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Abstract: Among algebraic operations the operation of concatenation for families
of words and for orderings is broadly used in various fields of theoretical and applied
mathematics, and informatics. It allows to structure to group and to modify information
relative required sequences. Degrees of rigidity are considered as a measures of the
mobility of a structure with respect to both the automorphism group and definable
closures. Classifying structures with respect to rigidity characteristics allows us to
determine the dynamic capabilities of the structure when certain elements are fixed.
By examining and describing the degrees of rigidity of concatenations of linear orders,
we can both classify these concatenations and establish their diversity. We introduce
a series of notions relative degrees of rigidity varying their possibilities from absolute
rigidity till nowhere almost rigidity, somewhere non-almost rigidity, and absolute finite
non-rigidity. These variations of rigidity characteristics are both described and classified
for concatenations of linear orderings. We represent a classification of absolutely rigid
linear orderings, describe all linear orderings whose all rigidity characteristics equal 1, and
describe possibilities of rigidity characteristics for arbitrary concatenations of countable
linear orderings.
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Hayunas crarbs

Konkarenanuu JUHENHBIX MOPSAKOB M MNX XapaKTEPUCTUKU
JKECTKOCTHU

B. III. Kyanemos!?, C. B. Cymoniaros®™

WNucruryr maremaruku u maremarudeckoro mogeiauposanus MHBO PK, Asmva-Ara,
Kazaxcran
2 Kasaxcrancko-Bpurancknii rexamyeckuit yansepenter, Anma-Ara, Kasaxcran
3 Wucruryr maremaruku um. C. JI. Cobomesa CO PAH, Hosocubupck, Poccmitckas
Deneparust
= kulpesh@mail.ru, sudoplat@math.nsc.ru

Awnnoranus: Cpeau anrebparndecKux Oleparuil oneparys KOHKATeHAIUN [IJIsi CEMECTB
CJIOB ¥ TOPSIZIKOB IMMPOKO HMCIOJIB3YETCs B PA3IUYHBIX 00JIACTSIX TEOPETUIECKON U MpU-
KJIQJIHON MaTeMaTuku, a Takyke nadopmaruku. OHa 03BOJISIET CTPYKTYPUPOBATD, IPYyI-
NUPOBATH W BUIOM3MEHSTH WH(MOOPMAIMIO OTHOCUTEIBHO TPEeOYyEeMBIX IOCJ/IEI0BATETHHO-
creit. CrerneHn »KeCTKOCTU PaCCMaTPUBAIOTCS KaK MEPBI [IOJ[BUKHOCTH CTPYKTYDPbI OTHO-
CHATEJILHO TPYIIBbI ABTOMOPMU3MOB U OIPeIeTUMbIX 3aMbikanmit. Kimaccudukanms cTpyk-
Typ O XapaKTEePUCTUKAM >KECTKOCTU IIO3BOJIAECT ONPENe/IMTh JAMHAMUYECKHe BO3MOXK-
HOCTH CTPYKTYPbI IPU (DUKCUPOBAHUH OMPEIAEICHHBIX 371eMeHTOB. V3ydas u onucoiBast
CTeTeHN YKECTKOCTH KOHKATEHAIUI IMHEHHBIX MTOPSIIKOB, MOXKHO KaK KJIACCH(PUIIMPOBATH
9TH KOHKATEHAIINW, TaK M YCTAHABJIMBATDL WX pasHoobpasue. Bomwrcs psim monaTumit
OTHOCHUTEJIBHBIX CTEMEeHEN KECTKOCTH, BApbUPYsl MX BO3MOXKHOCTU OT abCOJIFOTHOMN KeCT-
KOCTH 10 HHUTJI€ TIOYTH KECTKOCTH, IJIe-TO HE IOYTH YKECTKOCTU U aDCOJIIOTHOM KOHEUHOM
HEXKECTKOCTU. DTHU BapHUAIMHM XaPAKTEPUCTUK KECTKOCTU OMUCHIBAIOTCS U KJIACCUDUIIN-
pyIOTCs i KOHKaTeHalni JIMHeHHbIX nopsakoB. Jlaerca kimaccudukanus abCOTIOTHO
JKECTKAX JIMHEWHBIX MOPSIKOB, ONMCHIBAIOTCA BCE JIMHEWHBIE IOPSIKN, Y KOTOPBIX BCE
XapaKTEePUCTUKHU KECTKOCTH PaBHBI 1, a Tak»Ke IIOKa3bIBAIOTCA BO3MOXKHOCTHU XapaKTe-
PUCTUK KECTKOCTH ISl IIPOU3BOIbHBIX KOHKATEHAINH CYETHBIX JIMHEHNHBIX IOPSIKOB.

KuroueBrble cjoBa: JUHEHHDIN MOPSIOK, KOHKATEHAIINS, CTEIIEHb XKECTKOCTU

Buaaromapuoctu: Pabora BhimosiHena npu duHAHCOBON momzep:kke Komwurera Haykum
MuHucrepcTBa Hayku U BbICmero obpasosanus PecnyGmuku Kaszaxcran (rpant
Ne BR31714735), a Takke B paMKax roCyIJapCTBEHHOTO 3aJaaust VIHCTUTyTa MaTeMaTAKA
um. C. JI. Co6oseBa (mpoext Ne FWNF-2026-0032).

Ccoinka puosi murupoBanusi: Kulpeshov B. Sh., Sudoplatov S. V. Concatenations of
Linear Orderings and Their Rigidity Characteristics // Ussectusi IpkyTckoro rocyuap-
crBernoro yuusepcurera. Cepusi Maremaruka. 2026. T. 57. C. 96-112.
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Forming a monoid, the operation of concatenation is broadly used in
theoretical and applied mathematics, and informatics allowing to connect
words of given alphabets, to represent semantical and syntactical informa-
tion in various ways, and to transform it via finite automata [1;2;5;7;8].

In [10], four degrees of rigidity, existential and universal, semantical and
syntactical, were introduced, allowing to estimate for given structures how
far they are relative to identical automorphism groups and to definable clo-
sures of the empty set, for some or arbitrary sets of elements of given finite
cardinality. These characteristics were studies for ordered structures [3],
models of weakly o-minimal theories [4], abelian groups [6], and unars [9].

At the present paper, we study properties of concatenations of linear
orderings with respect to their rigidity characteristics.

In Section 1, we remind these characteristics, extend the terminology
for structures with respect to various rigidity values, including semanti-
cally /syntactically /absolutely rigid structures (i.e. structures with identi-
cal automorphism groups/all (-definable elements/both properties), some-
where/somehow, or everywhere/anyhow, almost/finitely semantically /syn-
tactically rigid ones (with some rigid expansion by finitely many constants),
nowhere/nohow almost/finitely semantically/syntactically rigid ones, so-
mewhere non-almost/non-finitely semantically/syntactically rigid ones
(without rigid expansions by finitely many constants). Here we also discuss
some possibilities of concatenations of linear orderings.

We study and describe linear orderings with given tuples of rigidity
characteristics in Section 2. Theorem 1 represents a classification of abso-
lutely rigid linear orderings. In Theorem 2 we describe all linear orderings
whose all rigidity characteristics equal 1. Theorem 3 describes possibilities
of rigidity characteristics for arbitrary concatenations of countable linear
orderings.

1. Preliminaries

Following [3;10], for a set A in a structure N, N is called semantically
A-rigid or automorphically A-rigid if any A-automorphism f € Aut(N) is
identical. The structure N is called syntactically A-rigid if N = dcl(A). If
A = () we omit A- and say on semantically / syntactically rigid structures
instead of A-rigid ones.

A structure N is called V-semantically / V-syntactically n-rigid (re-
spectively, 3-semantically / 3-syntactically n-rigid), for n € w, if N is
semantically / syntactically A-rigid for any (some) A C N with |A| = n.

The least n such that N is Q-semantically / @Q-syntactically n-rigid,
where @ € {V,3}, is called the Q-semantical / Q-syntactical degree of

rigidity, it is denoted by degri;em(./\/' ) and degfi?g_synt (N), respectively. Here

if a set A produces the value of @-semantical / Q-syntactical degree then

WsBectus MpkyTcKOro rocy1apCTBEHHOTO YHUBEPCUTETA.
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we say that A witnesses that degree. If such n does not exists we put
degy " (N) = oo and degfigg_synt (N) = oo, respectively.
For a structure A we put:

degy(M) = (degaz“™ (M), deg ™ (M), degii* (M), deg[™™ (M) ) .
Definition 1. A structure M is called absolutely rigid if M is both
semantically and syntactically rigid, i.e. deg,(M) = (0,0,0,0).

If the value (deggs™ (M), respectively (degi_gsynt(./\/l), is natural then
M is called somewhere, or somehow, almost, or finitely, semantically / syn-

tactically rigid. If (degji'gsem(/\/l) or (degz_gsynt(/\/l) is natural then we replace
somewhere by everywhere, or somehow by anyhow, i.e. M is everywhere

(anyhow) almost (finitely) semantically / syntactically rigid.

If the value (degi';em(./\/l), respectively (degl?i;_,;Synt (M), is equal to oo then

M is nowhere, or nohow, almost, or finitely, semantically / syntactically

rigid. If (deg:ﬁ_;em(./\/l) or (degfi_gSynt (M) is equal oo then we replace nowhere
by somewhere and nohow by somehow with further negation, i.e. M is
somewhere non-almost (non-finitely) semantically / syntactically rigid, or
somehow non-almost (non-finitely) semantically / syntactically rigid.
Structures M with deg, (M) = (00, 00, 00, 00) are called absolutely fini-

tely nonrigid.

Remark 1. By the definition any syntactically rigid structures are abso-
lutely rigid, whereas there are semantically rigid structures which are not
syntactically rigid. Indeed, syntactically rigid structures are characterized
by Hausdorff topologies with isolated singletons covering the universe of
the structures, and a semantically rigid structure admits both isolated and
non-isolated singletons forming one-element orbits only, with respect to the
automorphism group. Here deg, (M) = (0, X,0, 1), A\, p € wU {00}, X < p,
u=0 for A\=0.

Clearly each everywhere finitely semantically / syntactically rigid is
somewhere finitely semantically / syntactically rigid but not vice versa,
and each somewhere / everywhere finitely syntactically rigid structure is
somewhere / everywhere finitely semantically rigid but not vice versa.
Here degy(M) = (m,A\,n,u), myn € w, m < n, n = 0 for m = 0,
A\ v € wlU{oo}, A< pu, p=0for A =0.

Besides each nowhere almost semantically / syntactically rigid structure
is somewhere non-almost semantically / syntactically rigid, and nowhere
almost semantically rigid structure is nowhere almost syntactically rigid,
and nowhere almost semantically rigid structures are absolutely finitely
nonrigid. Here degy(M) = (m,00,n,00) or degy(M) = (m, o0, 00,00),
m,n € w, m <n,n=_0 form=0, or deg,(M) = (00, 00, 00, 0).

Below we consider rigidity characteristics for concatenations, or sums,
M1+ My of linearly ordered sets M; = (M7;<1) and My = (M; <9), i.c.
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for the linearly ordered sets (M; U Mo, <) such that < is the linear order
<1 U< U{(al,ag) ‘ a1 € My, a9 € MQ}.

Remind that the operation of concatenation is associative, i.e. satisfies
(M1 + Ms) + M3 = My + (Mg + Ms3) for any linear orderings My,
My, M3, and therefore the notation My + My + ... + M, is correct for
any linear orderings Mj, Ms, ..., M,,. Besides, the empty “ordering” A
satisfies M +A = A+ M = M for any linear ordering M. Thus the closure
under concatenations of each family of linear orderings, containing A, forms
a monoid.

Remark 2. Admitting infinite concatenations we observe that any linear
ordering is represented as a concatenation of finite ones, moreover, as a
concatenation of singletons. Here, of cause, both absolute rigidity and
almost rigidity can be violated till nohow finitely rigid structures.

2. Variations of rigidity for concatenations of linear orderings

The following obvious proposition asserts that any concatenation of ab-
solutely finitely nonrigid linear ordering with an arbitrary linear ordering
is again absolutely finitely nonrigid.

Proposition 1. Let M = (M, <) be a linear ordering with deg, (M) =
(00,00,00,00). Then degy(Mi+ Ms) = degy(Ma + M;i) = (00, 00, 00, 00
for any linear ordering Mo = (Ma, <).

Example 1. Let’s consider (w - w*, <). This is countably many copies of
w ordered by the type w*. Consider the following formulas:

S(z,y) =z <yAVtlzx <t<y—t=zVt=y,

i.e. z is the immediate predecessor for y (or y is the immediate successor

for z), O(x) := Jylx < y A S(z,y)] ANVz[z < x — —=S(z,x)], i.e. = has the

immediate successor and does not have an immediate predecessor.
Further,

o1(x) :=0(x) AVt[x <t — JuiTFua(S(u, t) A S(t,u2))],

bn(z) = 0(x) A 3tfx <t A dp-1(t) ANVu(zr <u<t—
— JugFug[S(u1,u) A S(u,uz)])],n > 2.

Here, ¢1(z) distinguishes the first element of the rightmost copy of w,
¢n(x) distinguishes the first element of the n-th copy of w from the right.
Thus, deg, ({w - w*, <)) = (0,0,0,0).

Let’s consider now (w-w*+w-w*, <). Clearly, the first elements of copies
of w in the rightmost copy of w - w* are distinguished by ¢, (z) for n > 1.

WsBectus VpkyTcKOro rocy1apCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukay. 2026. T. 57. C. 96-112
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Consider the following formulas:
H3(x) := 0(2)A3t[t < zAO(E)AVu(t < u < z — JuyFus[S(uy, u) AS (u, us)])]

AVylz <y AB(y) = FJw(z < w <y Ab(w))],
G2 (x) := 0(x) ATt[x <t A P2 _ () AVu(z <u<t—
— JugFua[S(u1,u) A S(u,uz)])],n > 2.

Here, ¢?(x) distinguishes the first element of the rightmost copy of w in
the leftmost copy of w-w*, ¢2(x) distinguishes the first element of the n-th
copy of w from the right in the leftmost copy of w-w*. Thus, deg, ({(w-w* +
w-w*, <)) =(0,0,0,0).

Similarly, we can consider (w-w*-w*, <) and establish that deg,({w-w*-
w*, <)) =(0,0,0,0).

Thus the linear orderings (w - w* + w - w*, <) and (w - W* - W*, <) are
absolutely rigid.

Observe that deg,((M - w, <)) = (0,0,0,0) is not true for each infinite
countable linear ordering M = (M, <) with deg,(M) = (0,0,0,0). Indeed,
let M = (w+ m+ w*, <), where m > 0. Clearly, deg,(M) = (0,0,0,0).
However, deg, ({M-w, <)) = (00, 00, 00, 00), since this ordering has infinitely
many copies of Z.

The following two lemmas extend the list of absolutely rigid linear
orderings.

Lemma 1. (1) deg,((w*, <)) = (0,0,0,0) for every natural k > 0;
(2) deg, ({(w*)*, <)) = (0,0,0,0) for every natural k > 0.

Proof. Prove (1). Obviously, the lemma is true for £ < 1.

Step k = 2. Consider (w?, <). It is countably many copies of w ordered
by the type w. Let S(z,y) mean that x is the immediate predecessor for y,
and 01 (z) mean that z has an immediate successor and has no immediate
predecessor.

The first element of the leftmost copy of w is determined by ¢1(x) :=
Vylx < y]. The first element of the n-th copy of w, where n > 2, is
determined by the following formula:

L(x) =01 () At <z APL_ () AVult <u <z —

FurFuglt < up <u < wug <z AS(ur,u) A S(u,uz)l])].

Thus, del()) = w?, whence deg,((w?, <)) = (0,0,0,0).
Step k = 3. Consider (w3, <). It is countably many copies of w? ordered
by the type w. Let

Sg(x,y) = <yAO(x) ANO1(y) AVHz <t <yAOi(t) =t =xVi=y),
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i.e. x is the immediate predecessor for y among elements of 61 (M), and
O2(x) := 01 (x) ABtfx < t AO1(t) A Sh(x, )] AV2[z < 2 Abi(2) —

= Jy(z <y <z Ab(y))],

i.e. z has an immediate successor and has no immediate predecessor among
elements of 6;(M).

The first element of the leftmost copy of w? is determined by ¢3(z) :=
#1(x). The first element of the n-th copy of w?, where n > 2, is determined
by the following formula:

G2 (x) := Oa(x) ANt <z A P21 (1) AVut <u <z Abp(u) —

Fup Fuglt < up < u < ug < x A Sg(ur,u) A Sp(u,uz)])].

Thus, dcl(f)) = w3, whence deg,((w?, <)) = (0,0,0,0).
Suppose that we proved the lemma for £ < m, and prove it for k = m+1.
Step k = m + 1. Consider the following formulas:

Sg%l(x,y) =2 < YNy 1 () NOpp—1(y) AVE(z <t <y AbOp_1(t) —

—t=zVt=y),

i.e. x is the immediate predecessor for y among elements of 6,,_1 (M), and
Om (%) = Op1 () A 3tz < EA O (t) A SP (2, 1)]A

Vz[z < 2 AOpm—1(2) = Jy(z <y <z AOpm-1(y))],

i.e.  has an immediate successor and has no immediate predecessor among
elements of 6,,,_1(M).

The first element of the leftmost copy of w™ is determined by ¢7*(z) :=
qb;”*l(zr). The first element of the n-th copy of w™, where n > 2, is
determined by the following formula:

op(x) == Op(x) NIt <z APt 1 (8) AVu(t <u <z Abp_i(u) —

FuiFuolt < up < u < ug <z ASP(ur,u) A Sy Hu, um)])).

Thus, dcl(f) = w™! whence deg,({w™!, <)) = (0,0,0,0), and we
proved (1).
We can prove (2) similarly. O

Lemma 2. (1) deg,((w* - (w*)*, <)) = (0,0,0,0) for any natural k,s > 0;
(2) deg, ({(w*)* - w*, <)) = (0,0,0,0) for any natural k,s > 0.

WsBectus MpkyTcKOro rocy1apcTBEHHOTO YHUBEPCUTETA.
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Proof. If k = 0 or s = 0 then the conclusion follows by Lemma 1. Therefore
suppose that £ > 1 and s > 1. Let S(z,y) mean that x is the immediate
predecessor for y, and 6! (x) mean that  has an immediate successor and
has no immediate predecessor.

Step k = 1A s =1. Consider (w-w*,<). This is countably many copies
of w ordered by the type w*. The first element of the rightmost copy of w
is determined by the following formula:

W) = 0" (x)AVE[z < t = FuyFua(z < ug <t < ug AS(uy, t)AS(t, us))].

The first element of the n-th copy of w (from the right) is determined
by the following formula:

W)= 0" @) Atz <t Aol () AVu(z <u <t —

JuiFugfr < up <u < ug <tAS(up,u) AS(u,u2)])],n > 2.

Thus, dcl(0) = w - w*, whence deg, ({w - w*, <)) = (0,0,0,0).
Step k = 1 As = 2. Consider (w - (w*)?, <). This is countably many
copies of w - w* ordered by the type w*. Let

Spt(z,y) = x <y A (@) A (YY) AVEHx <t < yAO(t) =t =2 ViE=y),
012(x) := 0" (2) A 3t[t < 2 A O () A SRt )] AVylz <y A O (y) —
— 3z(z <z <y AO(2))],

i.e. x has an immediate predecessor and has no immediate successor on
o1 (M).

The first element of the rightmost copy of w in the rightmost copy of
w - w* is determined by the formula: ¢1?(z) := ¢il(x). The first element
of the rightmost copy of w in the n-th copy of w - w* (from the right) is
determined by the following formula:

$12(x) == 012 (x) A 3tz < t A gzﬁ,lf_l(t) AVy(z <y <tAoli(y) —

n

Fz(y <z <t A0 (2)) = 3 (y < 2/ <t AOY(Z) A Sgt(y, 2))])],n > 2.

Thus, dcl(f)) = w - (w*)?, whence deg,({w - (w*)?, <)) = (0,0,0,0).
Suppose that the lemma has been established for £ =1 and s < m.
Step k =1 AN s =m+ 1. Consider the following formulas:

Sam (x,y) =z < yAO () AT () AVE(x < t < yAOY(E) = t = aVE =),
oL () i= 0M () A B[t <z A OY™(E) A SF™(t, 3)]A
Yylz <y A O™ (y) = 3z(z < 2z < y A OI™(2))],

i.e. x has an immediate predecessor and has no immediate successor on

91" (M),
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The first element of the rightmost copy of w in the rightmost copy of
w - (w*)™ is determined by the formula: gbl ™t () := ¢l (x). The first
element of the rightmost copy of w in the n-th copy of w - (w*)™ (from the
right) is determined by the following formula:

Lmtl ) = 0V (@) A St < t A G ) AV (e <y < AT (y) —

[Fz(y < 2 <t AOM™(2)) = 3 (y < 2/ <t ANOY™ (') A SF™(y, 2))])],n > 2.

Thus, dcl() = w - (w*)™*!, whence deg,({w - (w*)™*1, <)) = (0,0,0,0).

Similarly, we can prove that the lemma is true for any £ > 1 and s = 1.

Suppose that the lemma has been established for each £ > 1 and s < [.

Step k = m A s =1+ 1. Consider (w™ - (w*)!*!, <). This is countably
many copies of w™ - (w*)! ordered by the type w*.

The rightmost first element of the copy of w satisfying #™ (z) in the
rightmost copy of w™ - (w*)! is determined by ¢} l+1( ) == ¢ (x). The
rightmost first element of the copy of w satisfying 6™ (z) in the n-th copy
of w™ - (w*)! (from the right) is determined by the following formula:

g (@) = 0™ (@) A Tt <t AR () Ay (< y < tAOH(y) —

FurTugle < ur <y < ug AO™ (ur) A O™ (uz) A SF (ur,y) A SE(y, u2)])].
Thus, dcl() = w™ - (w*)"*?!, whence deg, ((w™ - (w*)!*1, <)) = (0,0,0,0).
O

Corollary 1. For any natural n > 1, kl, .., kn >0 the following holds:

( ) deg4(< ( )k2 kn ! ( *) " > (0707070);
(2) deg4(<(w*)k1 -ka-...-(w*)k” L.whn <)) =(0,0,0,0).

The following theorem gives a description of absolutely rigid linear or-
derings.

Theorem 1. Let M = (M, <) be a linear ordering. Then degy(M) =
(0,0,0,0) iff M is finite or it is isomorphic to

(mo + whi . (w*)]’Cl2 cwPmet ()R g g 4

+mi_1 + W (whk Rt (R g my, <)
for some integers 1 > 1, mg,...,m; > 0,n1,...,n > 1;81,...,8 > 1; k1,
s kings oo ks kg, > 0 so that for every 1 <4 <1 whin . (w*)ki2 .

s whini=t L (w*) R £ () and the following holds:

(1) for every 1 < i <1 kij; # 0 or kig # 0 and for every 2 < j < n; if
kij = 0 then ki =0 for every j +1 <r < n,;

(2) for every 1 < i <1l —17ifkiy = 0 and kg # 0 then kiz # 0 or
kiv12 #0.

WsBectus VpkyTcKOro rocy1IapCTBEHHOTO YHUBEPCUTETA.
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Proof. Since all finite linear orderings are absolutely rigid, below we con-
sider infinite ones. Besides, since uncountable linear orderings are not
syntactically rigid as dcl(()) is at most countable for each at most countable
signature, the description of absolutely rigid linear orderings is reduced to
countable ones.

(<) Let M is isomorphic to

(mo + Wkt (k2. Rt ()R g oy

+my_q + Wk (ke R (R g 4oy, <)
for some integers [ > 1, mg,...,my > 0,ny,...,n; > 1;81,...,8 > 1;
ki, -, kipngs oo ki, oo ki, > 0. If (2) doesn’t hold, i.e. there exists
1 <4 <1[1—1such that k;; =0, kj2 #0, ki3 =0 and ki_:,_LQ = 0 then by (1)
we obtain that wFit - (w*)kiz . .. wkini—1 o (*)kini = (W*)k2 and Wkt
(w*)ki+1,2 .. ‘.wki+1,ni+1fl '(w*)ki+l,ni+1 — wki+1,17 whence degi;em(/\/l) > 1
and deg?igsynt(./\/l) > 1. Thus, the condition (2) is necessary. By Lemmas

1, 2 and Corollary 1 we conclude that deg,(M) = (0,0,0,0).

(=) Let degy(M) = (0,0,0,0). Clearly, M does not contain any copy of
Z, Q and copies of the form Q,(¢1, ..., t,), where t;,1 < i < n, are arbitrary
linear orderings. Consequently, the universe M can contain only copies of
w, w* and finite linear orderings. By Corollary 1 deg,({w* - (w*)*2 ... -
whn=1. (w*)kn <)) =(0,0,0,0) for any natural n > 1, ky, ..., k, > 0. Each
of such orderings can not be ordered by the type Z or Q since otherwise we
obtain that deg,(M) # (0,0,0,0). If we order such an ordering by w* or
(w*)¥ for some k > 1 then by Corollary 1 we preserve deg,(M). Obviously,
if we concatenate such orderings finitely many times then we also preserve
the tuple deg,(M). O

Example 2. Consider the following linear orderings: M; = (w, <) and
My = (w*, <). Obviously, deg,(M;) = (0,0,0,0) and deg,(M2) = (0,0,0,
0). We also have that deg,(M1+ M3z) = (0,0,0,0), but deg,(Ma+M;) =
(1,1,1,1). The latter equality holds since w* + w becomes rigid after
selecting an arbitrary element.

Lemma 3. Let M; = (M;,<) and My = (M, <) be infinite count-
able linear orderings with degy(Mi) = degy(M2) = (0,0,0,0). Then
degy (M7 + Ma) equals (0,0,0,0), (1,1,m,m) for some natural m > 1,
or (1,1, 00, 00).

Proof. In view of Example 2 we have infinite linear orderings M; = (M, <
) and My = (M, <) such that degy(M;) = degy(M2) = (0,0,0,0),
degy (M1 4+ Ms3) =(0,0,0,0) and degy(Mso + M) = (1,1,1,1).

Let M = (w*, <), My = (w+m, <) for some natural m > 1. Obviously,
degy(M;) = degy(M3z) = (0,0,0,0). We have that degy(M; + Mz) =
(L1,m+1,m+1).
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Let now M; = (w*, <) and My = (w + w, <). Then we have:
deg, (M) = deg,(M3) = (0,0,0,0)
and deg, (M + M) = (1,1, 00, 00).

Further, if M = (M,<) is an infinite countable linear ordering with
deg, (M) = (0,0,0,0) then by Theorem 1 M is isomorphic to (mg + w1t -

(w¥)Fz .kt ()R s my 4L +my_g Wk (k2.
whtn=1. (w*)Finr . 5; 4-my, <), whence when such orderings are concatenated,
only one copy of Z can appear, which completes our proof. ]

Theorem 2. Let M = (M, <) be an infinite countable linear ordering.
Then deg (M) = (1,1,1,1) iff M is isomorphic to (A-Z, <), where X is a
linear ordering with deg,((\, <)) = (0,0,0,0).

Proof. (<) If M is isomorphic to (A -Z, <), where A is a linear ordering
with deg,((\, <)) = (0,0,0,0) then obviously deg,(M) = (1,1,1,1).

(=) Let degy(M) = (1,1,1,1). Clearly, M does not contain any copy of
Q and copies of the form Q,(t1,...,t,), where t;,1 < i < n, are arbitrary
linear orderings. Consequently, the universe M can contain only copies of
Z, w, w* or finite linear orderings.

First suppose that M contains at least one copy of Z. Then

degﬂ—sem(M) >1

g —

and deg™ Y™ (M) > 1. If M \ Z # 0 then deg”; **™(M) > 1 and

rig rig

degfi_gsynt(./\/l) > 1.
Consequently, if M contains at least one copy of Z then M must consist
exactly one copy of Z, i.e. M = Z. Thus, in this case M = (1-Z, <).

Suppose now that M does not contain any copy of Z. Consider the case
when M consists only of copies of w. If there are only finitely many such
copies then degy(M) = (0,0,0,0). Consequently, M contains infinitely
many such copies.

Let M is isomorphic to

(WM (W) (W) sy R ()R ()R sy, <),

where k;j7 # 0 for every 1 < ¢ < [. By Corollary 1 and Theorem 1
deg (M) = (0,0,0,0). If at least some part of these copies are densely
ordered then deg, (M) = (o0, 00, 00, 00).

Let A be an at most countable linear ordering with deg,((\, <)) =
(0,0,0,0), Then if M = w+ A - Z, we have degy(M) = (1,1,00,00). If
M =m+ X - Z for some m > 0 then degy(M) = (1,1,m+1,m + 1).
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Thus, if M contains only countably many copies of w then deg,(M) =
(1,1,1,1) iff M = (X-Z, <), where X is isomorphic to

(Whr (AR (R gy 4R ()R ()R gy, <)),

where k;1 # 0 for every 1 <i <.
Similarly, if M consists only of copies of w* then deg (M) = (1,1,1,1)
iff M = (\-Z, <), where A is isomorphic to

(wHk k2o R g ()RR R g <)),

where k;1 # 0 for every 1 <i <.

Suppose now that M consists only of copies of w, w* and finite linear
orderings. For example, if M = (w-Z+w*-Z+m-Z, <) for some natural
m > 1 then deg,(M) = (3, 3, 00, 00).

Here we also can establish that degy(M) = (1,1,1,1) iff M = (\-Z, <),
where X is isomorphic to

(mg + k- (whkz . R ()R g oy L
+my_q + whin (w*)k” R (w*)kl’”l -5+ my, <)
as in Theorem 1. ]

Theorem 2 immediately implies:

Proposition 2. Let M = (M, <) be an infinite countable linear ordering.
Then degy(M) = (1,1, m.m) for some natural m > 1 iff M is isomorphic to
(m1+X-Z+mo, <) for some nonnegative integers mi, ms with mi+mo > 1
and m = m1+mo—+1, where X\ is an at most countable linear ordering with

deg,({\, <)) =(0,0,0,0).
The following corollary follows by Theorems 1, 2 and Proposition 2:

Corollary 2. Let My = (M
linear orderings with deg, (M
(1) degy(My + Ms) = (1,1
(2) degy(Mi1 + Mo) = (1,
(mi1+w*, <) and My = (w—l-mg,
1 and m =mq +mo + 1.

<), My = (M, <) be infinite countable
deg,(M2) = (0,0,0,0). Then
1,1) iff M1 = (w*, <) and Ma = (w, <).
m,m) for some natural m > 1 iff My =
) for some natural my, mo with my+mg >

)
L,

Lemma 4. Let My = (M, <), Mg = (Ma, <) be infinite countable linear
orderings with degy(Mi1) = (1,1, m1,m1) and degy(Mz) = (1,1, ma, m2)
for some natural my,mg > 1. Then deg, (M1 + Ms) = degy(Ma + M) =
(2,2,00,00).
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Proof. By Theorem 2 and Corollary 2 we have that M; = m/ + A1 - Z+m),
and My = m//+ X g-Z+m{ for some natural m}, mb, mY, m§ with mj+mf > 0
and mY{ +mf > 0, and deg,((\i, <)) = (0,0,0,0) for 1 < ¢ < 2. Then
Mi+Msy = m)+A1-Z+mb+m!+ X o-Z+m? and obviously deg,(Mi+Ms) =
(2,2, 00,00). Similarly, deg,(Ma + M) = (2,2, 00, 00). O

Lemma 5. Let M; = (My,<), Ma = (M, <) be infinite countable lin-
ear orderings with deg,(Mi) = (0,0,0,0) and degy(Mz) = (1,1,m,m)
for some natural m > 1. Then degy(M; + Ms) = degy(Msy + M) =
(1,1, 00,00).

Proof. If My and My are such infinite linear orderings then both M+ Mo
and My 4+ M contains exactly one copy of A - Z for some linear ordering
A having deg,({(), <)) = (0,0,0,0), and any of M; + Mo and Mg + M,
without A - Z is infinite. Therefore, deg,(M; + Ms) = deg (Mo + M;) =
(1,1, 00, 00). O

Analyzing possibilities in Lemmas 4 and 5 we obtain:

Proposition 3. Let M = (M, <) be an infinite countable linear ordering.
Then degy(M) = (1,1, 00, 00) iff M is isomorphic to (\1 + X2 -Z+ A3, <),
where \; is a linear ordering with degy((\i, <)) = (0,0,0,0) for each 1 <
i <3, and at least one of {\1, A3} is infinite.

Proposition 4. Let M = (M, <) be an infinite countable linear ordering.
Then deg, (M) = (m,m,00,00) for some natural m > 1 iff M is isomor-
phic to (A +X1-Z+AJ+. .+ + X Z+A0 1, <), where A), \; are at most
countable linear orderings with deg,((\), <)) = deg,({\;, <)) = (0,0,0,0)
foreveryl<i<m+1land1l <j<m.

Proof. (<) If M is isomorphic to (A}+X1-Z+ A3+ . .+ 4+ X Z4+A0 1, <)
for some natural m > 1 then obviously deg,(M) = (m,m, 0o, 00).

(=) Let deg (M) = (m,m,00,00) for some natural m > 1. Clearly, M
does not contain any copy of Q and copies of the form Q,,(¢1,...,t,), where
t;, 1 < i < n, are arbitrary linear orderings. Consequently, the universe M
can contain only copies of Z, w, w* or finite linear orderings.

If M contains only copies of Z then M = Z-m. If M contains only copies
of Z and finite linear orderings then M =lop+Z+ 0L +... + 1 +Z+ 1,
where [;, 0 < ¢ < m are finite linear orderings or empty sets.

Similarly, we can consider the remaining cases. O

Rigidity characteristics obtained above for countable linear orderings
imply the following:

Proposition 5. Let M; = (M1, <), Mg = (Ms, <) be infinite countable
linear orderings with degy(M7) = (0,0,0,0) and degy(Mz)=(m,m, oo, c0)
for some natural m > 1. Then deg (M1 + Mas) = (k,k,00,00), where
m<k<m+1.
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Obviously, there exist infinite countable linear orderings M; = (M, <),
Ms = (M, <) with degy(M1) = (0,0,0,0) and degy(M2) = (m,m, o0, 00)
for some natural m > 1 such that deg,(M; + My) # deg, (Mg + My).

Proposition 6. Let M = (M;,<), My = (M, <) be infinite count-
able linear orderings with degy(M1) = (1,1,m1.m1) and degy(Ms) =
(mg, ma,00,00) for some natural mi,ms > 1. Then degy(M; + Ms) =
degy (Mg + M1) = (ma+ 1,ma + 1,00,00).

Proposition 7. Let My = (M;,<), My = (M, <) be infinite count-
able linear orderings with degy(M1) = (my,my,00,00) and degy,(Mz) =
(mg, mg, 00,00) for some natural mi,ma > 1. Then degy(M; + Ms) =
(m,m,00,00), where m1 +mg < m < my + mg + 1. The values m with
m =mi+me and m = mi+me+ 1 are realized by appropriate My + Mo.

Proof. Consider the following infinite linear orderings for any natural m;,
mo > 1:
Mi={Z+..+Z, ), Ma=(Z+...+Z,<).
—— ——
m1 times mo times

for some natural my, ms > 1. Obviously, deg,(M1+M3) = (m1+mg, mi+
Mg, 00, 00).

Consider now the following infinite linear orderings for any natural my,
mo > 1:

Mi=Z+.. +Z+w", ) Moa=(w+Z+...+2Z,<).
P N —

mq times mo times

Then, obviously, deg,(M; + Ms) = (m1 +ma +1,m1 +ma + 1, 00, 00).
In general, let deg,(M1) = (m1,my,00,00) and degy(M3z) = (ma, me,
00, 00) for some natural mj, mg > 1. Then by Propositions 3 and 4

Mi= A0+ M ZHA+ A Z+ . A, Ay 24 AN, 1, <),

Ma = (A +(M)ZHAD) +(A2) Z+. . A+, +(Amy) Z+ Ay 1) <),

where deg,((A), <)) = degy((Nj,<)) = degs((\)), <)) = degs({(As)', <
)) = (0,0,0,0) forevery 1 <i<mj+1,1<j<mg,1<r<my+1,
1 < s <msy. Then

Mi+My=M + X Z+ .o Ay 242, o+ A +(N) -Z+

cot () Z—i—()\mzﬂ)

By Lemma 3, deg,((\%, ., + (A})’,<)) can be (0,0,0,0), (1,1,m,m)
for some m > 1 or (1,1, 00, 00), whence deg,(M; + M3) = (m, m, 00, 00),
where mq +mg <m < mq +mso + 1. O
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Theorem 3. Let N := My + ...+ M, for some n > 2, where M; is an
infinite countable linear ordering for each 1 < i < n. Then the following
holds:

(1) If degy(M;) = (0,0,0,0) for each 1 < i < n then only the following
values for deg,(N) are possible: (0,0,0,0), (1,1,m,m) for some natural
m > 1 or (I,1,00,00) for some 1 <l <n-—1.

(2) If degy(M;) = (1,1, m;,m;) with m; > 1 for each 1 < i < n then
deg,(N) = (n,n, 00, 00).

(3) If degy(M;) = (mj, m;, 00,00) with m; > 1 for each 1 < i < n then
degy(N) = (k, k,00,00) for some X" m; <k <X m; +n—1.

(4) If degy(M;) = (00, 00,00,00) for some 1 < i < n then deg,(N) =
(00, 00, 00, 00).

Proof. (1) If M; = (w, <) for each 1 < i < n then obviously deg,(N) =
(0,0,0,0). If n =2, My = (w*, <) and Ms = (w, <) then deg,(N) =
(1,1,1,1). If n =2, My = (w*, <) and Ms = (w + m, <) for some natural
m > 1 then degy(N) = (1,1,m + 1,m + 1).

Take an arbitrary natural [ with 1 <1 < n —1. If M; = (w*, <),
M; = (w+ w*, <) for each 2 < i < 1+ 1 and M; = (w*, <) for each
[+ 2 < j <n then degy(N) = (1,1, 00,00).

Since deg,(M;) = (0,0,0,0) for each 1 < i < n, we can form at most
n — 1 copies of Z.

(2) By Theorem 2 and Proposition 2 for each 1 < i <n M; is isomor-
phic to (m} + \; - Z + m?, <) for some nonnegative integers m}, m? with
m; = ml1 + mf + 1, where )\; is at most countable linear ordering with
deg,({(\i, <)) = (0,0,0,0). Then obviously deg,(N) = (n,n, oo, c0).

B) If M; = (Z+...+2Z,<) withm; > 1foreachl < i < n then
g
obviously deg,(N) = (X ym;, X m;, 00, 00).
M, =(w+Z+...+Z+4w* <) withm; > 1foreach 1 < i < n then
g
obviously deg,(N) = (2 ym; +n — 1,5 m; +n — 1,00, 00).

By Propositions 3 and 4 deg, (M;) = (m;, m;, 00, 00) for some m; > 1 iff
M is isomorphic to (AY+A1-Z4. ..+, + X, - Z+X), L, <), where AP, );
are at most countable linear orderings with deg,((\}, <)) = deg,({}\;, <
)) = (0,0,0,0) for every 1 <1 <m;+1 and 1 < j < m;. Then obviously
degy(N) = (k, k,00,00) for some X ;m; <k <X m;+n—1. O

3. Conclusion

We studied possibilities of rigidity characteristics for linear orderings,
including absolute rigidity, the value (1,1,1, 1), and obtained a description
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of countable linear orderings with respect to these characteristics in general
case. It would be interesting to describe possibilities of rigidity character-
istics for natural expansions and extensions of linear orderings including
partial orderings, ordered groups, ordered fields, etc.

10.
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