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Awnnoraums: Vccnenyercs obparHas 3amada onpejaeseHus dyHKuun siapa g(t) B ypas-
mernn Mypa — ['mbeona — Tomncona (MGT) Tpernero mopsiika. CHagasa ¢ MOMOIIBIO
CIIEKTPaJIbHOTO MeTosia Pypbe CTPOUTCS pelleHne NPsAMON HAYaJIbHO-KPAaeBOil 3a1aduu
ayist onHopoxuoro ypasHennst MI'T. 3arem Ha OCHOBE IOJIyYEHHOTO DENIEHUSI U YCJIO-
BHSI [I€PEOIPEJIeJIEHNUs] BBIBOJUTCSI NHTEIPAJIbHOE yPABHEHNE BOJIBTEPPOBCKOIO THUIIA JJIsT
ucciie1oBaHus 00paTHOM 3a7ma4un. /{0Ka3bIBaIOTCsT TEOPEMBI ITI00AIBHOTO CYIECTBOBAHMUS
¥ €IMHCTBEHHOCTH DPEeIIeHNI paccCMaTpUBaeMbIX 3ajad. Kpome TOro, mosry<deHbl OIEHKH
YCTOWYIUBOCTHU PEIIEeHUI TPpsIMOil 1 0OpaTHOM 3a/1a4.
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1. Introduction

Inverse problems for integro-differential equations are some of the most
important mathematical problems in science and engineering. They have
wide application in computed tomography, biology, mineral exploration,
acoustics, communication theory, signal processing, medical imaging and
other fields. Fundamentals of the theory of inverse problems for mathe-
matical physics equations were developed in the works [12; 17].

Inverse convolution kernel determination problems for linear parabolic
and hyperbolic integro-differential equations of the second order were con-
sidered in a number of papers (see, [5; 7; 20]). In [5; 20] the authors have
proved the local existence and global uniqueness of identification prob-
lems, which focus on recovering unknown convolution kernels in hyperbolic
integro-differential equations. In [7] it is studied the global solvability of
two kernel determination problems in the integro-differential equation of
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rigid heat conductor. For close inverse problems related to other models,
we refer to [2; 3; 6; 8; 9; 19; 21]. In [3], the authors studied the correctness of
inverse problem for the multidimensional Moore-Gibson-Thompson equa-
tion. Using the Fourier method, the theorem of unique solvability of the
generalized solution in the specified class of integrable functions is proved.

The MGT equation is derived from the modeling of high frequency ul-
trasound waves. It is the third order time dynamics that takes into account
the finite speed of thermal signals propagation. In a more general case, it
has the form:

t
TUpt + Uy + g Au + a3 Aup — / g(t — s)Aw(x, s)ds = 0, (1.1)
0

where 7, a1, a2, ag are physical parameters, the convolution kernel g ex-
hibiting memory effect and A is a positive self-adjoint operator on a Hilbert
space H. The form of w classifies the memory into the following three
types u(z, s), ui(z, s), Au(z, s) + u(z, s). In the work [16], it is considered
for the derivation of the MGT equation and the list of references therein.
These equations are the subject of several recent research due to their wide
range of applications in the medical and industrial fields of high intensity
ultrasound waves.

The linearized MGT equation is in abstract form and it has a simple
prototype where A = —A. In [14], the well-posedness of linearized MGT
equation and the uniform decay of its energy is studied under proper
functional setting and initial-boundary conditions.

The inverse problem for MGT (1.1) with A = —A, g =0, 7 = 1, «,
i = 2,3 are constants, but «a; being a function of z was treated in [18],
who proved uniqueness of determining the coefficient aq(x) — 3—%’ and also

showed stability by Carleman estimates.

The main equation considered in this work (1.1) contains an integral
term of convolution type. The Cauchy problems for the most general
equations with an integral operator of convolution type in Banach spaces
were studied in [11]. A new approach to constructing generalized solutions
of the equations is proposed.

In the works [1,4], the authors investigate the inverse problems of de-
termining kernel function g(¢) and three unknown parameters by using the
Laplace transform. The research method in these papers is not universal,
but uses the fact that the direct problem is considered with the Neumann
boundary conditions.

In this paper, we propose a method for studying the determination of
the convolution kernel in MGT equation using the Fourier spectral method
and the method of integral equations.
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We consider the MGT equation (1.1), when 7 = a3 = ag = a3 = 1 and
A=—-A":

t
Ut + Ut — Aup — Au + / g(t — 7)Au(z, 7)dT = 0, (1.2)
0

in the domain D = Q x (0,7), € C R™, where, T' > 0 is arbitrary fixeds
number, with initial

u(z,0) = a(z), w(z,0) =b(z), uu(z,0) =c(z), z € Q, (1.3)
and boundary conditions
u =0, 00 x (0,7). (1.4)
We use the notation Yr to denote the following spaces:
Y = {u|um,Au, Auy € C(D), and u, ug, uy € C(E)} )

The problem of determining a function u(z,t) € Y that satisfies (1.2)—
(1.4) with known functions a(z), b(x), c(x) and g(t) will be called the direct
problem.

In the inverse problem, it is required to determine the function g¢(t)
using overdetermination conditions about the solution of the direct problem
(1.2)—(1.4):

u(zo,t) = h(t), xo € Q. (1.5)

Throughout this article, the functions a(z), b(z), ¢(z) and h(t) are assumed
to satisfy the following conditions:

(K1): a(x) € clsl+ °(Q), and a = Aa = ... = Al"Pla =0 on o0
(K2): b(z) € CEIH4@), and b= Ab=...= Al"T"]p = 0 on 9;
(K3): c(x) € clsl+ 3(Q), and ¢ = Ac = ... =Al"Fle=0on 0%
(K4): h(t) € C*0,T], (Aa)(xo) # 0.

The rest of this paper is organized as follows. In Section 2, we present
our investigations on the direct problem (1.2)—(1.4). We find differential
properties and stability estimates for the solution of this problem. Section
3 devoted to the formulation and proof of the main results of this work,
which are the theorems of global existence and uniqueness and conditional
stability of inverse problem solution. Section 4 contains the conclusion.

2. Investigation of direct problem

In this section, we will study the problem (1.2)-(1.4). We shall prove
the existence and uniquiness of a classic solution of problem.
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It is known that the spectral problem

AX +AX =0, in ©Q,
X =0, on 0f),

corresponding to problem (1.2)—(1.4) has the following properties (see [10,
pp. 354-355],):

1) Every eigenvalue of —A is real and positive;

2) If each eigenvalue is repeated according to its (finite) multiplicity, then
the sequence {\}7°, satisfies

0< A <A <., and lim A\ = o0;

k—o0

3) There exists an orthonormal basis {Xj}3°, of L%*(Q2) consisting of
eigenfunctions of —A.

The solution to problem (1.2)—(1.4) is sought in the form:
u(a,t) = up(t) Xe(x), (2.1)
k=1

where ug(t) = (u(-,t),Xk)LQ(Q).
Applying the method of separation of variables to determine the desired
coefficients uk(t), k = 1,2, ... of the function u(z,t) from (1.2)—(1.4), we get

up (t) + ul(t) + Mpug (t) + Apur(t) = Mg /g(t — T)ug(7)dr. (2.2)
0

From the (1.3) initial conditions, we have

Ap = ug(0) = (a, Xy) By :=uj(0) = (b,Xk)L2 (2.3)

L2(Q2) ()
Cy, := uy(0) = (C7Xk)L2(Q)' (2.4)

Let us consider (2.2) as a third-order ordinary differential equation with
the right-hand side of the form A ft g(t — 7)ug(7)dr with the Cauchy data

0
(2.3), (2.4). Solving this problem for each fixed k > 1, it is easy to conclude
that it is equivalent to the following Volterra-type integral equation:

Fi(t)

1 .
ug(t) = v [)\ke_t + /A sin (v/Art) + cos (\/)Tkt)} A+ /\:Jr -Ci
t T
—I-\/% sin (\/gt)Bk - )\:\j_ . /0 Fy(t — T)/O g(T — s)uk(s)dszh,
2.5)

Wssectus VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
Cepusi «Maremarukas. 2026. T. 57. C. 48-65



INVERSE PROBLEM 53

where F(t) = e ! + ﬁ sin (v/Agt) — cos (vV/Axt).

Further tabs in this section will be devoted to obtaining sufficient con-
ditions for given functions a(z), b(z), c(x) and kernel g(t), under which the
integral equation (2.5) has a unique classical solution.

Estimating functions ug(t), for ¢t € [0,7T], we get the following integral
inequalities

|uk<t>|s(1+ J}) A+ (Bl + 2 |ck|+2||g||/ (t = ) ug(s)|ds,

where | g|| = Jnax lg(t)|. Applying the Gronwall lemma, we obtain

\uk<t>|s[(1+ jy) Al + e Bl + \ckr] 2T (2.6)

Calculating the first derivative of (2.5), we have

1 Fl(t
u(t)= [—)\ke—t + Ak cos (\/)Tkt) — /A sin (\/ﬁt)] Ak"')\k_(i_)lck
k

A+ 1

+cos(\ﬁt)3k—mf Fl(t—7) /OTg(T—s)uk(s)dsdT. (2.7)

Using (2.6) and (2.7), we find an estimate for u(¢) :

1 1
\u;(t)\ <2|Ag| + |Bk| + ( + > |Ck|

A VA
2 1 1 2 2| gl|T?
+gl|T= | { 1+ Vo |Ag| + —= on | B.| + " |Ckl| e . (2.8)

Calculating now the second derivative of (2.5) and taking into account
(2.6) and (2.8), we obtain an estimate for uj(t) :

()] < (1+f)\Ak\+f\Bk|+(1+ )rcu

1 2
T (14— ) 1Al + B + 2 1Cul| A7 (29)

Estimate for u}’(t) is obtained by the equation (2.5) using (2.6)—(2.9)
and it has the form

1
lui ()] < (14 Xe) [Ag| + A | Bi| + <)\k + v>\k> |Ci|

xulalr (14 (5 + VA7)

{(1 + \/1)\7> |Ap| + ’\% fk ’C’“@ 29T - (2.10)
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Now, using inequalities (2.6)—(2.10), we focus on the existence of a
unique solution to problem (1.2)—(1.5).

Formally termwise differentiating the series in formula (2.1), we get the
following series:

Uy = Zulk/(t)Xk(:L’), Au == Noup(t) Xp (), (2.11)
k=1
Uttt = ZUW Xk , Aut = — Z)\kugg(t)Xk(ZL’) (212)

Obviously, if we show that series (2.12) are uniform convergence, then
series (2.1) and (2.11) are also uniform convergence. Hence, we obtain
the conditions for the series (2.12) to be uniform convergents.

From (2.12), we get the following estimaties

< 00w [+l + L] (1 7217
k=1

=0y Z Xy () g 2 ) [|Ak|/\%([;]+3) . ’Bmg([g]ﬁ)]
k=

n

+022A 25 x, () - (o2 (B1+2)

n

(ZA ) x ( >|> x
(i e AkP)Q . (i e Bk|2)2 . <§: AL3]+2|Ck|2>2 |
k=1 k=1 k=1

where C) is positive number and Cy = C} (1 + T2||g\|62”9”T2> . According

to Lemma 1 in [13], the first series on the right-hand side of this relation
converges. Indeed, let conditions (K1)-(K3) hold. Then, according to
Bessel’s inequality, we have:

D v (6) X ()
k=1

where €5 = % [%] + % The proved assertion implies the next theorem.

<C [HAEOHCLHH(Q)JFHAEOHme(Q)ﬂLHAE(’H/ZCHB(Q)] ,
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Theorem 1. Let a(z), b(z), c(z) satisfies conditions of (K1)-(K3) and
g(t) € C[0,T], then problem (1.2)-(1.4) has a unique solution, which is
defined by series (2.1) and belongs to class u(z,t) € Y.

Let u be solution of the integral equation (2.5) corresponding to the

functions ﬁk, Ek, C~'k, and ¢. Let us derive an estimate for the norm of the
difference between the solution of the original integral equations (2.5) and

the solution of this equation with perturbed functions Ay, By, Ck, and g.
After making obvious estimates, we have

1 15 2 |~ ~
|uy| < [(1 + ) ‘Ak‘ + —— ‘Bk‘ + = ‘Cku e2lgllT?

[2|Ak|+ |Bk|+|ck|]T“9”+”g” Gl 213

] < 2|2 + | B+ O] + [ Ve aud + 1Byl + 1O | it g
M= M V%
o~ -~ 3 ) ~
+ [\/)\k 1| |+ B + o= )Ck” 7221917 5
2y
4 Pl i1~
# (VAT + 1B + Gl | 0T gg), 21y
VAR
where ak = Uk *ak, A\k = Ak *gk’ Ek = Bk *Ek, ak = Ck *ék,
gk = gk — gr- Indeed, the expression (2.13) is stability estimate for the
solution to the integral equation (2.5). The uniqueness of this solution
follows from (2.13).
As required for the analysis of the inverse problem, we show that the

function u(x,t) has a fourth-order derivative with respect to t¢. Differenti-
ating (2.5) four times and using (2.1), we obtain:

utttt Z, t ZU(IV) = Z( 3/ Sln(ft)Bk - )\kAk:)Xk;( )
k=1
+ Z 7)\]{: _T_ 1 (e*t + )\i/z sin (\/th) + A cos (\/th)> Aka(x)

0o t 9]

+3 P O0X ) + [ ot = ) S0 M (nl9) = () Xile) ds
k=1

/ / T—35 Z /\k n 1F,2W)( — T)ug(s)Xg(x) dsdr. (2.15)

From (2.15) we get
o0

< O Y (ARIA]+ X% Bil + MGl ) [Xi (o).
k=1

(IV)
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where C3 is positive number depending on ||g|| and 7. Using conditions
(K1)-(K3), Lemma 1 in [13], and Bessel’s inequality, we obtain the following
estimate:

> 0%

Therefore, the relation uyy € C(D) is valid.

()] < C {18+ 2a] 2+ A2 12 0+ | AT L2y

3. The existence and uniqueness theorem for the inverse
problem

Now, to study the main problem (1.2)—(1.5), we consider the following
auxiliary inverse initial and boundary value problem.

Lemma 1. Let (K1)-(K4) be held and that the following compatibility
conditions are fulfilled

a(zo) = h(0), b(zo) = '(0), c(xo) = h"(0),
(Aa)(zo) + (Ab)(z0) — c(z0) = 1"(0).
Then the problem of finding a solution to (1.2)-(1.5) is equivalent to the

problem of determining functions u(z,t) € Yp, g(t) € C[0,T] satisfying
(1.2)-(1.4) and

(3.1)

RV (¢ Zu“” )Xk (z0), t €[0,T). (3.2)

Remark 1. By Lemma 1, we know that problem (1.2)—(1.4), (3.2) is
an equivalent form of the original inverse problem (1.2)—(1.5). Therefore,
in the following sections, we will discuss problem (1.2)-(1.4), (3.2), rather
than the original one.

Proof. The solution {u(z,t),g(t)} of our inverse problem (1.2)—(1.5) is also
a solution to problem (1.2)—(1.4) in Y7 x C[0, T']. Therefore, we should show
only (3.2). In Section 2, we proved that the solution to the direct problem
(1.2)—(1.4) is given in the form of the series (2.1). Therefore, set x = z in
(2.1), the procedure yields

u(xo, t Zuk ) Xi(z0), tel0,T]. (3.3)
Using equality (3.3) and condition (1.5), we derive the following relation:

= " ug(t)Xi(xo), te€[0,7T). (3.4)
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By (K1)-(K4), differentiating the equality (3.3) four times, we obtain
the equality (3.2).

Now, assume that {u, g} satisfies (1.2)—(1.4), (3.2). To prove that {u, g}
is a solution to the inverse problem (1.2)-(1.5), it suffices to show that
{u, g} satisfies (1.5).

Differentiating (2.1) four times, we obtain (2.15). Setting z = x¢ in
(2.15), we get

Uttt .’L‘Q, Zu(IV) Xk 1'0 t e [O,T]. (3.5)

Then subtracting (3.2) into (3.5), and using (3.1), we have that y(t) =
u(xo,t) — h(t) satisfies

Yy =0, t>0,
Lai0) =10 2 70 = 770y =0 3

The problem (3.6) has only a trivial solution. Then, y(t) =0,0<¢t<T
i.e., the condition (1.5) is satisfied. O

We rewrite equality (3.2) in the following form:

1 1 0 1
FOPESTIATRE o ver/ M O (A + Ba) -+ Bot-C) X (o)
Ao 0 i At 1
1 & )
Ay Z Ao+ 1 [()\kAk + Cr)e™" + Ay (An — C) cos \Ft} X (z0)
1 = )‘k t
+A70k:1 )\k+1 k( 0)/ 9(7—) [uk(t—q-)_uk(t_T)] dr

1 (Iv)
-Z ; )\k - 1 k(o / / u(s)g(t — s)F, " (t — T)dsdr, (3.7)

where Ag = — > M A Xi(z0) = —(Aa)(xo).
k=1
According to the introduced notation for the vector function ¥(x,t) =
(01,02,093) = (u(x,t),us(x,t), g(t)), we write this system in the operator
form
¥ = AV, (3.8)

where A = (A1, Ag, A3) is defined the following equalities:

X t T
Ao = 0%z, 1) Zﬁﬁl /0 Fi(t—7) /0 I (5)05(r — 5)dsdr, (3.9)
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(e 9]

Ag®) = 99(x, t) — Z
k=

= k
=D 5 Xk@)
P A+ 1

Aka / 193 Fk(t—T)d

tFk(t — T) /T ﬁgk(8)03<T — S)deT, (3.10)
0 0

oo t
Az9 = 95(t) Z / O3(7) [V, — 1] (t — 7)dr
k
o Nt /\k o IV)ry
Ao; o Xuao) /O /0 D11 ()05(r — $)FIV (¢ — 7)dsdr.

(3.11)

The following notations were introduced in the equalities (3.9)—(3.11):

N (z,t) = Z ikj_ i [Ake + /A sin (\/>t) + cos (\/>t)}

k=1
o Xi(2) [ .
+k:1 Von [sm(\/m)BkJr 3 1chk} :
Rty =3 jfff; [~ v+ Aeos (vAre) - v/Awsin (vAge)] Ay
k=1
> Xp(z) ,
—|—kzl n [\/gcos (mt)Bk+A 1Fka],

1 AV Ak
(IV)
E )\k 1 (Ak(Ag + Br)+ Br+Cy) sin / At X (z0)

1 1
A Z Ao+ 1 [O‘kAk + Cr)e™" + AL (Ay, — C) cos \/gt] X (o).
k=1

The main result of this work is the following theorem:

Theorem 2. Let the conditions of Lemma 1 are satisfied. Then the op-
erator equations (3.8) has the unique solution in domain D for arbitrary

fixed T > 0.

Proof. Let C,(D), (¢ > 0) be the Banach space of continuous functions
with the ordinary norm, denoted by || - ||o,

195 = max | sup_[91(z, )|, sup |[da(z,t)e="|, sup [9(t)e""|
(z,t)eD (z,t)€D te[0,7]
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Cy with ¢ = 0 is the usual space of continuous functions.
Note that the weight norm || - ||, is equivalent to the usual norm || - ||:

- lle <M< 0 lloe™. o >0

The convolution operator is commutative and invariant with respect to
multiplication by e~

e (k1 x ko) (t) = (e77ka(t)) * (e 7' ka(2)) -

The last formula implies the estimation ||k * k2o < ||k1||o||k2]/oT. Then,
we have

1 1
1 5 Ealls <t llRslls < il o >0, (3.12)

using the result of [20].
In the space C,[0,T], by B(¥°, p) we denote the ball with the center 9°
and radius p, i.e.

B, p) == {I(x,t): |9 —9"|s < p}.

The fact that the function 9(z,t) belongs to the ball B(¥°, p) implies the
inequality
19]le < [[Foll + p- (3.13)

We introduce the following notation:
||a”c[%]+5(§) = ap; ||b||c[%]+4( Q) bO? ||C|| L +3(Q) = Co-

Let us verify the first condition of a fixed point argument. After making
obvious estimates from (3.9)-(3.11) based on (3.13) for ¥; € B(¥°, p), i =
1,2, 3, we get

1A19 = 9llo = sup

ZXk / ot Bt — 1) /O " 9uk(5)93(r — s)dsdr

(CBt)ED k=1
M 2|15 | T2
< sl sup_ ZXk Jill| < =2 193llo lao + bo + col e
M .
< 71 (-+ 19°1) lao + bo + co] 219D .= L

If we choose o as o > (1/p)oi, then it satisfied the first condition of
contractive mapping for A;.
Now, we carry out the estimations for A, :

o) _
)\ke ot

Ag®) — 9o =
[A20) — s sup pw——

(z,t)eD

ey Dy (r) Fu(t — r)dr

k=1
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o0 —ot t T

+ sup Are Xi(z )/ Fk(tT)/ Vo (8)93(T — s)dsdr
M2 0 2 0 2 o9
< - ( + \|190||) (1 +(p+ ||190||)e2(p+||19 T +62(p+||19 T ) =2

Choosing o to satisfy the inequality o > (1/p)o2 implies that Agd €
B, p).
Similarly, for A3, we have

1A30 — 95]ls < sup

_ot ©© ;
o ; Xk(zo0) /0 U3(7) [Vor, — Vg (t — 7)dT

te[0,T]
_U't > t T
sup XeGoo) [ [ ou(s)i(r — )Lt ~ s
tEOT] Ao kz; o Jo k
M3 0 2 0 2 o3
< (p+ 1¥°]) (1 + (p o+ [[0°)))e2lpH 1T | 2(pI0°N)T ) =%,

where, M7, Mo, M3 are the positive constants whose values depend on ay,
bo and cy. Consequently, if we choose o > (1/p)as, then Az € B(9°, p).
As a result, we conclude that if o satisfy the conditions

o > max{o1,09,03},

then operator A maps B(9’; p) into itself, i.e. AY € B(9°;p).
Second, we check the second condition of contractive mapping. In
accordance with (3.9) for the first component of operator A we get

t T o
ZXk. T / et F(t—1) / (ﬂlkﬁg—ﬁ1k193> dsdr| .
0 0

k=1

< sup

HAlﬂ—Alﬁ
7 (zt)eD

The integrands in the integral can be estimated as follows:

— Vi ||19j||0
g

35| <2010°U+p) |9-7]|

Taking into account (2.13) and (2.14), we get the following

HA119 A

< Ma (190|147 (1 L I 2o +onT ) 19— 3l
o g 2
where My is a positive constant. It is obviously, if we choose o as
2
o> o4 = Mye2Il+0T? <1 N 7;62<ﬂ°+p>>T2> 7

then, it is satisfied the second condition of contractive mappings for A;.
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The second component of A can be estimated in the following form:

o~ t ~
HAQ'& - Agﬁ < sup Z Aka ) / efat (193 — 793) Fk(t — T)ClT
7 (2,t)€D | = 0
G Ak ¢ —ot ’ Y
+ sup Xp(z) | e 7"Fr(t—7) (ﬁgkﬁg - 192k193> dsdr
(e.0)eD | M 1 0 0

M e [T2 | T 51604072 ~
< (1) + W | T TP () 4 )] 0 )

where Ms is a positive constant Now we choose number o so that the
expression at || — ||, becomes less than 1; i.e., the following inequality

2 4
> 05 = M) + )10 [ 2 L o 1 ).

Then, |[As? — Aod|ls < ql|9 — 9|5, (¢ < 1). Similarly, for Az, we have

| 250~ psd < Ao Z )\k t X (o /0 t (0301, — DDy dr
+ sup 7 i A X (o) /t [19319% — 5352;{} dr
tefor] | Ao T Ak +1 0
+ sup e_ati Ak x (o) / t / ’ [03191k—6351k} FL(t — 7)dsdr
tefo,r] | Ao = Ak +1 0 Jo
< Moo [y T2 oy ettt | o -3,

where Mg is a positive constant whose value depends on ag, by and cg. We
will choose ¢ the following inequality

2
o> 0= ]\4662(|I190\|+p)T2 [1 + (||190H 1 ple (Ilﬁ°|+p)T2] ]

From these estimates it is clear that if o is chosen from condition o > o,
then, [[Azd — Azd|, < glld — 9|5, (¢ < 1).
As result, we conclude that if o is taken from conditions o > max oj,
3

then the operator A is a contraction in the ball B(go; [|gol). However, in
accordance with the Banach theorem [15], the operator A has unique fixed
point in the ball B(9°;p) i.e., there exists a unique solution of equation

(3.8). 0



62 D.K.DURDIEV, A. A. RAHMONOV, A. A. BOLTAEV

Based on Theorem 2 and Lemma 1, the following theorem on the exis-
tence and uniqueness of the solution of the inverse problem (1.2)—(1.5) is
obtained.

Theorem 3. Let (K1)-(K4) and the compatibility conditions (3.1) be ful-
filled. Then, for any T > 0, there exists a unique solution u(z,t) € Yr,
g(t) € C[0,T] to the inverse problem (1.2)—(1.5).

Let T be a fixed number. Consider the set I'(vy) (ry > 0 is some
fixed number) of the given functions (a(x), b(z), c¢(x), h(t)) for which all
conditions from Theorem 2 are fulfilled and max {ag, by, co, ho} < 9. We
denote by Q(v1) the set of functions g(t), that for some T > 0 satisfy the
following condition

lgll < w1, 11> 0.
Theorem 4. Let (a,b,c,h) € T'(vp), (&,E,E,E) € I'(w) and g € Q(11),

g € Q(v1) are met, then there exists number T' > 0 that the solution of the
inverse problem (1.2)—-(1.5) satisfies the following stability estimate:

lg — g1l < p*((t) — A(t)lloajo.+

0" (Il = @l gy + 10 =Bl oizrvay + e =g (314)
where the constant p* depends only on T, vy, v1.

Proof. To prove this theorem, using (3.7) we write down the equations for
g(t) and compose the difference g = g(t) — g(t). Then after estimating this
expression and using estimates g (t), ug(t), we obtain following estimates

501 < Il + jo D (e av 1) [
Z[/\k-l-l \/>‘Bk‘+<>\k+\/>+ )‘ ”
+||g||TZ[Ak\uk\+Akm\+(A #201) gl

+/ lg(r (Z)‘k|uk|+)\k|uk|+()‘ +>\k+1)T|uk|> dr

< po (Illcso ) + Nall gz + 1Bl zos gy + 1l cigro

N /0 [g(r)| dr,
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where h = h —E, a=a-—a, b= b—g, ¢=c—¢, and pg, p1 depends only
on T, vy, v1. Applying the Gronwall’s lemma here, we get the estimate:

2p1t2

901 < o (Illorio) + 1l gty + 1Bl gy + 120 crapese )

This inequality implies the estimate (3.14), if we set p* = p062”1T2. O

From Theorem 4 follows also the next assertion on uniqueness in whole
for solution to the inverse problem.

Theorem 5. Let the functions (g(t),g(t)) € C[0,T] and a, b, ¢, h and a,
b ¢, h have the same meaning as the Theorem 4. If in this a = a, b = b

c=¢ h=h fortel0,T], then g(t) = §(t).

4. Conclusion

In this work, inverse problem was considered for determining the kernel
g(t) included in the equation (1.2) with by using additional condition (1.5)
of the solution of problem with the initial and boundary conditions (1.3),
(1.4). Sufficient conditions for given functions are obtained, under which
the inverse problem has unique solutions for a sufficiently small interval.
Interesting problems arise in the case when, simultaneously in addition to
the convolution kernel g(t), some of parameters a;, i = 1,2, 3, that depends
on the spatial variable in equation (1.2) is also to be determined. Then,
it is clear that two additional conditions must be specified, so far such a
problem is open.
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