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Abstract. In this paper we introduce and study the class VRs,(n, A, @) of analytic
functions with varying arguments of coefficients. We obtain coefficients inequalities,
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1. Introduction

Let A,, denote the class of functions of the form:

fR) =2+ ) wzt (neN={1,2.1}) (1.1)

k=n+1

which are analytic in the open unit disc U = {z: 2z € C and |2| < 1} and
let S,, be the subclass of all functions in A,,, which are univalent in U. Let
S*(a) and K(«) denote the subclasses of starlike and convex functions of
order a (0 < av < 1). We note that S*(0) = §* and K£(0) = K, the subclasses

* This research was supported by UKM grant: GUP-2017-064



ON CERTAIN SUBCLASSES OF ANALYTIC FUNCTIONS 81

of starlike and convex functions (see, for example, Srivastava and Owa [8]).
Also, let R(«) (1 < a < 2) denote the subclass of A; satisfies the inequality

R{f(2)} <a. (1.2)

The class R(a) (1 < a < 2) was studied by Uralegaddi et al. [9].

Many essentially equivalent definitions of fractional calculus (that is, frac-
tional derivatives and fractional integrals) have been given in the literature
(cf., e.g. [1], [3], [5] and [6]). We find it to be convenient to recall here the
following definitions which were used recently by Owa [3] and by Srivastava

and Owa [7].

Definition 1. The fractional integral of order 6 is defined, for a function
f(z), by

_ (RRI(9
D% f(2) = / d¢ (6 > 0),
D@ ) g 070
where f(z) is an analytic function in a simply-connected region of the com-
plex z—plane containing the origin and the multiplicity of (z — C)‘;*l 18
removed by requiring log(z — ¢) to be real when z — ¢ > 0.

Definition 2. The fractional derivative of order ¢ is defined, for a function

f(2), by

sp_ L d [ Q)
DY) = Fr—as |, g 0<5< ).

where f(z) is an analytic function in a simply-connected region of the
complex z—plane containing the origin and the multiplicity of (z — ¢)™0 is
removed by requiring log(z — () to be real when z — ¢ > 0.

Definition 3. Under the hypotheses of Definition 2, the fractional deriva-
tive of order k + 0 is defined by

DE* 1) = L D) (0<5.< 1 ke by = NU {0))

In this paper, we define the following subclass of A,, as follows.
Definition 4. A function f(z) € Ay, is said to be in the class Rs(n, \, &) if
R {r(z — )2 (1 = \DE () + AzDﬁ“f(z)] } <a

1<a<2,0<A<1;0<6<]; a+d<2; z€U). (1.3)
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In [4], Silverman introduced and studied the univalent functions with vary-
ing arguments of coefficients, as follows:

Definition 5. [4] We say that a function f(z) of the form (1.1) is in the
class V(0k) if f(z) € S (the class of analytic and univalent functions in U)
and arg(ay) = O for all k (k > 2). Further, if there exists a real number
n such that

O + (k — 1)n = 7 (mod 27), (1.4)

then f(z) is said to be in the class V(0k,n). The union of V(0k,n) taken
over all possible sequences {0} and all possible real numbers n is denoted
by V.

Silverman [4] used the concept of varying arguments of the coefficients to
introduce and study the class V*(«), which is a subclass of V consisting of
starlike functions of order .

For n = 0, we obtain the class 7T, consisting of functions f(z) with negative
coefficients.

Using the concept of varying arguments of coefficients in univalent func-
tions, we introduce the following subclass.

Definition 6. Let VRs,(n, A\, «) denote the subclass of V consisting of
functions f(z) € Rs(n, A, a).

We note that:
(i) VRoy(n, A\, o) = VRy(n, A\, a) =

:{f()eA 5)%{( A LG +>\f()}<04};
ii) VRo,5(n,0, ) = VR, (n, ):{f( ) € An: R = > }

z

(

(iii) VRoy(n, 1,a) = VR, (n,a) = {f(2) € An : R f'(2) < a};
(iv) VRo,0(n,0,a) = R(n,a) = {f( )ETn: R <f(z)> }
(
(

v) VRoo(n, 1, o) = R(n,a) = {f(z) € Tp, : R f'(2) < a};
vi) VRoo(1,1,0) = R(1, ) =

R(c) (see Uralegaddi et al. [10]).

2. Coefficient estimates for the class VR;,(n, A, a)

Unless otherwise mentioned, we assume throughout this paper that
1<a<2,0<A<1L,0<0<],a+d0<2, k>n+1, neNand z€ U.
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Theorem 1. Let the function f(z) be given by (1.1). Then
f(2) € VRsy(n, A, ) if and only if

i FQ2—-6Dk+1D[1+Xk—-5—1)

< 1 (21
T(k+1-0) lax < 429 21)

k=n+1

Proof. Assume that the condition (2.1) holds, then it is sufficient to show
the inequality (1.3) holds. We find that

(r(z = )27 [(1= NDLS(2) + ADEf(2)| - (1 - Aa)(

N TR-Or(k+D)[L+Ak—6-1)] 4
2. T(k+1-0) a1

k=n+1

Since f(z) € V, then f(z) € V(0g,n) for some sequence {0} and a real
number 7 such that

O + (k—1)n = 7 (mod 27) .
Let z = re’, we have

(r(z —§) 1 [(1 “NDf(2) + Angﬂf(z)] (1— Aé)‘

’ak’ ei[Gk—l—(k—l)n}rk—l

i F2-6Tk+1)[1+XE—-6—1)
=n+

T(k+1-0)

k 1

B 2 TR-OD(E+1)[1+XE—-5—1) _
- _k_z T(k+1-0) ]
=n-+1
N TR =0k +1)[L+ Ak —6—1)]
= k_z T(k+1-0) lax
=n-+1
< a+ A -—1.

This shows that the function
D) =T(2 - )2"~ [(1 = NDLS() + A:DEF £(2)]

lies in a circle which is centered at w = 1 — A\ with radius o+ Ad — 1, hence
the inequality (1.3) holds. Conversely, assume that

R {r(z —§)0 L [(1 — NDIf(2) + AzDgﬂf(z)} } <a,

or, equivalently

%{1 _M+k21r(2 —5)F(?-(|-k1_|)_[11—_|-;\)(k3—5— 1)]%2“} o
=n+
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Letting z — 17, we obtain the required result and hence the proof is
completed. O

Corollary 1. Let the function f(z) defined by (1.1) be in the class
VRsn(n, A ).
Then

(a+X6—1)T(k+1-9)
Fr2-0lk+)1+NEk—-06-1)]

The result is sharp for the function

lag| <

(@+ X —1)D(k+1—96)

L2 —0)L(k+1)[1+ Ak —6—1)] ez, (2.2)

fz)=2z+

3. Distortion theorems involving fractional calculus for the
class VRs,(n, A, o)

Theorem 2. Let the function f(z) defined by (1.1) be in the class VR, (n,
A, «), then for p >0 and z € U, we have

|2 (@+X -T2+ wl(n+2-0) .,
D116 < 157 [ TR+ 2+ w1+ An—0)] " }
(3.1)
and
Do f(2)] 2 et [ (a4 X -T2+l (n+2-9) | ’n}
“Tera [T TE- o s i ]
3.2
The result is sharp for the function f(z) given by
F2) =2+ (a+X—-1)T2+pu)l'(n+2-19) i1t (3.3)

IF'2—-0)T(n+24+p)[1+An—0)]

Proof. Tt is easy to see from Theorem 1 that

[2-0)(n+2)[1+A(n
(a+X—1DT(n+2— k§:+1|ak|
= D2 = §)L(k + 1) [L+ Atk =0 — 1)
Skz (a+X—1)T(k+1-9) lax| < 1.
=n+1
Hence

o (a4~ 1)T(n+2-9)
kzn;i—l‘ o= F2—-0T(n+2)[1+Xn-19)]
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Let
F(z) = T2+ p)z D" f(2)
= T(E+DTQ2+p) &
= z+ Z agz”. (3.4)
Rt Tk+1+p)
Since
0< Lk+ D2+ p) < L(n+2)T'(24 p)
Fk+14+p) — T+2+p
then
= L@2+p) 4
|F(2)] < |2+ Z agpz
Nt k‘+1+ﬂ)
— L(k+1)T(2+p) nt1
< 2+ ) |ag] |2]
k=n+1 F<k+ 1+'u)
P(n+2)0(2+ p) n+1
<
< |z FW+2+M kE:MIM
- re- 5)F(n +24+pu)[1+ An— 6)]
and

(a+X -T2+ p)'(n+2-9) o
[2—-0)(n+24p) 1+ An—0)]
which proves the inequalities (3.1) and (3.2). Since each of equalities in

(3.1) and (3.2) is satisfied by the function f(z) given by (3.3), the proof is
thus completed. ]

[F(2)] = |2| =

Theorem 3. Let the function f(z) defined by (1.1) be in the class VR, (n,
A, ), then for 0 < p <1 and z € U, we have

121 (@t A —D)T(n+2-6 .
P11 < 1y =5 |+ o S e 69
and
2 (@+A—1)T(n+2-9)
D212 1 |- T e e T 69

The result is sharp for the function f(z) given by

() =2+

<a+m_1)rin+2_) ey Y

F2—-6TC(n+1)[1+An—9)]
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Proof. 1t is easy to see from Theorem 1 that

T'(2 - 6)I(n+1)[1 + An
(a+X—-1)T'(n+2— Z o]

k=n-+1

~ PE-OP(k+ 1)1+ Ak —05-1)]
Skzn;f—l (a+X—1)T(k+1-9) lag| < 1.
Hence
(0‘+A5—1) (n+2-10)
kz Floul = —O)T(n+ 1)L+ An—9)] (3.8)
n+1
Let
G(z) = T(2—p)z'DEf(2)
— . 0 I‘(k—l—l)I’(Q_lu)a "
E +k;n+1 Tk+1—p) -
Since s e |
- —
! T(k+1—p) <k,
Then
z N DE+DTC—p)
G(2)] < +kzzn+1 el
o N DEED0@+p)
< | InLk:ZM1 T aal 12
< |z + Z k:|ak||z|”+1
k=n+1
< o4 O DI +2-0) i
< |z r'2-0rn+ 1)[1+)\(n_5)]z
and

(a+X—-1)T'(n+2-9) nal
G(2)| > |z| —
CE =z - e =T D i Am = A

which proves the inequalities (3.5) and (3.6). Since each of equalities in

(3.5) and (3.6) is satisfied by the function f(z) given by (3.7), the proof is
thus completed. ]

Putting p# = 0 in Theorem 3, we obtain the following corollary.
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Corollary 2. Let the function f(z) defined by (1.1) be in the class
VRsn(n,A\), then for z € U, we have

(@+M-1DTn+2-08) .
7 <+ 5 T srm Diam s

and

> — .
P&z = e o rmr D+ am =0y
The result is sharp for the function f(z) given by

B (a+X—1)T(n+2-9) Onsr 1
1@ =t s rm e w0’ ¢
Theorem 4. Let the function f(z) defined by (1.1) be in the class

VRsn(n, X, @), then for p >0 and z € U, we have

|Di"f(2)] <
|2]* (a+ A —1) (n+14+p) T2+ p)T(n+2 — p)
= T+ {(H"” TZ—oTmt2+mitrn—o] ]
and

|D1_“f(z)| > max {O AT
’ - T2+ n)

y {(1_ - (@+X—1)(n+1— @2+ T (n+2— p) |Z|nH
a T(2—6T(n+2+p) [+ An—0)]
Proof. Differentiating both sides of (3.4), we have
T2+ p)z # DI f(2) — pl'(2+ p)z # ' D# f(2)

[e.e]

k? + 1 2 + M) k—1
=1+ Z kapz""". (3.9)
Woo, T+ 14p)
Hence, we obtain the required result from (3.1), (3.2), (3.8) and (3.9). This
completes the proof of Theorem 4. O

4. Radii of close-to-convexity, starlikeness and convexity

Theorem 5. Let the function f(z) defined by (1.1) be in the class
VRsn(n,\,«). Then f(z) is close-to-convex of order § (0 < f < 1) in
|z| < ri, where

T2 - OT(k+ 1) [1+ Ak —6—1)] (1)) *1

. (41)
(a+X—1)T(k+1-9) k

The result is sharp, the extremal function given by (2.2).

ry = inf
k>n+1
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Proof. We must show that
|f'(z) = 1] <1=8 for |2| <,

where 71 is given by (4.1). Indeed we find from (1.1) that

[f'(z) =1 < Zkamz\“

k=n+1
Thus
|f'(z) =1 <1-8,
if -
> ()l < 1 (12)

k=n+1
But by using Theorem 1, (4.2) will be true if

<L> et < DR+ D[+ Ak =3~ 1)

1-p (a+X—1)T(k+1-90)
Then
{r(z — Dk +1)[1 + Ak — 6 — 1)] (1 _ﬁ>}k11
|z| < .
(a+X—1)T(k+1-9) k
This ends the proof. U

Theorem 6. Let the function f(z) defined by (1.1) be in the class VR, (n,
A, ). Then f(z) is starlike of order 8 (0 < 8 < 1) in |z| < rg, where

_ T2 — )Tk + 1) [1+Ak—6—1)] (1) FT
7“215%&1{ (a+X—1)T(k+1-9) (k_5>} - (43)

The result is sharp, with the extremal function given by (2.2).

Proof. We must show that

2f'(2)
f(z)

where 73 is given by (4.3). Indeed we find from (1.1) that

—1‘§1—5f07“ |z| < 1o,

o0

— Day, |2
zf'(2) _1‘ < k:%ﬂ(k Da

f(Z) 1 — i ak’Z‘k_l

k=n+1
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Thus f’( )
z z
702 _1‘ st=e
if N
> <ﬂ> ag|2[F7t < 1. (4.4)
k=n-+1 1-8

But by using Theorem 1, (4.4) will be true if

(ﬂ) 1 < T2 = )0(k+ 1[I+ Mk -3 —1)]

1-3 @+ M- DI(k+1-9)
Then
ol < {F(2—6)F(k+ 1) [+ Ak — 6 —1)] (1 _ﬁ>}k11
= @+ A —DI(k+1-9) Ay '
This completes the proof of Theorem 6. O

Using similar arguments to those in the proof of the Theorem 6, we obtain
the following corollary.

Corollary 3. Let the function f(z) defined by (1.1) be in the class
VRsn(n, A\, ). Then f(z) is convex of order f (0 < f < 1) in |z| < r3,
where

rg = inf
k>n+1

{F(2—5)F(k:) [1+ (k-0 —1)] (1—ﬁ>}ﬁ
(@+X-1)T(k+1-3) \k-§ -

The result is sharp, with the extremal function given by (2.2).

5. Square root transformation for the class VR, (n, A, )

Definition 7. [2] If f(z) € S and h(z) = \/f(2?), then h(z) € S and
hz) = 24> i1 cor_122F71 (2 € U). The function h(z) is called a square
root transformation.

Theorem 7. If f(z) € VRs,(n, A\ a),(a+ X0 —1)T'(n+2—-0) <I'(2—
NI (n + 1)[L+ AX(n—9)] and h(z) be the square root transformation of
f(2), then

. (a+X0—1)T'(n+2—90) 2n
r2—-0rmn+1)[1+ A(n—>9)]

< |h(2)] <
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r¢1+ (a+X-DT(n+2-06) .
I'2—-6TIr(n+1)[1+An—9)]

The result is sharp for the function

(a+ X6 —1)T'(n+2-9) gifn ,2n

N = 2 S o T T DL+ A= 8

Proof. In view of Corollary 2, we have
7’2— (a—i—)\(S—l)F(n—i—Q—é) T’Z(n+1)
F2-6T(n+1)[1+An—29)]
< |f(z)] <

5 (a+X—1)T'(n+2-90) 2(n+D)
F2—-0)T(n+1)[1+ Xn—9)] ’

We find that

hE) = VIFE)]
\/ a+)\5—1) F'n+2-9) 2n

<
- Fn+1)[1+An—-9)]
and
a+)\5—1) F(n+2-19) 2n
Fn+1)[1+An—-9)]
This completes the proof of Theorem 7. U

6. Integral convolution for the class VR;,(n,\, a)

Let fj(z) (j =1,2) be defined by
fiz)=z+ > aszk, (6.1)
k=n-+1
then, the integral convolution of fi(z) and f2(z) is defined by
(f1 ® f2)(2) :Z+k2 1% = (fa® f1)(2).
:n+

Theorem 8. Let fi(z) (j = 1,2) defined by (6.1) be in the class
VRsn(n, A ).

WzBectusi IpKyTCKOro rocyjapCTBEHHOI'O yHUBEPCHUTETA.
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Then (f1 ® f2)(2) € VRs,(n, A, (), where

(@+ X —1)T(n+2—94)

(=L ) T = o + 2 L+ A = o)

The result is sharp for the functions f;(z) (j =1,2) given by

(@+ X6 —1)D(n+2—0)

i) =24t s n Ao 2 UL (62

Proof. We need to find the largest ¢ such that

i 02— Ok +1)[14+ Xk —6 —1)] |ag1] |ar2|

Pt (C+ A —1D)D(k+1—6) B <1
Since f;(2) € VRsn(n, A, ) (j = 1,2), we readily see that
i P2-0)l(k+1)[1+Ak—-05-1)] <1
oo (@A =Dk +1-9) 7
and N
> Hz_ar%+&H1+A%_5_lﬂmhﬂ§1.

e CEP RSN CES )

By the Cauchy Schwarz inequality we have

T2 -Or(k+ 1) [1+Ak—6—1
Z ( (a)+()\5—1))[l‘(k+(1_5) ) |ag,1] [ag 2| < 1. (6.3)

k=n+1

Thus it is sufficient to show that

(2= )Pk +1) [1+A(k =3 = D] |aa lagal _
C+A—1)T(k+1-0) k-

(2 —00(k+1)[1+Ak—06—1)]
(a + X0 — 1)I‘(k +1— 5) |ak,1| |ak,2|,

or, equilvalently, that

CHAF—1
< _— .
Vil lanal <5 ($55577

Hence, in light of the inequality (6.3), it is sufficient to prove that

(a+ X0 —1DI(k+1-19) C+MN—1
L2 =60k +1)[1+Ak—3-1)] §k<m> (6.4)
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It follows from (6.4) that

(@ + X6 —1)2T(k+1-9)
K2 —0T(k+ 1)1+ Ak—06—1)

C>1-A5+

Now defining the function H (k) by

(@+ X6 —1)2T(k+1-90)
D2 —-0T(k+1)[1+Ak—6—-1)]

H(k)=1- X5+

we see that H(k) is an decreasing function of k. Therefore, we conclude
that

(@ + X —1)2T(n+2—94)

CzHMA1) =1- M+ o T e 5Tt D A A=)’

which evidently completes the proof of Theorem 8. U

Using similar arguments to those in the proof of Theorem 8, we obtain the
following theorem.

Theorem 9. Let fi(z) defined by (6.1) be in the class VR;,(n, A, ) and
fa(z) defined by (6.1) be in the class VRsy(n,A,7y). Then (fi ® f2)(2) €
VRsn(n, A §), where

(a+ A —1)(y+ A — DI (n+2—4)
(n+1)T2—=8)T'(n+2)[1+An—20)]

E=1-)\0+

The result is sharp for the functions f;(z) (j = 1,2) given by

(a+X—=1)T(n+2-9)
I'2—-6)T(n+2)[1+An—9)]

i9n+1 Zn+1

fi(z) =

and
(y+ A —1)T(n+2-9) 01 b1
T2 — 0T +2) 1+ n—0)° '

Theorem 10. Let fj(z) (j = 1,2) defined by (6.1) be in the class VR, (n,
A, «). Then the function

fa(z) = 2+

o (lagal + o)
hz) =2+ Y L
k=n+1

belongs to the class VRs(n, A, x), where

2(a+ M —1)°T(n+2—4)
m+1)T2-=)C(n+2)[1+An—-29)]

x=1—-X+
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The result is sharp for the functions f;(z) (j = 1,2) given by (6.2).

Proof. By using Theorem 1, we obtain

2 { (@+ A0 — DI(k+1—-9) } a1 |* <

2
0o P(2—5)P(k+l) [1+)\(k_5_ 1)]
{kz (a+ X —1)(k+1-94) |ak,1|} <1, (6.5)

and

SR TN ESIESET SIS

W= (@t X — 1)k +1-0)

2
o0 Fr2—-0rk+1)[1+Nk—0-1)]
{k;m (a+ X6 —1)I'(k+1-94) ’%2\} <1, (6.6)

It follows from (6.5) and (6.6) that

o0

kzznﬂ 2 { (1=A5—a)l'(k+1-9) } (’%1\2 + \%2\2) <1

Therefore, we need to find the largest x such that

T2 — 6Tk +1)[1+ Ak —6—1)]
K(x+AN—1DL(k+1-0) =

1(TR=0T(k+1D)[1+Ak—-6-1)])°
5{ (a+ A — DI (k+1—0) }

that is
2(a+ A6 — 1)°T(k +1-9)

kD2 —-6)T(k+1)[1+XNk—0—-1)]
Now defining the function (k) by

x>1—Xo+

2(a + M — 12T (k+1-9)
EDQ2 - OT(k+1)[1+Nk—6—1)]

I(k)=1- 5+

we see that (k) is an decreasing function of k. Therefore, we conclude that

2+ A5 — 12T (n +2 — )
(n+1)T2—-6)C(n+2)[1+An—10)]

(>I(n+1)=1-X+

which evidently ends the proof. O
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Remark 1. For different choices of §,n and )\, we will obtain new results
for different choices mentioned in the introduction.
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AnHotanust. B nacrosimeit paGore BBoguTcs u msydaercs kiacc VRsn,(n, A, «)
AHAJTUTUIECKUX (DYHKIMI ¢ TEPEMEHHBIME apryMeHTamMu B KodddurmenTax. [lomyaennr
HEpaBEHCTBa Ha KOE)(I)(I)I/ILH/IBHTI)I7 TeoOpeMbl UCKaKEeHHNsI C UCIIOJIb3SOBaAHUEM ﬂpO6HOFO nuc-
YUCJICHUA, PaJUYyChl IIOYTHU BBIIIYKJIOCTHU, 3BE€3JHOCTU U BBIITYKJIOCTU U U3BJICYCHUE KBA/I-
paTHOro KopHs s PyHKumit u3 kixacca VRs,(n, A, a). PaccMorpen uaTerpas cseprku
17151 QYHKIWA B 9TOM KJacce.

KiroueBble ciioBa: aHaJIUTHIECKIE (lJyHKLII/II/I7 pousBeieHnue A);LaMapa; orepaTopbl
IPOOHOTO MCYHCJICHUS; IEPEMEHHBbIE apTYMEHTBI KOI(DMUIIMEHTOB; U3BICICHNE KBAIPAT-
HOI'O KOpH#; MHTETI'PpaJIbHasl CBEPTKa
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