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Amnnoranus. PaccmarpuBaercst oUH KJ1acC CHCTEM JIMHEHHBIX HEABTOHOMHBIX Jndde-
PEHIMAIBHBIX YPAaBHEHUI HEHTPAJIBLHOIO TUIIA C PACIIPEEICHHBIM 3ala3abiBanneM. Mar-
puLa 1epe]t IPOU3BOLHON HEU3BECTHON BEKTOP-MYHKIMH C 3alla3/IbIBAHIEM IIOCTOsIHHA,
MAaTPUIA IIepeJ] HeM3BECTHOH BEeKTOP-(PYHKIMEl nMeeT HelpephIBHBbIe T-mepronnyaeckue
3JIEMEHTBI, $I/[PO WHTErPAJILHOIO OIlepaTopa COCTOUT U3 HEIpPepbIBHBIX GyHKImi, T-1re-
puonudeckux 1o aprymenty t. Iless paboThl 3akiIi0vMaeTcss B MCCJIEOBAHUU ACHMIITO-
THUYECKON YCTONYMBOCTH HYJIEBOTO PEIIEHUsI C HCIOJb30BAHUEM METO/a MOIUMUIPO-
BaHHBIX dyHKIHoHaAIOB JIsanynosa — Kpacosckoro. Meron dyuknnonasnos Jlsmynosa —
Kpacosckoro siBisiercst pazsurreM Broporo meroza JIsmynosa. JlocronHcTBOM 9TOrO Me-
TOZA SIBJISIETCSI ITPOCTOTa (DOPMYJIMPDOBOK U CBEJEHHE HCCIIEJIOBAHUS ACUMIITOTHYIECKOM
YCTOMYNBOCTH K PEIIEHUIO XOPOIIO 00YCIOBIEHHBIX 3a7a4d. Kpome Toro, meron momudu-
IUPOBaHHBIX GyHKIMOHAIOB JIsanyHoBa — KpacoBCKOro 1o3BosisieT mosIyduThb OIEHKH Ha
pellleHns JIMHERHbIX cucTeM AuddepeHInalbHbIX yPABHEHNN C 3alla3/bIBaIoIIM apry-
MEHTOM. 3aMeTHM, 9TO UCIIOJIb30BAHNE MOAUMUIMPOBAHHBIX (DyHKIHOHAJIOB JIsmyHoBa —
Kpacosckoro tak»ke m03BOJISIET MOIYYUTH OIEHKHU DENIeHUIl HeJMHEHHbIX Juddepennn-
AJIbHBIX YPABHEHMII M OLIEHKH Ha MHOXKECTBO IPUTsKEHUsI. PaHee cucrema repuojude-
ckux TuddEepeHIaATbHBIX YPABHEHNN HEHTPAJIBHOTO TUIIA PACCMATPUBAIACH B paboTax
I". B. Hemunenko u 1. Y. MarBeeBoil, B KOTOPBIX ObLIN [I0OJIyYEHBI JJOCTATOIHBIE YCJIOBUS
ACUMIITOTUYIECKON yCTOMYMBOCTU HYJIEBOTI'O PEIICHUdA M yKa3aHbl OICHKM PEIIEeHUI 3TOM
cucrembl. CrcreMa JIMHEHHBIX [TEPUOUYIECKUX AU(DDEPEHINAIBHBIX YPABHEHHH C pac-
[Ipe/IeJICHHBIM 3ala3/[bIBAHIEM PACCMAaTPUBAJIOCh aBTOPOM craTbu. Jlist 9TOi cucTemsr
TaK2Ke OBLIH ITOJIy 9€HbI JJOCTATOYHbIE YCIOBUS AaCHMIITOTHIECKON YCTOMYIHMBOCTY HYJIEBOTO
pellleHrsI U yKa3aHbl OIEHKM pelleHuil. B Hacrosieil pabore IOIydeHbl JOCTATOYHBIE
YCJIOBHSI aCHUMIITOTHYECKOH YCTOMYMBOCTUA HYJIEBOTO DPEIIEHUsI CHCTEMBI HEHTDPAIBHOIO
THIIA C PACIPEIEIEeHHBIM 3ala3blBAHNEeM B TEPMHUHAX MATPUYHBIX HEPABEHCTB U yCTa-
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HOBJICHBI OIIEHKU PENIEHUH CUCTEMBI, XapaKTEPHU3YIOIIHe SIKCIOHEHI[UAJIbHOE yObIBAHNE HA
OECKOHEYHOCTH.

KurouyeBble cjioBa: aCUMIITOTHYECKAsl YCTOWIUBOCTD, dpyHKIMoHAa JIsamynosa — Kpa-
COBCKOI'0, Paclpe/ieJIeHHOe 3ala3/bIBaHNe, ypaBHEeHNE HEHTPAIbHOTO THIIA.

1. BBenenue

Hauano Teopun dyukimonaabHo-1uddepeHnuaIbHbIX YpaBHEHU ObI-
JI0 mosiozkeHo B 50-x rojgax mporioro Beka B paborax [5; 6]. Bompocam
yCTOWInBOCTH DYHKIMOHAIBHO-IU(MDMEPEHITNAIBHBIX YPABHEHUHN TTOCBAIIE-
HO MHOXKeCTBO MOHOrpaduili u crareil, OTMETUM JIUIIb HECKOJbKO U3 HUX
[1;2;4;5;7:8;10].

B nmannoit pabore paccMaTpuBaeTcs CIEAYIONas CUCTEMa HEHTPAJIbHOIO
THUIIA C PACIIPEJIETICHHBIM 3aIa3/[bIBAHIEM

%(y(t) + Dy(t — 7')) = A(t)y(t) + / B(t,t —s)y(s)ds, t>0, (1.1)

t—1

rjae 7 > 0 — 3anasapiBanue, D — KBajpaTHasi MaTpuna nopsijaka n, A(t) —
KBIPATHAST MATPHUIIA TOPSIKA 7 C HEIIPEPBIBHBIMU 1 -TIEPUOINIECKIMU DI~

menTamu, B(t,£) — KBajparHas MaTpHIla HOPSJKA N C HENPEePbIBHBIMU
ssieMeHTaMu, T-IIepUoMYecKUME [0 [IepBoii 1epeMeHHoi, T. €. B(t, &)
B(t+T,¢).

[Hess paboThl 3aKJ/IIOYAETCS B MCCJIEIOBAHUN ACUMIITOTUYECKON yCTOM-
YUBOCTH HYJIEBOI'O PEIIEHUs] U TOJyUEHUH OINEHKHU PeIleHnil UCC/IeLyeMoi
CHUCTEMBI, KOTOpasl XapaKTEePU3yeT CKOPOCTh ybObiBanus npu t — oo. Ilpu
HCCJIEIOBAHUN ACHUMIITOTHYECKON yCTONIMBOCTH HYJIEBOI'O pelleHust Oymem
HCIIOJIB30BaTh CJIEIYIONTY 0 Mojudukanuio dyHKimonasa JIsmyrnosa — Kpa-
COBCKOTO, BBEJICHHYIO B [3;9]

V(t,y) = (H(t)(y(t) + Dy(t — 7)), (y(t) + Dy(t — 7)))

J

B pa6orax [3;9;11]| uccienonan ciay4vaii quddepeHIagibHOro ypaBHeHust
HefTpaJabHOro THIa ¢ 3anas/pBanneM. B [12] paccmorpena cucrema (1.1) B
cayaae D = 0.

ApTop BBIpaxkaer rIyboKyto Ostarogapaocts 1.¢.-m.H. . B. lemunenko,
K.p.-m.H. V. VI. MarBeeBoii u k.¢.-m.H. M. A. CKBOpIIOBOI 3a BHUMaHUE U
IIEHHBIE COBETHI.

:‘\w

K(t— s)y(s), y(s)) dsdn + / (M(t - s)y(s),y(s)) ds.  (1.2)

t t
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2. OcHoBHAasg 4acThb

Pacemorpum Havasbhyto 3ajady st cucreMbt (1.1) mpu ¢ > 0:

(0 + Dyt = 7)) = A0w(e) + [ Bt - )l

¢ (2.1)

y(t) = So(t)’ te [_T’ 0]’
y(+0) = (0).

Teopema 1. ITycmov cywecmeyrom eaadkas T-nepuodureckas mampuya
H(t) = H*(t) maxas, wmo H(t) > 0 u mampuywv. K(s) = K*(s), M(s) =
M*(s) € CH0, 7] maxue, wmo

a
ds

Obosnarvum uepes q(t) MuHuMaILHOE COBCNBENHOE YUCAO MAMPULDL

K(s) >0, %K(s)<0,M(s)>0, M(s) <0, sel0,7].

Q) = H (1) (@n<t> Qu)Qy ()@ (t)

t
~ [ Qult9)3 (905t s)ds)H—%a),
t—1

ede
d

Qu(®) = (1) + HWAW) + AWH() + (0 +7K(0)).

Qut) = —=(H(OAW) + M(0)D + VFEO)D.
Qi3(t,s) = —H(t)B(t,t — s),
Q= ~(M(r) = D*M(0)D) ~ D'K(0)D >0,
Qs3(t,s) = K(t — s).
Buibepem wucao k > 0 maxoe, wmo

dii[((s) +EkK(s) <0, %M(s) +EM(s) <0, s€]0,7].

Tozda dan pewenus 3adavu (2.1) sepra caedyrowan oueHKa

V(t,y) < exp (/’y(s)ds)

0
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X <<H (0)(2(0) + Dp(—=7)), (p(0) + Dp(—7)))
T 0 0
—I-O/_/n(K(—S)(P(S)a(P(S»dsdn +_/T(M(—s)cp(s),cp(s)>ds>, (2.2)

2de
A(t) = min {q(t), k}

Jlokasamenvemeo. Ilycrs y(t) — pemenune HauaabHOW 3amaun (2.1). Pac-
cMoTpuM MojubunpoBantbiii GyHknuonan JlsmyHnosa — Kpacosckoro (1.2)
Ha perternu y(t). Ero npoussouas 6y/ier uMerb Bu/L

d
Ev(t’y)
= (GO + HOAW) + 4O + K0+ MO)) y.4(0))

+ <y(t), (%H(t)D + A*H(t)D) y(t — T)>

+ <y(t), H(t) / B(t,t — s)y(s)ds>

t—1

+ < <%H(t)D + A*H(t)D> y(t—7), y(t)>

+(( 810D - ME)) vle =)t - )

+ <H(t) / B(t,t — s)y(s)ds,y(t)>
+ <D*H(t) / B(t,t — s)y(s)ds,y(t — 7')>
t T t d
s [ G = ) ds + 0/ [ (G = ste).a) ) dsa
t—T1 t—n
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b smmy

t—1

[Teperuiiem maHHOE TOXKIAECTBO B TEPMUHAX KBAIPATUIHON (DOPMBI
t y(t) y(t)
—Vty +/<Cts t—T | oyt —71) >ds
’ (s) y(s)
iK t —s)y(s),y(s) ) dsd
o s) s sdn

+ /t <%M(t—5)y(8),y(8)> ds, (2.3)

riue

Cialt) = 1<5H()D+A* (t)D >

t
Ciz(t,s) = H(t)B(t,t — s),
Con(t) = % (D*%H(t)D _ M(T)> ,
ng(t, S) = D*H(t)B(t, t— 8),

C33(t, S) == —K(t — S).

Herpynuo ybemurbess B ClipaBe/IMBOCTH CJIEIYIONIErO TOXKIECTBA:

21 Z1 21+ DZQ 21 + D2’2
<C(ta5)(22>,(22)><O(f,5)<zz ),(22 )>,
z3 z3 z3 z3

rjae
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Onn(t) = ~(H()A(1) + M(0))D + K(O)D,
O13(t,s) = —H(t)B(t,t — s),
On = ~(M(r) ~ D*M(0)D) ~ D*K(0)D,
Os33(t,s) = K(t — s).
JleficTBUTEIBHO,

I —-DO 214+ Dz
= <C(t, S) 0 I 0 29
0 0 I z3

CrenoBaresibHO,

I 00 I -D 21+ Dz 21+ Dz
= < -D* 10 C(t, S) 0 1 ) s ) > .
0 07 0 0 z3 z3

[TepeMHOXKUB MaTPHUITGI, TTOJYIUM YKA3aHHOE TOXKJIECTBO.
B cuy Toro, aro Ogg, Os3(t, s) > 0, nMeeT MECTO CJIE/YIOINIee MPe/ICTaB-

renme ( Oll(t) 012 (t) Olg(t, S) ) ( Z1 ) ( Z1 )
< f2(t)  Oxn 0 zo |, | 2 >
Tg(t, S) 0 O33(t, S) z3 z3

= ((O11(t) — O12(t) O3, OF5(t) — Ox3(t, 5)O33' (¢, 5)Oi3(t, 5)) 21, 21)
+(05;' (Q2222 + Of5(t)21), (02222 + Ofa(t)21))
—|—(03_31 (t,5)(O33(t, 5)z3 + O73(t, 5)21), (O33(t, 8) 23 + O73 4(t, 5)21))-

Crenosarenbro, n3 (2.3) uMeem

t

GV <= [ (0n6) - 0n0 ®03(0)

~Ous(t, )03 (1 503 (1, ](u(t) + Dy(t — 7)), (9(t) + Dy(t 7))
o [ (G owepe)) asan+ [ (G- us)065)) ds,
0 t—n t—1
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njim

NI

Ly (ty) < —(QUHB ) (u(t) + Dy(t — 7)), H (#)(y(t) + Dy(t — 7))

dt

' 0/ | / (Gt = o(s).0(s) ) dc - / (= 9us)06s) ) .

-7

U3 onpenenenust q(t), k u y(t) ciemyer crupaBeyInBOCTh CJIE/LYIONIEr0 Hepa-
BEHCTBA

SV(t9) 2OV (1,9) <0

t

JlomuokuB 06€ 9acT HEPABEHCTBA HA €XP ( i *y(s)ds) ¥ TPOUHTETPUPOBAB,
0

[OJIyYuM OIeHKY (2.2).

O

3ameuanwue 1. Herpyn#o yBuners, aro dhyHKImS ’y(t) aBjsiercs 1-1iepuo-
JITIECKOI.

Ormerum, 9TO BBINOJHEHNE YCIOBHiI TeopeMbl 1 (TouHee ycjioBuil Ha
Marpuibl Qa2, K(s), M(s)) Baeder NpUHAJJIEXKHOCTD CIIEKTPA MATPUILBI
D emunuunomy kpyry. Cornacuo Kpurepuio JIsyHoBa CIEKTP MaTPHIIbI
D JjilexXuT B €JMHUIHOM Kpyre TOrJa W TOJIBKO TOrJa, KOIJIa CYIIeCTBYeT
pemenne L B Kiacce IIOJIOKUTEILHO ONPEIEJTCHHBIX SPMUTOBBIX MATPUIL
JIMCKPETHOrO ypasHeHus JIsamynosa

L-D'LD=C, C=C*>0.
Bgenem obo3nagenns

k= max [|H(©)

€[0T
1
Yl 2
« (2o + 1o+ [ [ iscoasan + / r)lds |
0 0
WECP T
_ s [ S [ 5
R it T/ 2 /2ds
0 0

B coieayroneil TeopeMe Mbl yCTAHOBUM OIEHKH DEIlleHHsl HAua bHON 3a-
Jgadan (2.1), sBisiomuecs aHaJIoraMu oreHok u3 [3;9;11].
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Teopema 2. ITycmo
a) 6LINOAHENDL YCAOSUS Mmeopembt 1,
6) | — makoe munumasvnoe wucao, wmo |DY| < 1,

6) A—/%ds>0.

0
1. Ecau ||DY||exp(AlT) < 1, mo das pewenus 3adauu (2.1) cnpacedausa

oUEHKA
-1

ly@®)1l < (m(1 —ID"[eAT) =ty D7 leRT

J=0

+maX{IIDH6AT,---,HDIHGNT}> n[l_axo]lso()l A

2. Ecou ||DY|exp(AlT) = 1, mo das pewenus zadawu (2.1) cnpasedausa
OUEHKG

ly(@)1 < ¢><m A+ Z 1D [l

+maX{HDH6AT,---,HDl1|!€(”)AT,1}> ax et t)e= .

3. Ecau ||DY|exp(AlT) > 1, mo das pewenus zadawu (2.1) cnpasedausa
oUEHKa

-1

Iy < (f%OéHDllll(l — DY Tte AT Y DT
=0

— — lIl(HElH)
+ DYt max{1,|D]|,... D! max |p(t)]|ex —=t).
H ” { ) ” H7 ) ” ”}> telom0] ‘ ( )’ exXp ( I )

JlokazaTesbCTBO 9TOi TEOPEMBI MIPOBOUTCS [0 AHAJIOTHA C JJOKA3ATeb-
crBoM TeopeMsl 6 u3 [11].

CaencrBue 1. Ilycmo 6binoanerv. Yycaosus meopemos 2, moz2da HYAeE0€
pewenue cucmemuvs (1.1) acumnmomuyecky yemotuuso.

3. 3akJrouyeHue

B pabore ucciieopana aCHMITOTHYECKAs yCTONUUBOCTD HyJIEBOI'O pellie-
must cucrems! (1.1). B Teopeme 2 n coeerBum 1 mostydeHsl JOCTATOYHbIE

WzBectusi IpKyTCKOro rocyZapCTBEHHOI'O yHUBEPCHUTETA.
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YCJIOBUSI aCUMITOTUYECKON YCTOMYMBOCTH B TE€PMHMHAX MAaTPUYHBIX HeEpa-
BEHCTB M yKa3aHbl TPU OIEHKHU perieHuii cucrembl (1.1) B pasaudHbIx Ciy-
qasix. JlaHHBIE OIEHKHU XapaKTepU3yIOT SKCIIOHEHIMAIbHOE YObIBaAHHUE pelie-
HU HA OECKOHETHOCTH.
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Abstract. We consider one class of systems of linear nonautonomous differential
equations of neutral type with distributed delay. The matrix in front of the derivative of
the unknown vector-function with delay is constant, the matrix in front of the unknown
vector-function has continuous T-periodic elements, the kernel of the integral operator
consists of continuous functions, which are T-periodic with respect to argument t. The
aim of the work is to study the asymptotic stability of the zero solution using the method
of modified Lyapunov—Krasovskii functionals. The method of Lyapunov—Krasovskii func-
tionals is the development of the Lyapunov second method. The advantage of this method
is the simplicity of formulations and the reduction of the study of asymptotic stability
to solving well-conditioned problems. In addition, the method of modified Lyapunov—
Krasovskii functionals allows to obtain estimates of solutions to linear systems of delay
differential equations. Note that the use of modified Lyapunov—Krasovskii functionals
also allows to obtain estimates of solutions to nonlinear differential equations and es-
timates of the attraction set. Previously, a system of periodic differential equations
of neutral type was considered in the works by G.V. Demidenko and I.I. Matveeva,
where sufficient conditions of the asymptotic stability of the zero solution were obtained
and estimates of solutions to this system were established. A system of linear periodic
differential equations with distributed delay was considered by the author of this paper.
For this system it was also obtained sufficient conditions of the asymptotic stability of
the zero solution and established estimates of solutions. In the present paper, we obtain
sufficient conditions of the asymptotic stability of the zero solution to the neutral type
system with distributed delay in terms of matrix inequalities and establish estimates of
solutions to the system characterizing the exponential decay at infinity.

Keywords: asymptotic stability, Lyapunov — Krasovskii functional, distributed
delay, neutral type equation.
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