem 2.3 we have:

Theorem 4.1. RS(74 fn) = 0.

Recall [4;10] that an infinite structure M is pseudofinite if every sen-
tence true in M has a finite model. Here the theory Th(M) is also called
pseudofinite.
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Now we consider Szmielew invariants of theories in Clg(746n). Since
theories of finite groups can not generate new theories of finite groups and
finite abelian groups have finitely many nonzero values o, ,,, and 8, = v, =
€ = 0 for any prime p, it suffices to study theories of pseudofinite groups,
i.e., theories in T4 pr = Clg(Tafin) \ TA fin-

Notice by the way that by Theorem 4.1, RS(74 pf) = 0o since |Ta pf| =
2% in view of |Clg(Ta fin)| = 2 and | T4 fin| = w.

By Proposition 3.1 theories in T4 pr are exhausted by limit values «, , =
w, Bp = 7p = w and € = 1 producing the following theorem.

Theorem 4.2. For any theory T of abelian groups the following condi-
tions are equivalent:

(1) T € Tapi;

(2) T has some infinite o, ,, or some 3, = vy, = w, or € = 1, moreover,
for all nonzero values B, and vy, Bp = Vp = w;

(3) T has infinite models, and all nonzero values B, and ~y, imply B, =
Tp = w.

Proof. (1) = (2). Let T' € Ty pf. Then T has infinite models and it is
approximable by an e-minimal family 7 C Tx gn, see [12, Proof of Theorem
6.1]. Therefore T is unique accumulation point for 7. By the definition all
theories in 7 has only finitely many positive values «, ,,, all these values are
natural numbers, and all Szmielew invariants 3,, 7, € equal 0. Considering
nonzero Szmielew invariants o, ,, for theories in 7, we have the following
possibilities for each prime p:

(i) some value oy, ,, unboundedly increases for theories in 7, with fixed
n;

(ii) appn # 0 with unboundedly many n, for theories in T;

(iii) values ay p are bounded for theories in 7, and {(p,n) | oy # 0} is
infinite for 7.

In the case (i), T" has a;, = w. In the case (ii), T" has infinite {n |
oy # 0} producing 8, = 7, = w by Proposition 3.1, (1). In the case (iii),
T has infinite {(p,n) | oy n # 0} producing € = 1 by Proposition 3.1, (2).
Again by Proposition 3.1, T can not have finite positive 38, and ~,, and if
Bp or 7, is positive then 3, = v, = w.

(2) = (1). Let T have some infinite a, ,, or some 3, = v, =w, ore =1,
and all positive values 3, and v, imply 8, = 7, = w. Now we construct
step-by-step an e-minimal family 7" C Ty g, of theories T; = Th(A;) of finite
abelian groups A;, ¢ € w, with unique accumulation point 7', satisfying the
following conditions:

a) for any i, A; is a subgroup of A;1;

b) for any i-th prime number p;, if T has positive oy, n, Bp,;, O Vp,, then
Aj;, for j > i, have subgroups pr;

c) if T has finite oy, then the theories T; have this Szmielew invariant
starting with some ¢;
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d) if T has infinite oy, = o), (T) then T; have monotone increasing
Szmielew invariants oy, ,, = ap n(T;) with leglo apn(Ti) = w;

e) if T has 8, = 7, = w then either {n | oy, # 0} is infinite, for T,
and all nonzero Szmielew invariants «, , for 7T; are exhausted by nonzero
Szmielew invariants oy, , for T, or @, = {n | oy, # 0} is finite and T; have
distinct positive oy, 1 ¢ Qp;

f) if T has € = 1 then either {(p,n) | a; n # 0} is infinite, for T', and all
nonzero Szmielew invariants «, , for 7; are exhausted by nonzero Szmielew
invariants ay, , for T', or @ = {(p,n) | apn # 0} is finite and T; have distinct
positive oy, (p,n) ¢ @;

g) all nonzero Szmielew invariants o, ,, for T; are described in the items
b)-f).

The items c), d), g) guarantee the required invariants o, ,, for the accu-
mulation point 7" of T = {7} | i € w}, the items e), g) confirm the required
invariants /3, and 7, for 7', and the items f), g) — the value ¢ of T'. Thus,
T e TA7pf.

(2) & (3) immediately follows by Proposition 3.1. O

Notice that by Theorem 4.2 infinite standard groups

SpnZr™ @ @,2) & @, R & Q©

and, in particular, the group Q are pseudofinite.
Theorem 4.2 immediately implies:

Corollary 4.3. If a theory T of an abelian group has a positive natural
value B, or vy, then models of T are not pseudofinite.

Since Th(Z) has values v, = 1 [9], the group Z is not pseudofinite, as
also noticed in [4].

Remark 4.4. Having Theorem 4.2 describing the set T4, we can
study ranks for subfamilies 7 C Ty sn and their closures Clg(7) C T n U
Tapf- By Theorem 4.1 these subfamilies 7" admit RS(7") = oo. Moreover,
arguments for the proof of Theorem 4.1 show that one can choose 2¢ disjoint
families 7 C T4 sn with RS(7) = oco. Indeed, we can define these families
independently varying finite bounded values of some countably many o, ,,
staying infinitely many prime p’ free for arbitrary values of o,y ,,. Therefore
the values a; , are responsible for 2 disjoint families 7 and ayy,, are

responsible for RS(7") = oc.

In view of Theorem 4.2 and Remark 4.4 we consider dynamics for RS(7)
and ds(7), where T C T4 fin. The values RS(7") and ds(7) are defined by
variations of possibilities for Szmielew invariants oy, , of '€ T.

By Proposition 3.1 and Theorem 4.2 this dynamics can be realized by
unbounded increasing of values of some o, for fixed p and n, or by
infinitely many nonzero «, ,,, for (non-)fixed p and unbounded n.
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For instance, taking 74 inp C TA4,fin consisting of theories of finite abelian
groups whose positive Szmielew invariants are exhausted by «, ,,, for chosen
fixed p, we obtain 2 possibilities for Clg(7a inp) varying independently
ap.p for distinet n. Thus, RS(T4 fin,p) = 0.

Following Theorem 2.5, this rank value implies that T4 g, , has subfam-
ilies T of arbitrary countable rank « and of arbitrary degree n. Below we
show a mechanism to choose d-definable 7 with (RS(7),ds(7)) = (a,n).

5. e-Minimal families of theories and their accumulation points

In this section we consider both e-minimal families of theories of finite
abelian groups and e-minimal subfamilies of the set T4 of all theories of
abelian groups.

Let T be an e-minimal subfamily of 74 g,. Then by the definition 7" has
unique accumulation point T', models of T are pseudofinite, and Szmielew
invariants are described in Theorem 4.2. It implies that, for 7', some oy,
is infinite, some (3, = v, = w, or € = 1.

The value «;, = w is obtained by unbounded increasing sequence of
finite oy, = my, for some theories T}, € T with these values. Thus,

T . T
o, = lim ok 5.1
pn koo PV ( )
where aT is the value « ,, for T, a’kp, n are the values oy, for T}

Followmg Proposition 3.1 the case 3, = 7, = w corresponds infinitely
many n with o, # 0 for 7, i.e., by e-minimality, for infinitely many n there
are infinitely many theories in T with oy, # 0. Again by e-minimality it
means that for each considered n there are finitely many theories in 7 with
opp = 0.

Again by Proposition 3.1 the case ¢ = 1 implies infinitely many pairs
(p,n) with a,, # 0 for T, i.e., by e-minimality, for infinitely many (p, n)
there are infinitely many theories in 7 with a,, # 0, that is, for each
considered (p,n) there are finitely many theories in 7 with o, ,, = 0.

Similarly (5.1), in the latter two cases the values 5, = v, = w and/or

€ = 1 can be interpreted as limits hm apn and/or lim oy, ,, in the set of all
p,n
Szmielew invariants, where oy, ,, are Szmlelew invariants for some theories

in 7. Since B, = v, € {0,w} and € € {0,1} for any theory in Clg(T), we
can assume that lim ay, ,, € {0,w} and lim oy, , € {0, 1}.
n p,n

Additionally, since e-minimal families have unique accumulation points,
these limits are unique, too, i.e., there are no independent possibilities to
obtain distinct limit values using distinct sequences of theories in 7. In
such a case we say that 7 does not have independent limit values.
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It means that if we have some values for lim ap 5 hm ap s hm oz;;’c for
k—oo 7 ’

an infinite sequence of theories T} in 7, we can not ﬁnd another infinite
sequence of theories T} in T producing different limit values.

Clearly, assuming that 7 does not have independent limit values we
conversely obtain the e-minimality of 7T .

Thus, we have:

Theorem 5.1. For any infinite family T C Ty fn the following condi-
tions are equivalent:

(1) T is e-minimal;

(2) T does not have independent limit values.

Considering an arbitrary infinite family 7 C T4 g, we define the finite
or infinite number of independent limit values for 7. This number is called

the dimension of T and denoted by dim(7).

Remark 5.2. Let 7,, be an infinite family consisting of theories T' €
Tafin With unbounded ¢y, and fixed ., for (p',n’) # (p,n). Clearly,
dlm(T n) = 1. Besides,

dim | | Tpm | = 1X] (5.2)
(p,n)eX

for any finite set X of some pairs (p,n). The equation (5.2) stays valid for
infinite X if 7, ,, are defined uniformly, say, if o,y ,» = Const for (p/,n’) #
(p,n). Otherwise, if fixed ayy,/ are random, one can generate continuum

(pn)eX
Tp,1 for some infinite and co-infinite set Z of prime numbers p such that

a1, for theoriesin  |J 7,1, are independently bounded and unbounded
(p,1)eX
for prime p’ ¢ Z. Thus, there are continuum many possibilities for the

many pseudofinite theories T' € Clg ( U 7;,7n). Indeed, we can form

sequences of finite/infinite values a,y; for theories in Clg U T,1>.
(p,1)eX

Clearly, the value dim(7") equals the e-spectrum of 7
dim(7) = e-Sp(7). (5.3)

Remind that here dim(7) is defined in terms of Szmielew invariants and
their ordinal limits whereas e-Sp(7) is a model-theoretic value for the
topology with respect to E-closure.

Theorem 5.1 immediately implies the following reformulation:

Theorem 5.3. For any infinite family T C Ty fn the following condi-

tions are equivalent:
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(1) T is e-minimal;

(2) dim(T) = 1.

Remind [11] that e-minimality of 7 means that RS(7) = 1 and ds(T) =
1. Thus, these values for rank and degree are characterized by dim(7) = 1.

Similarly, finite dim(7) = n means that 7 has n accumulation points
producing RS(7) = 1 and ds(7) = n as well as a representation of 7 as a
disjoint union of n e-minimal subfamilies.

The following theorem gives an additional criterion for e-minimality of
a family 7 C T fin.

Theorem 5.4. An infinite family T C Ty an of theories of abelian
groups is e-minimal if and only if for any upper bound o, > m or lower
bound oy, < m, for m € w, there are finitely many theories in T satisfying
this bound. Having finitely many theories with oy, > m, there are infinitely
many theories in T with a fized value oy < m.

Proof. Let 7 be e-minimal. Consider a bound «,, > m (respectively
apn < m). By Remark 3.2 there is a sentence separating theories in 7" with
apn > m (op, < m). Since T is e-minimal, exactly one of the conditions
Qapn > M, apy < msatisfies infinitely many theories in 7. Thus, there are
only finitely many theories in 7 satisfying o, < m —1 or a;p, > m. In
the latter case, with infinitely many theories for oy, < m, the invariant
o, should be repeated infinitely many times for distinct theories in 7.

Conversely, we again apply Remark 3.2: taking an arbitrary sentence ¢
in the group language, we can describe only finitely many bounds «y,,, > m
and oy, < m. Since each bound forces finite or cofinite subfamily of 7" we
have finite 7, or T-,, i.e., T is e-minimal. O

Now we extend the context characterizing the e-minimality of subfami-
lies 7 in Ty4.

Following Proposition 3.1 we again notice that all dependencies between
values of Szmielew invariants in a given theory of an abelian group are
exhausted by ones given by infinite {n | a,, # 0} implying 8, = v, =
w as well as by infinite {(p,n) | ap, # 0} implying ¢ = 1. It means
that Szmielew invariants, for a fixed theory and for a family, can not force
positive values ay, ,, 3, 7p using positive values for different prime p’ and/or
e. Besides, values oy, 5, and natural 3, v, do not forced by other Szmielew
invariants. Moreover, finite values «y, ,,, Bp, Vp, for theories in Clg(7T), can
not be forced by other finite or infinite values of these invariants. Thus,
all dependencies between distinct Szmielew invariants ozg,n, ﬁ;;r , 717; el for
theories T € Clg(T)\ T, are exhausted by the following ones for sequences
(Tk)kew of theories in T

2) BT = lim BTk,
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3) vy = lim 7%
) p = Hm ok,
3) e’ = lim ¥,
k—oo
1) By =7, =w =limagk,
5) el =1= 1117717111@;:’%.

The items 1)-5) show that limit values for Szmielew invariants are inde-
pendent modulo az{’%, i.e., the limits of ﬁg k. ’yg k. Tk can produce only ﬁg )
’yg , €', respectively, whereas az:’;’fn can generate both ag;n, Bg = 'yg = w
and 7 = 1.

Thus, we can extend the notion of dimension dim(7") till arbitrary fam-
ilies T C T4 as the number of independent limit values for 7. Notice that
the equation (5.3) stays valid for the general case.

We denote by Szm the set {ap, | p € Pon € w\{0}}U{B, | p €
PyU{w [pe PtuU{e}

Theorem 5.5. For any infinite family T of theories of abelian groups
the following conditions are equivalent:

(1) T is e-minimal;

(2) dim(7) =1;

(3) for any upper bound & > m or lower bound {& < m, for m € w,
of a Szmielew invariant & € Szm, there are finitely many theories in T
satisfying this bound; having finitely many theories with & > m, there are
infinitely many theories in T with a fized value app < m, if & = aypp, with
a fized value B, < m, if & = By, with a fived value v, < m, if £ = v, and
with a fived value € < m, if £ = €.

Proof repeats arguments for Theorems 5.3 and 5.4 replacing o, , by £. O

It is known [12, Theorem 7.3] that e-minimal families have unique ac-
cumulation points. Thus, Theorem 5.5 characterizes the possibilities of
approximations of theories of abelian groups by families with unique accu-
mulation points. Since theories of finite groups are isolated by complete
sentences, the possibilities for the approximations are exhausted by theo-
ries of infinite groups. As the equations (3.2) and (3.3) can not produce
complete sentences for infinite abelian groups, theories T' of abelian groups
A are approximable if and only if A are infinite. Moreover, in view of
Proposition 3.1 these theories T' can be approximated by e-minimal families
as follows.

If T has finitely many prime p with positive Szmielew invariants and
€ = 0 then by Proposition 3.1, T' is approximated by a family of theories
T;, i € w, of finite groups and with fixed «y , if o, is finite for 7', and
with strictly increasing ay p, if o, = w for T

If T has finitely many prime p with positive Szmielew invariants and
¢ = 1 then T is approximated by a family of theories T;, i € w, with
€ = 1 and same positive values of Szmielew invariants for infinitely many
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prime ¢, replacing p by ¢, including given p, and forming sets (); such
that Q; D Qiy1, © € w, and () Q; consists of all p with positive Szmielew
IS

invariants for 7.

If T has infinitely many prime p with positive Szmielew invariants then
T is approximated by a family of theories T;, ¢ € w, with same positive
values of Szmielew invariants for finitely many prime p, and forming sets
Q; such that Q; C Qj,, i € w, and U Q) consists of all p with positive

1€w

Szmielew invariants for 7'

Thus, the following theorem holds.

Theorem 5.6. For any theory T of an abelian group A the following
conditions are equivalent:

(1) T is approxzimated by some family of theories;

(2) T is approxzimated by some e-minimal family;

(3) A is infinite.

Remark 5.7. Theorem 5.6 characterizes accumulation points in the
set of theories of abelian groups. Items 1)-5) allows to define Szmielew
invariants for accumulation points via correspondent Szmielew invariants
of given theories. Thus, these items give possibilities to control theories of
abelian groups by their approximations in terms of Szmielew invariants.

Remark 5.8. Theorems 4.2 and 5.6 describes accumulation points for
the set of theories of finite abelian groups being theories of pseudofinite
abelian groups. Thus the ranks for subfamilies 7 of T4 g, are controlled by
cardinalities and links in Clg(7) N T pt-

Now we can consider some particular possibilities for e-minimal approx-
imations taking subfamilies 7 of the family T4 of all theories of abelian
groups as follows.

If all Szmielew invariants except one of £ # ¢ are fixed for theories in
infinite 7 C T4 then T is e-minimal with unique accumulation point having
E=w.

Since there are continuum many sequences of Szmielew invariants # &,
we have continuum many pairwise disjoint e-minimal subfamilies of T4
obtaining the following:

Proposition 5.9. The family T4 contains continuum many pairwise
disjoint e-minimal subfamilies.

Again, in particular, if £ # ¢ is unique nonzero Szmielew invariant for
an infinite 7 C 74 then T is e-minimal whose unique accumulation point
has exactly one nonzero Szmielew invariant £ = w modulo €. And there are
countably many such e-minimal families.
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6. Ranks for families of theories

Since there are continuum many theories of abelian groups, varying
Szmielew invariants, Theorem 2.3, as well as Theorem 4.1 and monotony
of rank imply the following proposition for the family 74.

Proposition 6.1. RS(74) = cc.

Having RS = oo for the family of all theories of (finite or infinite) abelian
groups, we also notice that there are continuum many theories of divisible
or, respectively, torsion free abelian groups that again produces RS = oo
for the families of all theories of divisible/torsion free abelian groups.

By Theorem 2.4 and 4.1 there are many e-minimal d-definable subfam-
ilies of T4. Below we generalize Theorem 2.4 for T4 and arbitrary pair
(a,n), where « is a countable ordinal and n € w \ {0}.

Theorem 6.2. Let o be at most countable ordinal, n € w\ {0}. Then
there is a d-definable subfamily (Ta)e such that RS((Ta)e) = o and
ds((Ta)s) = n.

Proof. If & <1 we can apply arguments for [6, Theorem 4.6] obtaining
the assertion. If o > 2 we consider a countable family of countable subsets
XiA of the set P, where A is a sequence of indexes for some 8 < «, i € w,
as follows. Take an arbitrary countable family 7 C T4 with RS(7) = «
and ds(7) = n. By [6, Proposition 4.4] there are countably many countable
s-definable subfamilies 7, with RS(7,) = 8 < a, 8 > 0, and ds(7,) = 1
witnessing RS(7) = « and ds(7) = n such that distinct subfamilies with
RS = f are disjoint. We can code these subfamilies by 7;A, where A is a
sequence coding the rank of taken subfamily as well as containing codes of
all 7, containing 7;A, i € w. Now we replace 7;A by countable XiA CcCP
such that:

1) if A witnesses a rank /3 then XiA N XjA = () for i # 7;

2) if A and A’ witness ranks § and v, 8 < 7, and A contains the code
for 7;A/ then XjA C XiA, for each j, moreover, XZ-A/ =U X]»A, where the

Aj

union is taken with respect to all admissible codes A, for the rank S and
inclusions X jA C XiA/, and indexes j enumerating families X jA.

We denote by Y the union of all sets X” and assume that P\ Y is
infinite. Prime numbers in P \ Y are called free and will be used to mark
s-definable subfamilies of theories in 74. Now we construct, in the following
way, the required subfamily (74)s consisting of theories in families (TA)iA/
correspondent to the families XiA and satisfying the conditions:

1) if A’ and A” witness a rank § then (T4)? N (TA)jA” = for i # j;

2"y if A" and A” witness ranks 3 and v, 8 < 7, and A’ contains the code

(A" i) then (TA)J-A, C (Ta)2" for each j, moreover, (T4)2" = U (TA)]A/
Al
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We assume that all theories in (7a)e satisfy a1 € {0,1}, p € P,
apn =0,forn >2andpe P, B, =7 =0forpe P,e =1 IfA
codes the rank 1 then XiA defines the e-minimal, in view of Theorem 5.5,
family (TA),A of all theories T" of abelian groups with unique positive ay, 1,
where p € XiA, and with some positive o,/ 1 for 8 free prime numbers p’
marking XiA and all X ]»A/ containing XZ-A such that writing some a1 =1

we can separate (74)f both from bigger families (’TA)]»AI, collecting e-

minimal families (74)2" with o,y = 1, and RS((TA)]-A,) > RS((Ta)2)
and from distinct marked families of the same rank. Now we unite (74)5
by values o,y ; € {0,1} forming the families (TA)J-A/, and the required d-

definable subfamily 7 = Clg (U(TA)?) of Ta satisfies RS(T) = « and
A

ds(7) =n.0O

Remark 6.3. Varying values «,, , for the families in the construction
for the proof of Theorem 6.2 we obtain continuum many disjoint, modulo
g, families (74)e such that RS((74)e) = a and ds((74)s) = n.

Notice that the arguments stay valid replacing «, ,, by 5, or/and .

Applying the construction for the proof of Theorem 6.2 we can form a
family T of theories of finite abelian groups for given rank and degree, with
a d-definable closure Clg(7) C Ta fin U Taps. Thus, the following theorem
holds:

Theorem 6.4. Let o be a countable ordinal, n € w\ {0}. Then there
is a subfamily T C Tagin such that RS(T) = o, ds(T) =n, and Clg(T) C
Tafin U Tapt is d-definable with (RS(Clg(T)),ds(Clg(T)) = (o, n).

Remark 6.5. Theorems 2.6, 2.7, and 6.2 allow to form countable
superatomic Boolean algebras B, ,, unique up to isomorphism, for E-
closed, d-definable families of abelian groups with arbitrary countable CB-
invariants (a,n). Additionally, Theorem 6.4 produces similar realizations
using F-closed, d-definable subsets of T fin U T4 pf-

7. Conclusion

We found ranks for families of theories of abelian groups. In partic-
ular, we studied closures and ranks for theories of finite abelian groups
observing that the set of theories of finite abelian groups in not totally
transcendental. We characterized pseudofinite abelian groups in terms of
Szmielew invariants. e-minimal families of theories of abelian groups are
characterized both in terms of dimension and in terms of inequalities for
Szmielew invariants. These characterizations were obtained both for finite
abelian groups and in general case. Furthermore we gave characterizations
for approximability of theories of abelian groups and show the possibility
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to count Szmielew invariants via these parameters for approximations. We
described possibilities to form d-definable families of theories of abelian
groups having given countable rank and degree.

References

1. Eklof P.C., Fischer E.R. The elementary theory of abelian groups. Annals of
Mathematical Logic, 1972, vol. 4, pp. 115-171. https://doi.org/10.1016/0003-
4843(72)90013-7

2.  FErshov Yu.L., Palyutin E.A. Mathematical logic. Moscow, Fizmatlit Publ., 2011.

3. Koppelberg S. Handbook of Boolean Algebras. Vol. 1, Monk J.D., Bonnet R. (eds.).
Amsterdam, New York, Oxford, Tokyo, North-Holland, 1989, 342 p.

4. Macpherson D. Model theory of finite and pseudofinite groups. Archive for Mathe-
matical Logic, 2018, vol. 57, no. 1-2, pp. 159-184. https://doi.org/10.1007/s00153-
017-0584-1

5. Markhabatov N.D., Sudoplatov S.V. Ranks for families of all theories of given
languages. arXiv:1901.09903v1 [math.LO], 2019, 9 p.

6. Markhabatov N.D., Sudoplatov S.V. Definable subfamilies of theories and related
calculi. arXiw:1901.08961v1 [math.LO], 2019, 20 p.

7. Morley M. Categoricity in Power. Transactions of the American Mathematical
Society, 1965, vol. 114, no. 2, pp. 514-538. https://doi.org/10.2307/1994188

8. Pavlyuk In.I., Sudoplatov S.V. Families of theories of abelian groups and their
closures Bulletin of Karaganda University. Mathematics, 2018, vol. 92, no. 4,
pp. 72-78. https://doi.org/10.31489/2018M4/72-78

9. Popkov R.A. Distribution of countable models for the theory of the
group of integers. Siberian. Math. J., 2015, vol. 56, no. 1, pp. 185-191.
https://doi.org/10.1134/50037446615010152

10. Rosen E. Some Aspects of Model Theory and Finite Structures. The Bulletin of
Symbolic Logic, 2002, vol. 8, no. 3, pp. 380-403. https://doi.org/10.2307/3062205

11. Sudoplatov S. V. Ranks for families of theories and their spec-
tra.arXiv:1901.08464v1 [math.LO], 2019, 17 p.

12.  Sudoplatov S.V. Approximations of theories. arXiv:1901.08961v1 [math.LO], 2019,
16 p.

13.  Szmielew W. Elementary properties of Abelian groups. Fund. Math., 1955, vol. 41,
pp. 203-271. https://doi.org/10.4064 /fm-41-2-203-271

Inessa Pavlyuk, Candidate of Sciences (Physics and Mathematics);
Associate Professor of Chair of Informatics and Discrete Mathematics,
Novosibirsk State Pedagogical University, 28, Vilyuiskaya st., Novosibirsk,
630126, Russian Federation, tel.: (383)2441586
(e-mail: inessa7772@mail.ru)

Sergey Sudoplatov, Doctor of Sciences (Physics and Mathematics),
Associate Professor, Leading Researcher, Sobolev Institute of Mathematics
SB RAS, 4, Academician Koptyug Avenue, Novosibirsk, 630090, Russian
Federation tel.: (383)3297586; Head of Chair, Novosibirsk State Technical
University, 20, K. Marx Avenue, Novosibirsk, 630073, Russian Federation,
tel.: (383)3461166; Professor, Novosibirsk State University, 1, Pirogov st.,
Novosibirsk, 630090, Russian Federation, tel.: (383)3634020
(e-mail: sudoplat@math.nsc.ru)

Received 25.04.19

UzBecTusi IpKyTCKOro rocyZjapCTBEHHOI'O yHUBEPCHUTETA.
2019. T. 27. Cepusa «Maremaruxas. C. 95-112



RANKS FOR FAMILIES OF THEORIES OF ABELIAN GROUPS 111

Panru cemeiictB Teopuii abejieBbIX Ipynn

Nn. N. ITasmok

Hosocubupckuti 2ocydapcmeernniti nedazozuveckuts ynusepcumem, Ho-
socubupck, Poccutickan Pedepayus

C. B. Cynomnaros

HUnemumym mamemamuxu um. C. JI. Cobosesa CO PAH, Hosocubup-
cxuti 2ocydapemeennuiti mexnudeckuts ynusepcumem, Hosocubupckutl 2o-
cydapemeernnnts ynusepcumem, Hosocubupcex, Poccutickas Dedeparus

Awnnoramusi.  Panr cemeiicTBa Teopuii 1momgobeH panry MopJu ¥ MOXKeET CJIyKHUTb
MepOil CJIOXKHOCTH UM OOTaTCTBA JAHHOTO CEMENCTBA. Y BEeIMYUBAst PAHT PACIIHPEHUSIMA
cemeiicTBa, MbI IOJiydaeM Oojiee Gorarble ceMeicTBa, KOTOPbIE B CIydae JOCTUXKEHUS
OECKOHEYHOCTH MOTYT PACCMATPUBATHCA KakK ‘mocTtaTrodno boraroie”’. B mamHoit craTbe pe-
aJIN3YIOTCs PAHTH JIJIsl CEMEeHCTB Teopuil abesieBbIX IpyIil. B yacTHOCTH, M3y YarOTCs PaHTU
¥ 3aMBIKAHUS JIJIsI CEMEHCTB TeOpUil KOHEYHBIX abesieBbiX rpyii. [lokaszano, 9To MHOXKe-
CTBO TEOpUil KOHEUHBIX abesIeBbIX I'PYII HE SIBJISIETCS] TOTAJBHO TPAHCIEHIEHTHBIM, T.€.
€ro paHT paBeH OECKOHEYHOCTH. B TepMuHaxX MIMEIEBCKIX MHBAPUAHTOB XapPAKTEPUIYIOT-
Csl TICEBJIOKOHEUHbIE abesieBbl IpyIibl. KpoMe TOro, XapakTepu3yrTCsl e-MUHUMAaJIbHBIE
ceMelicTBa TeOpHil abeIeBbIX I'PYII KaK Ha S3bIKE PA3MEPHOCTH, T.€. IUCJIa HE3ABUCHMBIX
Ipe/esioB MIMeJIeBCKUX MHBAPUAHTOB, TAK M B TePMHUHAX HEPABEHCTB JJId IIMEJIEBCKUX
WHBAPUAHTOB. DTU XapaKTepHU3alluU MOy YEHBI JJIsi KOHEYHBIX abesIeBbIX TPy U B 006-
meM ciaydae. HailteHbl xapakTepusanny anmpoKCUMIPYEMOCTA TEOPHUIl abesIeBbIX TPYIIIT
¥ IIOKa3aHbl BO3MOXKHOCTH IIOJICYETa IIIMEJIEBCKUX WHBAPUAHTOB Yepe3 IlapaMeTphl all-
npokcuManmii. Onuucanbl BO3MOXKHOCTH MOCTPOEHUsT d-ONPEJEIMMbIX CEeMEHCTB Teopuii
abesIeBbIX T'PYIIN, UMEIOIUX JIAHHBIA CYETHBIN PAHT U JAHHYIO CTEIlEHb.

KuroueBrble cjioBa: ceMeiicTBO Teopuit, abesieBa rpyIiia, PAHT, CTEIeHb, 3aMbIKAHUE.
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