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On the Numerical Range and Numerical Radius of
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Abstract. In this paper, we investigated the numerical range and the numerical ra-
dius of the classical Volterra operator on the complex space L2 [0,1]. In particular, we
determined the numerical range, the numerical radius of real and imaginary part of the
Volterra operator.
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1. Introduction

Let H be a complex Hilbert space equipped with the inner product
(+,-), which induces the norm || - ||. Denote by B(H) the Banach algebra of
bounded linear operators acting on H with the operator norm defined by

I|A] = HSLH1£)1{HAx|| :x € H}, A€ B(H).

Recall that for an operator A the spectrum
0(A) = {X € C : such that A — AI is not invertible}

is a non-empty compact subset of the complex plane.
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For a bounded linear operator A on a complex Hilbert space H, the
numerical range W (A) is the image of the unit sphere of H under the
quadratic form x — (Ax,x) associated with the operator. More precisely,

W(A) = {(Az,x) : x € H,||z|| = 1}.

It is well known that numerical range of an operator is convex (The Toep-
litz-Hausdorf theorem) and spectrum is contained in the closure of its
numerical range. Note that A is a self-adjoint if and only if W(A) C R.
The numerical radius of an operator A is defined by

w(A) =sup{|A| : A e W(A)}
and the following inequalities

1A

L <w(a) < 14

hold (see [2]).
Denote by V the classical Volterra operator

avmmz/f@ﬁ,feﬁmu.
0

The adjoint of the Volterra operator is

1
wvmmz/fmw

The Volterra operator is compact and quasinilpotent. The Volterra op-
erator pencils studies were made in several directions concerning it, see
e.g. [5-8] and the references therein.

2. The Results

We will need the following theorem.
Theorem 1. [1, page 268] If A is a bounded operator on H and 0 €
[—m, 7], put A\g = max o (By), where By = (e A + e A*) = B;. Then
W(A)= () Ho
oe[—m,x]

where the half-space Hy is defined by
Hy={z € C:Re(e ?2) < \g}.
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Remark 1. According to Theorem 1 and under the assumption \g €
Cl[—m, 7], we have
xcosl +ysinh = Ny

which is envelope curve. Because, if 0 < 8 < 7, then sinf > 0 and y <

si);?e —xcot @. Similarly, if —7m < § < 0, then sinf < 0 and y > S;\Tee—wcot 0.

Proposition 1. The operator zV (z € C) is accretive on L*[0,1] if and
only if Rez > 0 and Imz = 0.

Proof. (If) Let 2V (z € C) be accretive, that is

((2V +2V*)f, f) >0 for all f <€ L?[0,1].
We choose f(z) = e for all k € Z. Then

* kT 1 kT
VA)@) = [ e = e —1)
1t : 11— (=1)F
174 _ tkmt 1 —zkﬂtdt _
(Vfie i) ikﬂ'/o (e Je ik + k272

and

QImz 2(1 — (=1)*)Rez
+ k272 =0

VEND+2V7fF) =

for all k € Z. Thus, Rez > 0 and Imz = 0.
(Only if) Assume that Rez > 0 and Imz = 0. Then

1 2
/ F(t)dt
0

(RV+2VI)f, f)== > 0.
Remark 2. The operator V is accretive.

Proposition 2. The numerical range of V is the set lying between the

curves 1 .
cosp  p—sing

2 ¥?
where ¢ € [0,2x]. (see [4], Problem 150)

Proof. The identity

1t )
<3 [ lrwpa

implies that W (V) C {z: 0 < Rez < 1}. Put A = V as in Theorem 1, then

Re(Vf, f) = '/f oat|

sin 6
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(see [1, page 270])
Remark 1 implies that, envelope curve is
sin 0
20

xcost + ysinf =

for 0 € [—m, .
Moreover, (2.1) implies that the boundary of numerical range is

) sin 6
rcosfh + ysinf = 29
—xsin@—{—ycos@z—acose_sma
262
or
_sin29_1—cos20_1—coscp
202 (20)2 2
O —sinfcos 20 —sin20 ¢ —sinp
v= 202 (2002 o2

for ¢ =260 € [0, 27].
If 2= (Vf, f) € W(V) then (Vf,f) =z € W(V). We have

1 —cosyp
r=—--"
where ¢ € [0,27]. Put f,(t) = €%, then

(V fo)la) = (e = 1)
x) = — (%" —1);
¥ ZQO ’

(Vf i) = —%(iw g

1 — cos
z=Re(Vf,, fo) = 7@2 L4
— sin
y=Im(Vf,, f,) = —%

Therefore, the numerical range of V is the set lying between the curves

1—cosp . p—sinp
7t 2
¥ 2
where ¢ € [0, 27]. O

Proposition 3. Let V be the Volterra operator on L*[0,1]. Then
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i) w(V) = 1. (For on real space see [3, Theorem 6.1])
ii) W(ReV) = [0, 3].

iii) W(ImV) = [-1,1].

Proof. i). It is easy to see that

1
f(sO):szryz:E(Q—QCOW_Q*WHW”OQ)
and 4 2
f'(w):—g (@COS§—281“§> =0
We have
w (V)= sup f(p) =
0<p<27
i () = tim [ (Amese)y (2msine) ) L
—AIO =\ T o)
or 1
w(V):a

ii). ReV is self-adjoint, bounded convex subset of the real line. Note
that

1
((ReV)cosmx,cosmx) =0, and ((ReV)1,1) = 3

and {0,3} € OW (ReV). We have W(ReV) = [0,1] .

— i 1
iii). ImV is self-adjoint and max 80782111%0 = — imply that
pel02n] @ ™
11
wmy) = |-,
nmw

Remark 3. From Proposition 3, we have

1 1
w(ReV) = 5 and w(ImV) = —.

™
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3. Conclusion

We investigated the numerical range and the numerical radius of the
classical Volterra operator. In particular, we give new proof of the numeri-
cal range and the numerical radius of the classical Volterra operator on the
complex space L2[0, 1] (see [3, page 984], [4, page 113]).
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Awnsoranusi. O6o3nauum yepes V' kjaccudeckuii oneparop Bosbreppa Ha KOMILIEK-
cuom mpocrpancrse L2[0,1]. Mpl ompesesuim GHCIOBYIO OOBJACTh M <HCIOBOI Dau-
yC KJIACCHYECKOro oreparopa Bosibreppa, npu 3TOM [[0Ka3aTeIbCTBA COOTBETCTBYIOIIIX
YTBEPKIECHUN OTIMIAIOTCA OT M3BECTHBIX. B 9aCcTHOCTH, OMpE/Ie/IeHbl IUCI0Basi 00IaCTh
¥ YHMCJIOBOM pajguyc JeiiCTBUTEIBHOM (KOMHJIeKCHof/'I) qacTu oneparopa Bosabreppa.
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