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Ranks for Families of Permutation Theories *

N. D. Markhabatov

Nowosibirsk State Technical University, Novosibirsk, Russian Federation

Abstract. The notion of rank for families of theories, similar to Morley rank for fixed
theories, serves as a measure of complexity for given families. There arises a natural
problem of describing a rank hierarchy for a series of families of theories.

In this article, we answer the question posed and describe the ranks and degrees for
families of theories of permutations with different numbers of cycles of a certain length.
A number examples of families of permutation theories that have a finite rank are given,
and it is constructed a family of permutation theories having a specified countable rank
and degree n. It is proved that in the family of permutation theories any theory equals a
theory of a finite structure or it is approximated by finite structures, i.e. any permutation
theory on an infinite set is pseudofinite. Topological properties of the families under
consideration were studied.
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A rank for the families of theories, similar to Morley rank and defined
in [9], can be considered as a measure for complexity or richness of these
families. Thus increasing the rank by extensions of families we produce
more rich families obtaining families with the infinite rank that can be
considered “rich enough”.

Permutation theories and theories in the language of one unary function
have been studied in a number of papers, including [1;2;5;7;8]. In the
present paper, we describe ranks and degrees for families of permutation
theories, partially answering a question in [9].

* This research was partially supported by Committee of Science in Education and
Science Ministry of the Republic of Kazakhstan (Grants No. AP05132349) and Russian
Foundation for Basic Researches (Project No. 17-01-00531-a).
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1. Preliminaries

Throughout hereinafter we consider families 7 of complete first-order
theories of a language ¥ = (7)) and use the following terminology from
[3;6;9;10].

Definition 1. [10] Let 7 be a family of theories and T be a theory,
T ¢ T. The theory T is called T-approximated, or approximated by 7, or
T - approximable, or a pseudo-7 -theory, if for any formula ¢ € T there is
T" € T such that ¢ € T".

If T is T -approximated then T is called an approzimating family for T,
theories T € T are approzimations for T, and T is an accumulation point
for T.

Weput 7T, ={T € T | ¢ € T'}. Any set T, is called the ¢-neighbourhood,
or simply a neighbourhood, for T .

An approximating family 7T is called e-minimal if for any sentence
p € X(T), Ty, is finite or T, is finite.

It was shown in [10] that any e-minimal family 7 has unique accumula~
tion point 7" with respect to neighbourhoods 7, and 7 U{T'} is also called
e-minimal.

Proposition 1. [10] A theory T ¢ T is T -approximated if and only if
T e CIE(T)

Definition 2. [6] An infinite structure M is pseudofinite if every sentence
true in M has a finite model.

If T' = Th(M) for pseudofinite M then T is called pseudofinite as well.
We denote by T the class of all complete elementary theories, by T f;,
the subclass of T consisting of all theories with finite models.

Proposition 2. [10] For any theory T the following conditions are equiv-
alent:

(1) T is pseudofinite;

(2) T is T fin-approzimated;

Following [9] we define the rank RS(-) for the families of theories, similar
to Morley rank [4], and a hierarchy with respect to these ranks in the
following way.

RS(T) = —1, if the family 7 is empty;

RS(T) =0, if the family 7 is finite and non-empty;

RS(T) > 1, if the family 7 is infinite.

For a family 7 and an ordinal o = 8+ 1 we put RS(7) > « if there are
pairwise inconsistent (7 )-sentences ¢,, n € w, such that RS(7,,) > 8,
n e w.
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If o is a limit ordinal then RS(7") > « if RS(T) > f8 for any 8 < a.

We set RS(T) = a if RS(T) > v and RS(T) 2 o + 1.

If RS(T) > « for any «, we put RS(T) = oc.

A family T is called e-totally transcendental, or totally transcendental,

if RS(T) is an ordinal.

Proposition 3. [9] If an infinite family T does not have e-minimal
subfamilies T, then T is not totally transcendental.

If T is e-totally transcendental, with RS(7) = a > 0, we define the
degree ds(T) of T as the maximal number of pairwise inconsistent sentences
¢; such that RS(7,,) = a.

It is described in [3] the ranks and degrees for the families 7y of all
theories of an arbitrarily given language ¥ and (non-) totally transcendental
families were characterized.

Theorem 1. [3] If ¥ is a language containing an m-ary predicate symbol,
form > 2, or an n-ary functional symbol, for n > 1, then RS(Ty) = co.

Furthermore, it is shown an applications of these characteristics for the
families T, of all theories of languages > and having n-element models,
where n € w, as well as for the Tx, o families of all theories of languages ¥
and having infinite models.

Clearly, for any language ¥, T, = | Tun U Te,o. Therefore, by

new
monotony of RS, we have for any n € w the following relations are true:

RS(Te.n) < RS(T5),
RS(Ts:0) < RS(T2).

Theorem 2. [3] For any language ¥ either RS(Tx,) = 0, if ¥ is finite
orn =1 and ¥ has finitely many predicate symbols, or RS(Tx,) = oo,
otherwise.

Theorem 3. [3] For any language ¥ either RS(Ts ) is finite, if ¥ is
finite and without predicate symbols of arities m > 2 as well as without
functional symbols of arities n > 1, or RS(Tx o) = 00, otherwise.

Proposition 4. [10] Any family T of theories can be expanded till a
family T' with the least generating set.

Definition 3. [9] A family 7, with infinitely many accumulation points,
is called a-minimal if for any sentence ¢ € X(T'), T, or T-, has finitely
many accumulation points.

Let a be an ordinal. A family T of rank « is called a-minimal if for any
sentence ¢ € X(T), RS(7,) <« or RS(T-,) < a.
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Proposition 5. [9] (1) A family T is 0-minimal if and only if T is a
singleton.

(2) A family T is 1-minimal if and only if T is e-minimal.

(3) A family T is 2-minimal if and only if T is a-minimal.

(4) For any ordinal « a family T is a-minimal if and only if RS(T) = «
and ds(T) = 1.

Theorem 4. [9] For any family T, RS(T) =2 with ds(T) = n, if

and only if T is represented as a disjoint union of subfamilies T, ..., Ty, ,
for some pairwise inconsistent sentences @i, ...,pn, such that each T, is
a-minimal.

Proposition 6. [9] For any family T, RS(T)=a with ds(T) =n, if
and only if T is represented as a disjoint union of subfamilies T, ..., Ty, ,
for some pairwise inconsistent sentences @1, ...,pn, such that each T, is
a-minimal.

2. Ranks for families of permutation theories

In this section, we describe the ranks for families of permutation theories.

Let a language ¥ consist of the permutation f. Denote by Tx, the family
of all permutation theories of language .

Each permutation f has the axiom Vy3='z(f(z) = y). The length of a
permutation cycle is the number of its elements. The type of permutation
f is the vector A(f) = (A (f),..., \(f),...), where \;(f) is the number
of cycles of length ¢ in the permutation f. Note that for any permutation
f the value >~ ;i - A\;(f) is equal to the power of the set of elements that
make up the cycles.

Let T be a permutation theory, M = T. An element a € M is called
acyclic if a does not belong to any cycle.

Note that by the compactness theorem the theories with cycles of un-
bounded length generate acyclic elements in some their models. If the cycle
lengths are limited in aggregate, then there are theories with both acyclic
elements and without acyclic elements.

For a given theory of T' permutations, we can consider the set of pairs
(n, An), where n € w and \,, € wU{oo} is the number of cycles of length n.
As € € {0,1}, indicating the absence / presence of successor function, we
can take the value 0 if there is no successor function and 1 if there is such a
function. Moreover, ¢ = 1 if {\,, > 0| n € w} is infinite. In particular, the
closure contains the theory with € = 1, if there are theories in this family
with A, > 0 for an infinite number of values of n.

Note that the characteristics (n,A,), n € w, and e uniquely define this
permutation theory. The ranks of families of permutation theories are given
by sets of these characteristics. Below we consider all possible cases.
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Families with a bounded number of positive A\, with ¢ =0

A family 7 C Ty of permutations can be infinite only if there are
unbounded values of \,, and if the family has a finite number of variants
for A\, then it is finite, RS(7x) = 0 and ds(7x) is equal to the number of
these variants; if A\, has an infinite number of variants in the theories from
this family, then we need to look at the number of accumulation points,
with A\, = 0o, depending on whether the remaining A, are fixed or not. If
the number of accumulation points is finite, then RS(7x) = 1 and ds(7Ty)
correspond to the number of these accumulation points. If the number of
accumulation points is infinite, then RS(7x) > 2 and we need to look at how
many accumulation points the accumulation points themselves generate.

Example 1. Let 73, be the family for all identical permutations. Then
RS(T{) =1 and ds(Ts,) = 1, therefore, T4, is e-minimal. The only accumu-
lation point is the theory of identical permutations on an infinite set.

Example 2. If we consider the cycles of length ng and n; and the number
of these cycles satisfies \,, < k,\,, < [, then for the family T)‘no» An, Of
theories with these relations, we have k - [ variants, RS (T)\no, )‘m) =0, and

ds(Tang oy ) = k- L.

We denote by 7, the set of all theories from 7Ty, with one arbitrary value
An, where A\, = 0 for m # n and the models of these theories do not have
acyclic elements.

Proposition 7. Each family T, is e-minimal.

Proof. The family 7, consists of theories T, with m € w\{0} cycles of
length n and the theory T,, with an infinite number of cycles of length n.
The theory T, is the unique accumulation point for 7,,. Thus, RS(7,) =1,
ds(T,) = 1 and therefore the family 7,, is e-minimal. O

Example 3. If we allow cycles of different lengths ng and ny, then we get
a countable number of variants (A, Ap, ), where \,,, is the number of cycles
of length ng, and A, is the number of cycles of length n;. Thus, there are
countably many theories with cycles of length ng and ni, forming the family
Tnom:- Here, each theory with one infinite A, or Ay, has RS(Tpyn,) = 1,
and the only limit point ¢ A,, = A,, = oo, has infinitely many cycles of
length ng, infinitely many cycles of length ny and RS(7pyn,) = 2. Thus,
for a given family 7pyn,, we obtain RS(Tpyn,) = 2 and ds(Tpyn,) = 1.
Therefore, the family is a-minimal.

Example 4. If we consider cycles of different lengths ng,n; and no, then
you also obtain countably many possibilities (Ang, Anys Any), Where Ay, is
the number of cycles of length ng, A\,, is the number of cycles of length
n1, Ap, is the number of cycles of length ny. Each e-minimal subfamily
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with one infinite A, A\,,, or \,, containing theories with only one positive
An; has the rank RS = 1. Theories with nonzero A, Ay; and A, = 0,
{i,7,k} = {0,1,2} have RS = 2 and ds = 1. A family of all theories with
Am = 0 for m ¢ {ng,n1,n2} has RS =3 and ds = 1.

Thus, adding new A, for cycles of a certain length, one can unboundedly
increase the rank to any pre-given natural number.

Families with a bounded number of positive \,, with ¢ =1

As in the previous case, families are e-totally transcendental and may
contain e-minimal, a-minimal, c-minimal subfamilies. As well as their
model may contain copies of successor function (Z,s) on integers. In this
case, the rank of a family is ordinal. Repeating the argument for the
previous case, we obtain the ranks RS = « and ds = m.

By the definition of a-minimality and Proposition 7, the family 7 of
theories of permutations with RS(7) = « and ds(7) = m can be repre-
sented as a disjoint union of subfamilies TMO, e ,’T)\nmf1 , for some different
Angs -« -3 Any,_1, such that each 7y, is a-minimal.

The following theorem shows that there is a family of permutation
theories, having a countable rank.

Theorem 5. For any countable ordinal o and natural k > 1 there exists
a family T C Ty, such that RS(T) = a and ds(T) = k.

Proof. Realizations of finite ranks by families of permutation theories shows
that, in order to prove the theorem, it suffices to construct a family of
theories that has a specified countable rank and degree n.

We choose the number s € w\ {0} and let the considered theories of
permutations 7' have an arbitrary number of cycles of length s and at most
one cycle of length m for each m # s.

This countable rank « for a family of permutation theories T can be
constructed using countable sets X consisting of natural numbers m # s,
each of which symbolizes the presence of a single cycle of length m in models
of theory T and the absence of cycles of length m’ # s with m’ ¢ X. Since
the equality RS = « implies that the corresponding Boolean algebra is
superatomic, the families X must form a hierarchy in which every transition
from the set X, specifying a family of rank 8 < «, to the sets X;, i € w,
specifying disjoint subfamilies of theories of lower rank, must satisfy the
following conditions:

X CXZ,|XZ\X| = w,

(XinX;)\ X =0,

where 7,j € w,i # j.
Herewith the chains with respect to the inclusion consisting of the sets
X should be well ordered. The sets X are indexed by the pairs (8, k),
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where 8 < a, k <m for 8 = a, and k € w for 8 < a. Thus, the sets Xjg
for the ordinal 8 = v+ 1 are expanded by a countable family of sets X, )
pairwise disjoint over Xg.

Each set X(; ) defines a suitable e-minimal family of 7 ;) theories
having one cycle of each length m € X ;) and an arbitrary number of
cycles of length s. Denote by 7 the union of all families 7 ;). Using
induction, it is easy to show that the formulas ¢g, describing the presence
of cycles of length m’ € (3, %), they define neighborhoods of 7, with rank
B. Thus, RS(T) = a and ds(7) = n is established. O

Families with infinitely many positive )\,

In the family 7x; of permutation theories there are theories with infinite
cycles and cycles with unbounded lengths. As well as in the models of
these theories we observe automatically the presence of a copy of successor
function (Z,s) on integers. In this case, there is an infinite 2-tree formed

thus, the family has RS(Tx) = oc.

Theorem 6. Any theory T of a permutation on an infinite set is pseud-
ofinite.

Proof. Case 1. Let T have a finite number of cycles. Then T has a model
M = My U My, where M, is a subsystem consisting of cycles, and M is
a subsystem without cycles. For this model, the following is true:
M = lim M},
1—00

where M, = My U N; is finite and N is the structure consisting of one
cycle of length i. Thus {Th(N;) | i € w} approximates the theory Th(M),
and {Th(M;) | i € w} approximates the theory of T

Case 2. Let the theory T have infinitely many cycles and the lengths
of the cycles are bounded in the aggregate. Let ng,...,n; be the cycle
lengths, Ag, ..., Ax are the number of cycles of length ng, ..., ng, Ag,..., Ar
finite, A\q41,..., Ay are infinite, r < k and My U N;, where N; consists of i
cycles of length n,11,...,ng. Then the set {Th(N;) | r € w} approximates
the theory Th(Mi), where M, consists of an infinite number of cycles of
length n,41,...,ng. Thus, {Th(MyUN;)|i € w} approximates the theory
T =Th(MyU Nw)

Case 3. Let T have infinitely many cycles and the lengths of the cycles
are not limited in aggregate. Let ng,...,nk,... be the cycle lengths. In this
case, the theory is T' = Th(MyLU .M;), where M is a subsystem consisting
of cycles, and M is a subsystem without cycles. The N; subsystem consists
of <4 cycles of length j < i and does not contain cycles of length > 4. Let
ns be the cycle length, A\; be the number of cycles of length n; in the model
of the theory T. Then N; contains min{i, \s} cycles of length ng. The
subsystem M is obtained by the compactness theorem. So the T theory
is approximated by a family of theories Th(N\;). O
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Since E-closures of families of theories preserve the rank [9, Theorem
2.10], Theorem 6 shows that to calculate the ranks of families of permuta-
tion theories, it suffices to consider suitable families of permutation theories
on finite sets.

3. Conclusion

In the paper the ranks and degrees for families of permutation theories
with different numbers of cycles of a certain length are described. Several
examples of families of finite rank permutation theories are given. A family
of permutation theories is constructed that has a specified countable rank
and degree n. It is proved that any permutation theory on an infinite set
is pseudofinite. Topological properties of families of permutation theories
are studied.
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Panru ngas cemeiicTB Teopuii MOACTAaHOBOK
H. JI. MapxabatoB

Hosocubupckuti 2ocydapemeennoili mernuveckut yrusepcumem, Hoeo-
cubupcx, Poccutickas @edeparus

Awnnoramusi. [lousiTue panra jijist ceMeiicTB Teopuii, aHAJIOrnIHOE panry MopJu jiist
(DUKCHPOBAHHBIX TEOPHIL, CIYKUT MEPOIl CJIOKHOCTH JjIsl TAHHBIX ceMeicTB. Bo3Hukaer
eCTeCTBEeHHAsI MPOOJIEMa OIMCAHNS NEPAPXUN PAHTA IS Psifia CEMENCTB TEOPHil.

B nanHoit craTbe Mbl, OTBeYast Ha IOCTaBJIEHHBII BOIIPOC, ONMCHIBAEM PAHTU U CTEIIEHU
IJIl CEMEHUCTB TEOPHUI IOACTAHOBOK C PA3HBIM YHCJIOM IUKJIOB OIIPEAECJICHHOU JIJIMHBI.
IIpuBeieHO HECKOJIBKO TPUMEPOB CEMENCTB TEOPHUil IOJICTAHOBOK, KOTOPBIE MMEIOT KO-
HEYHBIN paHI, a TakKxKe IIOCTPOEHO CEMEeNCTBO TeOpHUil MOJCTAaHOBOK, MMeEIOINee JTaHHbBINA
CUETHBII paHr U JAHHYIO cTeneHb n. JlokazaHo, YTO B cemeiicTBe TEOpPHil IMOJACTAHO-
BOK J1t00asi TeOpHWsi SIBJISIETCS TeOpHell KOHEYHON CTPYKTYDPHI WJIM AlIPOKCUMHUPYETCS
TEOPUSIMU KOHEYHBIX CTPYKTYP, T. €. JIF06as TEOPHUsl TIOJCTAHOBKY Ha GECKOHETHOM MHOXKe-
CTBE SBJISIETCS TICEBIOKOHEYHON. V3ydeHbl TOMOI0rndecKne CBOMCTBa PACCMATPUBAEMbIX
CeMENCTB.

KuroueBble ciioBa: ceMeHCTBO TEOPHil, ICEBIOKOHETHAS TEOPU ST, TOJACTAHOBKY, PDAHT,
CTeIleHb.
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