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1 HasibHeBocTOYHBIN (hejiepalibHbl yHUBepcuTeT, BiaauBoctok, Poccust
= stepltd@mail.ru

Annoranus: Crpykrypa 9 s3bika L Ha3bIBAETCS IICEBJOKOHETHOI, €CIIM KaXK10€ Ipe/i-
Jnoxkenne s3bika L, mctunaoe B N, mmeer KoHeuHyio monenb. Moneas 9 Teopun T
sa3bIKa L HasbiBaeTcs T-IICEBIOKOHEYTHOM, €C/IM KazkK, 10€ IIPEeJIOXKeHne A3bIKa L, ncTuHHOE
B I, nMeeT KOHEYHYIO MOJIENb, SBJSIONIYIOCS Mozesibio Teopun 1. JlokasbiBaecs, 4To
Juts iio6oit Teopum T K1ace BCEX MCEBIOKOHEYHBIX (T -TICEBIOKOHETHBIX) MOJETEH ITOM
Teopun akcuoMaTu3upyeM. (JIeBblit) S-mosuron HaJy MOHOUZOM S — 9TO MHOXKeCTBO A, Ha
KOTOPOM S JIefiCTByeT YHUTAPHO cjaeBa. Kcau T — Teopusi BceX S-TIOUTOHOB, TO MOJTHOTA,
MOJIeJIbHASI [IOJIHOTA, M TOTAJIbHAS KATENOPUYHOCTH KJlacca BcexX T-TICEBIOKOHEYHBIX S-
TIOJIMTOHOB SKBUBAJIEHTHBI CJIEIYIONIEMY YCIOBUIO: KAXK/ bl T'-TICEBJOKOHEIHBIH S-ITOTUTOH
SIBJISIETCSI KOIIPONU3BEIEHUEM OJJHOIJIEMEHTHBIX S-110TMroHOB. Eciu S — KOHeYHBI MOHO-
WJI WM KOMMYTATUBHbBINH HETEPOB M apTUHOB MOHOHUJ|, TO TEOPHs KaXKJIOIrO S-TIOJUTOHA
(T-11ceBIOKOHEYHOTO S-TIOJIMIOHA) CTabUIIbHA TOT/IA U TOJBKO TOTa, KOrua S — JIMHEHHO
YIOPSIOYEHHBIH MOHOU, Tye T — Teopust Bcex S-IIO0JIMTOHOB.

KuaroueBrnie ciioBa: T'-11CeBIOKOHEYHASI CTPYKTYPA, IIOJUTOH HaJ MOHOUIOM, aKCHOMAa-
TU3UpyeMasi TeOPHsl, IOJTHAS TEOPHUsi, CTAOMIbHAST TEOPHS

BHaI‘O,IIapHOCTI/IZ Pabora IoJJaep>KaHa MI/IHI/ICTepCTBOI\J HAYKHN 1 BbICIIECT'O 06pa30BaHI/IH

(corsamenne Ne 075-02-2026-1312 ot 20.02.2026).

Ccouika aas nurupoBanus: Stepanova A. A., Efremov E. L., Chekanov S. G. Some Mo-
del-Theoretic Properties of the Class of T-Pseudofinite S-Acts // 3Bectus Wpkyrckoro
rocynapcrennoro yuausepcurerta. Cepus Maremaruka. 2026. T. 57. C. 143-152.
https://doi.org/10.26516/1997-7670.2026.57.143

1. Introduction

The L-structure 9 is called pseudofinite if every sentence in language L
true in 91 has a finite model. More precisely, a structure 91 is pseudofinite
if it is elementarily equivalent to an ultraproduct of finite structures. One
of the foundational developments in the area was James Ax’s work [1],
particularly his characterization of pseudofinite fields. Subsequently, the
theory of pseudofinite fields received great development (see, for example,
[4; 5]). A large review of the theory of models of finite and pseudofinite
groups is presented in [10]. The results related to the model theory of
finite and pseudofinite rings can be found in [2]. In [11], [12], the structure
of pseudofinite acyclic graphs is studied. In [6], the authors of this work
considered the issues of pseudofiniteness of connected unars without cyclics.
In [7], the concept of T-pseudofiniteness for a theory T of a language L
was introduced. A model 9t of a theory T in a language L is called T-
pseudofinite if every sentence in a language L true in 9 has a finite model,
which is a model of the theory T'.

In this work we consider the issues of aximatizability of the class of all
pseudofinite (T-pseudofinite) models of arbitrary theory 7', of completeness
and stability of the theory T of all S-acts.
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2. Preliminaries

Let us recall some definitions and facts from model theory and model
theory of S-acts.

Theorem 1. [7] Let T be a theory of language L, and M be a model of
T. Then M is a T-pseudofinite structure if and only if M is elementary
equivalent to the ultraproduct of finite models of the theory T'.

Let S be a monoid, and 1 be unity in S. A structure (4;s)scs in the
language Lg = {s | s € S} is called a (left) S-act if si(s2a) = (s152)a and
la =a for all s1,s2 € S and a € A. An S-act (A; s)secs is denoted by gA.

Theorem 2. [8] Every coproduct of finite S-acts is a T-pseudofinite S-act,
where T is the theory of all S-acts.

Theorem 3. (Los’s theorem [3]) Let {"M; | i € I} be a set of L-structures,
D be an ultrafilter on I, M = [];c; 9/ D be the ultraproduct, ®(x1, ..., xy)
be the formula of the language L, and my,...,my € [[,c;M;. Then

M = O(my/D, ..., mp/D) < {i € 1|M E &(ma(i), ..., mn(i))} € D.

3. Axiomatizability

A class of L-structures K for a first order language L is azxiomatizable
or elementary if there is a set of sentences Il in L such that an L-structure
A lies in K if and only if every sentence in II is true in A.

Theorem 4. [9] A class K of L-structures is axiomatizable if and only if
it is closed under an elementary equivalence and ultraproducts.

Let P be some property of an L-structure. An L-structure 91 is called
a P-structure if 9N satisfies property P. A model 9 of a theory T in a
language L is called a P-model of T' if 9 is a P-structure. An L-structure
M is called a pseudo-P-structure if every sentence in L that is true in
9 has a P-model. Note that a pseudofinite (T-pseudofinite) structure is
a pseudo- P-structure where the property of P is the property of being a
finite structure (a finite model of the theory T').

Theorem 5. Let P be some property of L-structure, K be the class of all
pseudo-P-structure in a language L. Then K is an axiomatizable class.

Proof. Let A € K, A = B, and B = ®, where ® is a sentence of the
language L. Then A = ®. Since A is a pseudo-P-structure, there exists
a P-structure C such that C' = ®. Therefore, B is a pseudo-P-structure,
and the class K is closed under elementary equivalence.
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Let A; € K for all i € I, D be a nonprincipal ultrafilter on I, B =
[Lic; Ai/D, and B |= ®, where ® is a sentence of the language L. By Los’s
theorem, J = {i € I | A; = ®} € D, that is, A; = ® for all i € J. Let
iop € J. Since A;, is a pseudo-P-structure, there exists a P-structure C
such that C' = ®. Therefore, B is a pseudo- P-structure, and the class K is
closed under ultraproducts. Thus, by Theorem 4, K is the axiomatizable
class. O

Corollary 1. Let T be a theory of a language L, K be the class of all
pseudofinite (T-pseudofinite) models of T. Then K is an aziomatizable
class.

4. Completeness

Let K be the class of L-structures for a first order language L. The
class K is called complete, if the theory Th(K ) of the infinite structures
of this class is complete, that is, for every infinite A, B € K we have
A = B. The class K is called model complete, if the theory Th(K ) of the
infinite structures of this class is model complete, that is, for every infinite
A, B € K such that A C B we have A < B. The class K of the structures
is called totally categorical, if the theory Th(K) of the structures of this
class is totally categorical, that is, every structures from K of the same
cardinality are isomorphic.

To prove Theorem 7 we will need Lindstrom theorem.

Theorem 6. (Lindstrom’s theorem [9]) If T is V3-aziomatizable categor-
ical in a countable cardinality consistent theory in a language L, then T is
model complete.

A congruence a on a non-singleton L-structure A is called proper if

a# A2

Theorem 7. Let T be a theory of all S-acts, K be the class of all T-
pseudofinite S-acts. Then the following properties are equivalent:

(1) the class K is complete;

(2) the class K is model complete;

(3) the class K is totally categorical;

(4) every T-pseudofinite S-act is a coproduct of one-element S-acts;

(5) if « is a proper congruence of an S-act gS, then the S-act ¢S/ is
infinite.

Proof. 1f |S| = 1 then Theorem is true. Let |S| > 1. By s© we denote a
one-element S-act.

Let us prove (1) = (5) and (2) = (5). Assume the contrary, i.e. there
exists a congruence « of the S-act ¢S such that 1 < |S/a| < w. By Theorem

WsBectus VpkyTcKOro rocy1apCTBEHHOTO YHUBEPCUTETA.
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2, e, s9i € K and 5S/a U], s©; € K. Since [[;c, 50; C s5/a L
[lic., s©: and (1) or (2) are satisfied, then [[,.,, 50; = sS/a U], 5Oi-
We have 5S/aU] ], s©: = Izy(z = syAxz # y), where s is some element
of S. Then [],., s0; = JzIy(x = sy ANz # y). A contradiction.

Let us prove (5) = (4). Assume the contrary, i.e. there exists an S-act
sA € K and a € A such that |Sa| > 1. Then gA = JxIy(z = sy Az # y)
for some s € S. Since gA € K and K are a class of T-pseudofinite S-
acts, we have ¢B = Jzdy(z = sy Az # y), where gB is a finite S-act.
Consequently, sB |= Jz(x = sb A x # b) for some b € B. By « we denote
the congruence ¢S such that ¢Sb = ¢S/a. Thus, there exists a congruence
a of the S-act ¢S such that 1 < |S/a| < w. A contradiction.

Implication (4) = (3) is obvious.

Implication (3) = (1) follows from [9], proposition 5.6.1.

Let us prove (4) = (2). The class K is axiomatizable by the set of
axioms {Vz(sz = z) | s € S}. Therefore, the class K is an V3-axiomatizable
class. Moreover, by (3), it is a countable categorical class. Then, by
Lindstrom’s theorem, K is a model complete class. ]

5. Stability

Let T be a complete theory. For a given infinite cardinal x, T is called
r-stable if for every set A of cardinality x in a model of T, the set S(A)
of complete types over A also has cardinality «. T is called stable if it is
r-stable for some infinite cardinal . T is called unstable if T is not stable.

Theorem 8. [14] A complete theory is unstable if and only if there exists
a formula ®(Z,y) on 2n variables, a model A of the theory T, and a; € A™,
i € w, such that for anyi,j, i # j,

1<j <= A ): (I)(di,dj).

Everywhere below T is a theory of all pseudofinite S-acts. A monoid
S is called a stabilizer (a T-PJF-stabilizer) if the theory of every S-act
(T-pseudofinite S-act respectively) is stable. Note that any stabilizer is
a T-PF-stabilizer. An S-act gA is called linearly ordered if the set of all
subacts of gA is linearly ordered by inclusion. A monoid S is called linearly
ordered if the S-act ¢S is linearly ordered.

Theorem 9. [13] A monoid S is a stabilizer if and only if S is a linearly
ordered monoid.

Lemma 1. If S is a T-PF-stabilizer then every cyclic finite S-act is
linearly ordered.
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Proof. Suppose that S is T-PF-stabilizer and there is a cyclic finite
S-act gA = gSa which is not linearly ordered, that is, there exist b,c € A
such that Sb € Sc¢ C Sa and Sc¢ € Sb C Sa. Then b = ta and ¢ = sa for
somet,s € S. Let K = {(i,7) | 7 < i < w} and < be the lexicographic order
on K. By gA;; we denote a copy of gA ((i,j) € K) such that A;;NAy =@
if (i,7) # (k,1); by di; we denote a copy of an element d € A in A;;. We
will write gB;; for an S-act ( |J  sAw)/0ij, where 6;; is a congruence

(k1)< (i)
on |J gAk generated by the set

(k)= (i.)

{uv, buw) | (u,v), (u, w) < (2, 7))} U {{cuws cuw) | (u,v), (w,v) < (3, 5)}

By sC we denote the S-act H@-,j)eK sB;j/D where D is a nonprincipal
ultrafilter on K. Since gC' is an ultraproduct of finite S-acts then by
Theorem 2, sC is a T-pseudofinite S-act. Let a;;/D, b;/D, ¢;/D be
the elements of §C such that a;;((k,l)) = aij/0m, bi((k,1)) = bij/Ow,
¢i((k, 1) = cij/0k for all (k,1) = (i,j). Write p(x,y) to abbreviate the
formula 3z(x =tz Ay = sz). Note that b;/D = ta;;/D and ¢;/D = sa;j/D
for any (i, j) € K. Moreover,

sC = ¢(bi/D,¢;/D) < i > j.

By Theorem 8, this contradicts the stability of Th(sC).
Everywhere below T is th theory of all S-acts.

Theorem 10. Let S be a finite monoid. Then the following conditions
are equivalent:

(1) S is a stabilizer;

(2) S is a T-PF-stabilizer;

(3) S is a linearly ordered monoid.

Proof. The implication (1) = (2) is obvious. Since S is a finite
monoid, the implication (2) == (3) follows from Lemma 1. The implication
(3) = (1) follows from Theorem 9.

For a complete theory T of a language L, by 991 we denote a rather
large and rich model of the theory 7', which we call a monster model, since
we assume that all considered models of the theory T are its elementary
submodels. A complete theory T of S-acts is called stationary [13] if for
any sA =T and a,be M\ A

a€ Shb= ANSa=ANSh.
Theorem 11. [13] Each stationary theory is stable.

Proposition 1. Let for any s,t € S there exist r1,...,r, € S such that
for any cyclic finite S-act gSa we have sa = rita or ta = r;sa for some
1<i<n. Then S is a T-PF-stabilizer.

WsBectus VpkyTcKoro rocy1apCTBEHHOTO YHUBEPCUTETA.
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Proof. Let the conditions of Proposition be hold and gA be T-pseudo-
finite S-act. By Theorem 11, it suffices to prove that Th(gA) is stationary.
If gA is a finite S-act, then this is obviously true. Let |A| > w. Suppose
sB = sA, a,b € M\ B, a = sb. It is clear that BN Sa C BN Sb.
Let ¢ = tb € B. Note that ¢B is T-pseudofinite S-act. By Theorem 1,
B = Hie ;1 Ci/D, where gC; are the finite S-acts and D in nonprincipal
ultrafilter on I. By the conditions of Proposition, for any 7 € I and ¢; € C;
we have ¢S¢; = ©(c;), where

n
d(z) = \/ (sx =rjte Vte = rjsx).
j=1

Therefore, sC; = Vo ®(x) for any i € I. By Los’s theorem, gB = Vo ®(z).
Hence M = Va®(x). In particular, there exists rj, 1 < j < n, such that
sb = r;tb or tb = r;jsb. Since ¢ = tb € B and a = sb € B, we have ¢ = r;ja.
Thus, Th(gA) is stationary, i.e. S is a T-PF-stabilizer.

A monoid S is called Noetherian, respectively Artinian, if it satis-
fies the ascending chain condition on ideals, respectively if it satisfied the
descending chain condition on ideals.

Theorem 12. Let S be a commutative Noetherian and Artinian monoid.
Then the following conditions are equivalent:

(1) S is a stabilizer;

(2) S is a T-PF-stabilizer;

(8) S is a linearly ordered monoid.

Proof. The implication (1) = (2) is obvious. The implication (3) =
(1) follows from Theorem 9.

Let us prove the implication (2) = (3). Suppose that S is not a
linearly ordered monoid. Then there are ideals Sag and Sby such that
Sag € Sbyg and Sby € Sag. Since S is an Noetherian monoid, there exists
a maximal ideal Sa; D Sag such that by ¢ Sa;. Similarly, there exists a
maximal ideal Sb; O Sby such that a; € Sby. There exists a maximal ideal
Sae O Say such that by &€ Sas. And so on. Thus, we have two ascending
chains Sag C Sa; C ... and Sbyg C Sb; C ... of ideals of the monoid S.
But S is an Noetherian monoid. Therefore, there exists n € w such that
Sa; = Sa;+1 and Sb; = Sb; for all ¢ > n. Let Sa = Sa, and Sb = Sb,.
Since S is an Artinian monoid, there exists a minimal ideal Sc such that
Sa C Scand Sb C Se. We introduce the notation: U, = {u € S|Su = Sv}.
Note that Ssu; = Ssug for any ui,us € U, and s € S. The partition
Sc = U, UU, UU, UU defines an equivalence relation 8 on Sc, where
U=Sc\ (U, UU,UU,.). We prove that 0 is a congruence of gSc. In view
of the above remark, it suffices to show that suifsus for any ui,us € U
and s € §. Let u € U and s € §. We prove that su € U. Since Su C Sc
and Ssu C Su then Ssu C Sc and su &€ U.. Let su € U,. Then Ssu = Sa.
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Since Su # Sa, then Sa C Su. If Sb C Su, then due to the minimality
of Sc we have Su = Se, a contradiction. Consequently, b ¢ Su. But Sa
is a maximal ideal such that b ¢ Sa. A contradiction. Similarly, su ¢ Uy.
Therefore, su € U. Thus, 0 is a congruence of gSc. The S-act gSc/0 is
finite. Let us prove that gSc¢/6 is not a linearly ordered S-act. Indeed, if,
for example, sa/0 = b/6, then Sb = Ssa and b € Sa, a contradiction. By
Lemma 1, S is not a T-PF-stabilizer. A contradiction.

Example 1. Let 1, Q2 be disjoint copies of the set of rational numbers
Q, ¢1 € Q1, g2 € Q2 be copies of the element ¢ € @, S = {1}U(Q1UQ2)/0,
where 6 = {(01,02), (02,01)} U{(a,a) | a € S}. We equip S with a binary
operation defined as follows: ¢;/0 - ¢;/0 = 01/, ¢i/0 - ¢;/0 = (q- ¢')i/0 for
any 7,7 € {1,2}, i # j, ¢, ¢ € Q, 1 being the identity element. Then S is a
commutative Noetherian and Artinian monoid; S is not a stabilizer and is
not a T-PF-stabilizer.

Proof. Since Sq; = Q; for any i € {1,2} and ¢ € Q \ {0}, then S is
a Noetherian and Artinian monoid. Since S is is not a linearly ordered
monoid, then, by Theorem 12 S is not a stabilizer and is not a T-PF-
stabilizer.

Example 2. Let G is an infinite multiplicative group, S = G U {a1, as2}.
Equip S with a binary operation defined as follows: ai,as are the right
zeros of S; a1x = a1 and asx = ag for any x € G. Then S is a Noetherian
and Artinian non-commutative monoid; S is not a stabilizer and is not a

T-PF-stabilizer.

Proof. Since Sg = S and Sa; = {a;} for any i € {1,2} and g € G, then
S is a Noetherian and Artinian monoid. Since S is not a linearly ordered
monoid, then, by Theorem 9, S is not a stabilizer. Let 6 be the congruence
55 generated by G. Then gS/6 is a cyclic finite non-linearly ordered S-act.
Therefore, by Lemma 1, .S is not a T-P F-stabilizer.

Example 3. Let S be the multiplicative monoid w of natural numbers.
Then S is a commutative Noetherian monoid, not an Artinian monoid; S
is not a stabilizer and is not a T-PF-stabilizer.

Proof. Since S is not a linearly ordered monoid, then, by Theorem 9, .S
is not a stabilizer. The partition S = {1}U{2} U{3}U(S\{1,2,3}) defines
a congruence f on gS. The S-act gS/6 is finite not a linerly ordered S-act.
By Lemma 1 and is not a T-PF-stabilizer.

Example 4. Let G be an infinite group with respect to the operation
-, with unit 1 and without nontrivial subgroups of finite index; let G; be
pairwise distinct copies of GG, g; € G; be copies of g € G, where 0 <7 < m,
m > 0; and let S = Uy<;<,,, Gi- Equip S with a binary operation defined
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as follows: for all a,b € G and 4,5 € {0,...,m}, a;bj = (a-0)mazij}- Then
the monoid S is not a stabilizer, but is a T-PF-stabilizer. Moreover, S is
a non-Artinian and non-Noetherian monoid.

Proof. It is easy to check that S is a monoid with unit 1p. Since
Sgm = {gm} then S is not a linearly ordered monoid. By Theorem 9,
S is not a stabilizer. Let 6 be any congruence on ¢S such that the S-
act ¢S/6 is finite. Then 19/0 N Gy is a subgroup of Gy. Since G is a
group without nontrivial subgroups of finite index then 19/0 NGy = Go. If
a,b € G then for all i > 0 we have a; = (1; - ag) 0 (1; - by) = b;, that is,
ai/8 = b;i/0. Therefore, S/0 = {1;/0 | 0 <i <m}, 1;/0 1;/0 = 1,404i.51/9,
and S1;/0 = {1;/6,...,1,,/6}. Thus, the conditions of Proposition 1 are
true and S is a T-PF-stabilizer.

6. Conclusion

In this work we prove that for any theory T the class of all pseudofinite
(T-pseudofinite) models of T" is aximatizable (Corollary 1). We consider
the issues of completeness and stability of the theory T of all S-acts.
Namely, it is proved that for a theory T of all S-acts, completeness, model
completeness, and total categoricity of the class of all T-pseudofinite S-acts
are equivalent to the following condition: every T-pseudofinite S-act is a
coproduct of one-element S-acts (Theorem 7). We also prove that for a
finite monoid and for a commutative Noetherian and Artinian monoid S,
the theory of every S-act (T-pseudofinite S-act) is stable iff S is a linearly
ordered monoid (Theorem 10, Theorem 12). We construct a commutative
(non-commutative) Noetherian and Artinian monoid S that is not a stabi-
lizer and is not a T-P F-stabilizer (Example 1, Example 2); a commutative
Noetherian monoid, not an Artinian monoid that is not a stabilizer and is
not a T-PF-stabilizer (Example 3); a T-PF-stabilizer, but not a stabilizer
(Example 4).
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