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Hayunasa crarbsa

Me’ro;[ IIpoeKnuumu rpajameHra mn CTOXAaCTUYECKUil IMONCK AJIA
HEKOTOPbIX MO,ILe.TIef/'I OIITUMAJIBHOI'O YIIpaBJIeHUA CO CIIMHO-
BbIMMHM IIEIIOYKaMMU. 1
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AnHotaumst: B nannoit craree (I) paccmaTpuBaroTcst MOJEIM ONTHMAJBHOIO yIIpaBJe-
HUSI KaK 10 Ilepejiade BO30YKEHHSI C IIEPBOrO CIIMHA Ha IOCJIEIHUM CIIMH B IENOYKE U3
N CcnuHOB, TaK W MO YAEP’KAHUIO BO3OYKJIEHWs, TAaHHOTO Ha IMOCTeIHEM cruHe. Kaxk-
Jas MOJeJIb HCIOJIb3yeT BHEIIHee NapabojindecKoe MarHHTHOE II0JIe, IIPEJCTABIEHHOE
IBYMsl yIpaBIsiomuMu QyHKIuaMu. J[ist 9Tux Mojeseil mpeacTaBIeHbl COOTBETCTBYO-
e 6eCKOHEYHOMEPHbIE I'PAIUEHTHI U IIPOEKIIIOHHOI'O TUIIA JTMHEAPUIOBAHHBIN IPUHITHI
makcumyMa [loHTpsirmHa BMecTe ¢ MX KOHEYHOMEPHBIMU aHajoramu. lIpuBenen koned-
HOMEDHBII METOJ| NMPOEKIUU TPaJIMEeHTa B €ro OJHO-, JIByX- M TPEXIIAaroBbIX (opmax.
Beenen crnermmasbHBIN KJIacC yIpaBJIEHWH I MOJEJN O Iepeatie, OPUEHTUPYSCH Ha
TeHEeTUYECKUN aJrOPUTM, U JIaH COOTBETCTBYIOMMI TpuMep nepegadn i ciaydas N = 30
CIIMHOB.

KuaroueBrble ciioBa: KBaHTOBOE ONITHMAJIbHOE YIIPABJIEHNE, METO/T IPOEKIINY I'DA/INEHTA,
TeHeTUYECKUN aJIrOPUTM, CIIMHOBBIE I[EITOYKHA

Baaromapuoctu: Mccnenosanue nmomaepxkano rpaaTom Ne 22-11-00330-11 Poccuiickoro
Hay4HOro (oH/a, BBIIOJHEHO B MaremarmdeckoMm mHcTuTyTe MM. B.A. Creknosa Poc-
CHIICKOM aKaJIeMUu HayK.
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Dedicated to the memory of Prof. V.A. Dykhta’
whose contribution to the mathematical theory of optimal control and its
applications is impressive and relates, in particular, to quantum control

1. Introduction

Quantum optimal control (QOC) is an actual scientific direction, which
is important, e.g., for quantum chemistry, quantum computations and
quantum information processing, etc. This direction uses various results
from mathematics, e.g., from the theory of optimal control (TOC), the
theory of Lie groups and algebras, etc. For numerical solution of various
quantum optimization problems, as is known, various adaptations of op-

! Morzhin O.V. Dykhta Vladimir Aleksandrovich (1949-2025), Avtomatika i Tele-
mekhanika, 2025, vol. 86, no. 10, pp. 115-126 (in Russian),
http://ait.mtas.ru/ru/archive/volume86issuel0/AutTel10-007Morzhin.pdf;
Autom. Remote Control, 2025, vol. 86, pp. 980-988,
http://ait.mtas.ru/en/archive/volume86issuel10/ARC10-007Morzhin. pdf.
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timization methods and approaches before known beyond QOC are used
with taking into account various specific quantum properties.

From the points of view of mathematics, the article [18] (2009) is the
first article where the first-order gradient projection method (GPM) was
developed for minimizing just on a complex finite-dimensional Stiefel man-
ifold under an equality-type constraint, while before in mathematics the
first-order GPM was known [1] for minimizing in R™ under an equality-
type constraint. Second, [18] is pioneering also in the meaning that there
the method was developed with such the complex Stiefel matrices that
represent the notion of finite-dimensional Kraus operators being important
for various quantum technologies.

In QOC, the direction of developing quantum multi-step — mainly two-
step — GPM forms for various optimal control problems (OCPs) [13-15]
is important. This article adjoins those works and adapts the one- and
two- and three-step GPM forms (GPM-jS, j = 1,2,3) for some OCPs
devoted to transfer and keeping (in the sense of the probability invariant)
at a spin chain driven by an external parabolic magnetic field. As far as the
author knows, Article I is the first article which adapts GPM for the consid-
ered here spin chains’ OCPs. The Pontryagin maximum principle (PMP)
(e.g., [15]), genetic algorithm (GA) (stochastic zeroth-order global search,
e.g., in [19]) are traditionally used in QOC.

The transfer model given in [6;7;16] is modified here using a certain
type of pointwise constraints on controls (adjustment of the admissible set).
Moreover, the article considers such the problem that initially has an exci-
tation at the last spin and requires to keep the excitation at the last spin.
While [7;16] use the regularized first-order iterative Krotov method (about
this method in TOC and QOC, one can see, e.g., in [11]), the article [6]
uses the CRAB (Chopped RAndom-Basis) method described in that article.
The works [10;23], etc. consider another objective functional and [10], etc.
use the Gurman method of derived OCPs, which is long known in TOC. In
general for the direction devoted to transferring quantum information along
a spin chain, consider also the pioneering article [3] (2003) and, e.g., [9].

For each of the considered OCPs, this article obtains, first, the cor-
responding adjoint system, infinite-dimensional gradient under piecewise
continuous (PCont.) controls and, second, obtains the finite-dimensional
gradient under piecewise constant (PConst.) controls from the infinite-
dimensional gradient. This way relates to the approach known both in
TOC [2;5] and QOC [13, slides 16,17]. Using PConst. controls in QOC
is a popular approach integrated, e.g., into the GRAPE (GRadient Ascent
Pulse Engineering) method and GPM in [20], etc. so that gradients under
PConst. controls are obtained directly in comparison to the approach
of [2;5;13] and the current article. In QOC, the direction to use some
parameterization (e.g., PConst.) of controls together with a zeroth-order
stochastic optimization tool, e.g., GA, is important. Separately from GPM,
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this article orienting to GA considers some special classes of controls for the
transfer and keeping problems (Example 3 below is given in this regard).

As is known in the mathematical optimization theory, GPM-1S in its
various forms is long known and traditional both for finite- and infinite-
dimensional optimization (e.g., [4;8;24]). The articles [1;17], etc. give
such the GPM-2S, GPM-3S and the two- and three-order GPM forms that
were constructed for minimizing a function in R™ in the frames of convex
smooth optimization beyond quantum physics. These methods remind the
Polyak heavy-ball method [21] long known for unconstrained optimization.
Thus, this paper is relevant to the direction of accelerating gradient-based
optimization through the quantum applications. For this direction, and
without citing a large number of the relevant mathematical articles known
to the author, note also, e.g., the Nesterov accelerated gradient method. In
mathematics, the direction of two- and three-step GPM forms for a non-
convex continuously differentiable objective function, even with a convex
compact feasible set in R™, is still open for development, as far as the
author knows, including for automatic adaptive adjustment of the step-
size and inertial parameters. Article I does not aimed to construct such
an automatic adaptive scheme for adjusting the GPM parameters and to
give a rigorous theoretical study of the iterative behavior of GPM-2S, GPM-
3S for the considered nonlinear OCPs. The article notes this open direction
and contributes to it through considering the spin chains’ problems.

This article is devoted to obtaining new results that extend those pre-
sented in [7; 16; 23], etc. First, Article I suggests a certain pointwise
time-dependent constraint on controls for the transfer problem and in-
troduces the problem of keeping an excitation initially given at the last
spin under this constraint. Second, Article I adapts the projection-type
linearized PMP and GPM (in its noted above forms and frames) for the
considered OCPs. Third, for the transfer problem, Article I shows numer-
ically (for the case of 30 spins) the effectiveness of combining GA with the
simple parameterized class of controls suggested below.

2. Optimal Control Models with Spin Chains

Based on [7;16; 23], etc., this article considers a one-dimensional spin
chain of N > 1 sites coupled via nearest-neighbor interactions on some
time range [0, 7], as determined by

dy"(t)

7 = —i(Ho + Hi(t, u(t)¥"(t), ¥"(0) =1, u=(u,u2), (2.1)
110..00 -11 0 ..0 0
101..00 1-21..0 0

Hy=—-2JIy+J | 01000 0 1-2..00 Jat]=1,(22)
00001 00 02
000..11 00 0 .. 1 -1

Hi(t,u) = diaug(gm(t,u))%:l7 gm(t,u) =ur(m—1—0o(t) — uQ)2 (2.3)

Ussectust IpkyTCKOro rocy/IapCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukas. 2026. T. 57. C. 19-34
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This vector ordinary differential equation (ODE) with complex-valued
state ¥"(t) satisfies the invariant ||%(t)||cy = 1, ie. ¥¥(t) € S?VN-1(1) C
CN. In this regard, note the known Hopf fibration St < §2N-1 2, cpN-1
which has the total space S2V~1 base CPN-! (complex projection space
being a Kéhler manifold and representing physical states modulo ¥), and
fiber S'. Here u; and uy = d— o are real-valued program controls, describe
correspondingly the intensity and shifted position of an external magnetic
parabolic field (in [7;16], d(t) represents the position). Here Hy, H; are
correspondingly the time-independent free Hamiltonian, time-dependent
controlling Hamiltonian (constant real sparse matrices), the interspin cou-
pling J in the Heisenberg-type Hy and the Planck constant are already
conditionally set to 1. As described in [16], the dimension of the effective
Hilbert space is simply N, i.e. not 2%V, in this case.

First, we consider PCont. u, the shift o(t) = wt, w = (N —1)/T and
introduce the following pointwise constraint for regulating the admissible
ranges of values of the intensity and shifted position:

u(t) = (u1(t), uz(t)) € Qu(t) := [=b1(t), br(t)] x [=ba(t), b2(t)]  (2.4)
where t € [0, 7] and, by analogy with [15, Eq. (4)] considering some another
OCPs, we take the concave functions

by = bysinc (297 (t/T —1/2)%), 1=1,2
with b, > 0, ¢ € [3,8] € N. This means b;(0) = b(T) = 0, l = 1,2 and
represents the considered here requirement of calm switching on and off of
ug,ug with w;(0) = w(T) =0,1=1,2.
As a variant, consider PConst. u, the shift

M-1
o(t) =w ijo Oty b5 ()G +1511) /2, w=(N—-1)/T  (2.5)
(0}t,.,t,,1) is the characteristic function), a given time grid
On ={to=0, t1 = (A1, ..., tpy—1 =T — (At)pr, tayy =T} (2.6)
(as a variant, the grid can be uniform with At =T /M), vector
a=(a1,..., 05, ..., a20) = (0171, ey CLM, C215 -0 CQ’M) (2.7)
with ¢; = (¢;4)2, = u(tj_1) (j € 1, M) (i.e. the values of u along all the

partial ranges at [0,7]), and the constraint

M M
a € Qa = (X [=r1,v14]) XOXZ,
Here we define v ; from b;. If At = T'/M is sufficiently small, then one
can simply define v ; = b(t; + A/2) for (2.8). Let r € 1, M to show which
particular range is taken. For some sth element of a, we have

70_{smodM, s mod M # 0, ; {Ls/MJ—i—l, s mod # 0,

[—VQJ, 7/2’]']) C R2M. (28)

M, s mod M =0, - |s/M]|, s mod M = 0.
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Under some class U of admissible controls, consider the problem of
transfer *(0) = ¢y = (1,0,...,0)T to 1y = (0,...,0,1)T in the meaning
to obtain the final probability (invariant) |()*(T), 1) ‘éN = 1 (with a good
precision). A possible way is, as in [7;16;23], to consider a fixed T" and the
corresponding problem to maximize the final probability, i.e.

I(u) = F"(T);9g) = 1 — |(“(T), )| =
=1 — (¢, 0 (T) (WD), 1) = 1 = [¥%(T)> - min  (2.9)

ueU

and T is changed, if needed. Here F'(1;1,) is continuously differentiable
in . The geometry of I; (u) depends on several factors, including F'(1; 1g).
In the view of ||¢|| = 1, one has F(¢;1g) € [0,1]. The minimal value of
F(;1y), ie. 0, is reached at ¢ = (0,...,0,%n5)" with 1x being on the
complex unit circle S'(1). If one takes ¢ = @Zei‘p with ¢ € [0,2m7), then
lYn|? = ’{EN‘Q’@W”Z = ]@NF, i.e. F'is invariant under the phase factor. At
t = 0, one has the largest value F(¢p;vg) = 1 — (10, 9g)|> = 1. More-
over, F(l/%wg) = Sin2(gFS(w7wg))a where gFS(¢7wg) = arCCOS’WMﬁgH =
arcsin \/F(1;¢g) € [0,7/2] is the Fubini-Study distance on CPN 1.

Of course, one can expect such a case that, under some given T, etc.,
there is such a control process (4, ¥") that is globally optimal in this OCP
from the point of view of TOC, — i.e. the objective functional I; cannot
be decreased more via any way, — but F(¢%(T); g) is significantly larger
than 0. One can formulate the problem to obtain such a pair (u,T’) that
’<¢“(T),@Z1g>|2 =1 and Y(u,T) =T — min under variable 7T". In practice,
one can look for a finite set of such values of T that I; ~ 0 with a good
precision for each of these cases; then, one can take the minimal T over
this finite set. Below GPM is considered only under a fixed 7'

For the transfer problem and orienting to GA, this article introduces
the following special parameterized class of continuous controls representing
possible non-instantaneous pulses near ¢t = 0,7"

(0Fbi(1), teo,t),
U (¢~ B2+ Oh0@), te [, E),
Qu(t) 2 w(t) = § u, t € [ta,t3),  (2.10)
WD (02 + OF (T, ¢ € [fa, D),
O bi(t), t € [ts, T,

where “L” and “R” mean “left” and “right”, [ = 1,2, 0 < tAl < tAg < ?3 <
ty < T. For this class, we take its controlling parameters together as

x = (07,01, 05,05, y1,y2, 1,t2,3,81) € Qx (2.11)

Ussectust IpKyTCKOro rocyIapCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukas. 2026. T. 57. C. 19-34
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with Qx representing HL,GZR € [-1,1], y € [-0.1b;,0.10], | = 1,2, t €
[51762]7 %\2 € [53754]5 %\3 € [55,&.6]7 %\4 € [677§8] with such given {58}2:1 that
0<& <& <E3<E<02T,0.8T <& <& <& <& <T. This class is
inspired, e.g., by Fig. (a),(b) in [12]. Such u is below approximated via its
PConst. version at a given grid Oy via taking w;(t;) at each [t;,t;41).

In the case of PConst. u (arbitrary PConst. u or as an approximation for
(2.10)) and PConst. ¢ (2.5), the dynamic system is discrete-continuous and
exactly is solved, as Lemma 2 shows, simply via a chronological product
of 1y and certain unitary propagators corresponding to ©,;. Since the
coefficients of the considered ODE are constant, then, e.g., the theory of
the Magnus expansion is not needed here. In contrast, [12] reduces the
complex-valued ODE to its real-valued form, then uses a piecewise linear
representation for PCont. controls together with the Radau method. More-
over, by analogy with the keeping problem given in [15, Subsect. 4.8] for
some another quantum dynamics, this article considers such the problem
that considers an excitation given at the last spin at ¢ = 0 and requires
to keep the excitation at the last spin at a given [0,7]. Here we have
g = (0,0,..., 1)T7 i.e. as in the transfer problem, and, in contrast to the
transfer problem, we can take ¢"(0) = 1), in the keeping problem (this case
relates to the phase factor ¢ = 0). In contrast to the transfer problem, here
the goal is to obtain such u that the invariant |[(%(t),10)|? = 1 at [0, 7] is
hold. For the keeping problem, consider

T
B(w) = FOMT0) + Py [ Pt > min, Py >0, (212

Both for the transfer and keeping problems under PCont. = and in
addition to the time-dependent constraint (2.4), consider the following
composite objective functionals containing I,(u), p € {1, 2}:

T ) _
O, (u) = Ip(u) + /0 21:1 P, S;(t)uj(t)dt — min . (2.13)

Here P,, > 0, | = 1,2, the functions Sj(t) = exp[Cs,(t/T — 1/2)?] are
taken with sufficiently large Cs, > 0, [ = 1,2. In order to adjust u;, up near
t =0, T, this tool is in addition to (2.4) and is by analogy with [15, Eq. (5)]
considering some another quantum OCPs. The choice S;(t) = 1 yields the
classical Tikhonov regularization.

With respect to the finite-dimensional GPM developed below, we con-
sider PConst. controls and the corresponding objective functions fy(a) =
¢, (u) (p € {1,2}) to be minimized in view of (2.5)—(2.9), (2.13), where we
take certain PConst. S;, [ = 1,2 at a certain grid ©,,, as well as o.

Beyond GPM, when the special class of controls (2.10) for the transfer
problem is used via some PConst. approximation for this class, consider:
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1) 2M-dimensional vector a defined in (2.7) and representing u in order
to solve (2.1) via the way given below in Lemma 2; 2) 10-dimensional
vector x defined in (2.11) and consisting of the parameters of (2.10) in
order to optimize v under a given T and

Fo(x) = I (uf-sx +PZMlzll|ult],x)|—>%n Po>0. (2.14)

Further, also for the transfer problem, but under 7" being free at a given
range [11,Ts], Th > 0, we consider ¢t = T'7, 7 € [0, 1], introduce v = (ﬂ, T),
u(t) = u(T7), o(r) = o(T7), etc., and

dv v ) ~ o ~ 2
wdT(T) =T (Ho + Hi(r,u(r)v?(r), 7€[0,1], ¥"(0) =19 (2.15)

for an arbitrary N. Consider the corresponding analogue for the special
class (2.10), approximate this analogue at the grid

{n=0<..<my<..<mp=1} (2.16)
and then instead of (2.14) consider
- M-1
f(XT)—l_‘ 7—1)¢g +PZ le|UlTJaXT)|+
+PrT — rnln), Py, Pr > 0. (2.17)

For the keeping problem and orienting to GA, consider the following
special parameterized continuous class of controls:

ult) = (PrQu(t)(ij“‘ i sin ((wlﬂms/T)), I = 1,2), t e [0, 7],

1
where Prq ;) means the orthogonal projection onto @) at each t. Con-

sider the corresponding 4 Mg;,-dimensional vector
Y = (K11, K115 oy K2 My W2,My,) € Qy
(Qy is a given convex compact set), approximate u at ©); for obtaining
its PConst. version, introduce P, > 0 and consider the following objective
function to be minimized under a given 7"
fa(y) = max F(¢“(t;);vg) + P, u(tj;y)] — min .

(¥) = max FQ" (1)) + By 3 ST ()] = i
Here, as a variant, one can consider directly m;; € [1, N N] € N instead of
[wy,i], because, e.g., the GA implementation [22] allows to use mixed types
of variables to be optimized.

3. Infinite-Dimensional Gradients, Projection-Type
Linearized PMP, Zero Control

Lemma 1. With a given final time T, PCont. control u = (ui,usg),
consider the transfer problem (2.1)-(2.4), (2.9), (2.13), i.e. in the terms of
O (u), or the keeping problem (2.1)-(2.4), (2.12), (2.13), i.e. in the terms

Ussectust IpkyTCKOro rocyIapCTBEHHOTO YHUBEPCUTETA.
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of ®o(u). For these problems, the following constructions with a given
admissible control u'® are hold (the index “p” for the quantum and adjoint
systems’ solutions is omitted): 1) the adjomt equation

w®)
dndt(t) — (Ho + Hy(t,u® (t))> 7" (1) +

10 ® =y, (3.1)
2Py (g, 0" (1)) = (0,...,0,2P, (%" (1)), & =ds;

2) the final-time condition

1" (1) = Wffansy, = 2008, 0" (D) = (0, 0,2k (1)) (3.2)
3) the infinite-dimensional gradients (p € {1, 2})

v(pp(u(k))(t) = (— Im<n“(k> (t), M

v W) L+

oy u=u®) (¢) cN
+2P, S (t)u (1), 1= 1,2), te0,7], (3.3)
where % =diag{(m —1—o0(t) — U2)2}TZX=1;
ouq
% = —2uydiag{(m — 1 — o (t) — UQ)}%:ﬁ
811,2

4) the gradient increment formula
Pp(u) — ‘I)p(u(k)) = <V(I)p(u(k))7 U= u(k)>L2([0,T},R2)_

— (g, 0 (T) — 0" (1)) + 1y, p € {12} (3.4)

Proof. By analogy with [11, §6.5], [15, Sect.2], Krotov Lagrangian long
known in TOC is adapted here. We take it at an admissible (u,9") and

with a solving linear function ¢(¢, 1) = Re(n(t),¢) = 3 ((n(t), )+, n(t)))
(this form of ¢ is taken as in [11, p. 256)):

KLy(u) = / Rt n(t), ™ (t), u(t) )dt = B, (u),
G (T)) = F™(T): thg) + Re(n(T), " (T)) — Re(n(0), *(0)),
R(tm(0).6"(8) u(t)) = Re[{n(t), ~i(Ho + Hi (1, u(t)) (1)) +

(D )] - PF@ ) ~ Y PuSitin

=1
with Py = 0, if p =1, and n(t) to be defined. At an arbitrary admissible u

and a given admissible u(¥), consider

KLy(u) — KLy(u®) = G(¢*(T)) — G*"(T))—
T
B /o [R(t, n(£), (1), u(t)) — R(t,n(£), v (£),u™ (£))]dt
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where wu(k) is the solution of (2.1) with u = u(*), while 7 is determined
below. For p € {1,2}, the quadratic increment G(¢*(T)) — G(@b“(k) (T)) is
equally represented by the finite Taylor expansion

Re(n(T RV F (W3], oy ¥ (D=0 (1))~ (g, " (D)= () 2.

Here the Wirtinger-type gradient

V(" (T); 1) = —2(tbg, ™" (T))g € TCN

and Hessian matrix Hr = —2149); are used. In this expansion, the first-
order term is taken to be zero for obtaining (3.2), whereas the second-order
term is taken for (3.4). Consider how the increment for R is used for
deriving (3.1), (3.3), (3.4). This increment is linear (for p = 1) or quadratic
(for p = 2) in ¢*(t). Depending on p, we derive the corresponding finite
Taylor expansion. Its first-order part related to ¥"(t) — w“(k) (t) provides
(3.1), the rest gives (3.3), (3.4) with some 7. O

Corollary 1. In the transfer problem, consider the control u = 0. Then
the solution of (2.1) is Pu=0(t) = e~ ol the solution of (3.1), (3.2) is
n*=0(t) = eHo(T=Dpu=0 " and the gradient (3.3) becomes

N Transv. ’

OH,(t,u) »
iHo(T—t),,u=0 #‘ iHot _
V(I)l(o)( ) ( Im <€ nTransv ) 8Ul u:()e ¢0>7 ! 17 2)
with 2500 = diag{(m —1 - o(1)*})_; and 25E0]  —oy.

u=0
Proof. For obtaining

—iHoT , __ , u=0

u=0 iHo(T—t
n (t) =e o )nTransv , one has e C = NTransv.

multiples it by e’#oT obtains e!HoTe~HoT ¢ = [y ¢ using that the matrices
1HyT, —iHyT commute and matrix exponentials are invertible matrices.
Taking 9*=%(¢), n*=°(t), v = 0 in (3.3) gives the gradient formula for the

case u = 0. O]

By analogy with the projection-type linearized PMP known in TOC and
used for QOC, e.g., in [15], the following theorem is considered.

Theorem 1. (Projection-type linearized PMP). With PCont. u, consider
the transfer problem (2.1)—(2.4), (2.9), (2.13), i.e. in the terms of ®1(u),
and the keeping problem (2.1)-(2.4), (2.12), (2.13), i.e. in the terms of
®o(u). For any OCP among these problems, if an admissible control u is
a local minimum point for the corresponding ®,(u), p € {1,2}, then for u
there exist such the solutions 1™, n" of (2.1), (3.1), (3.2) that the following
pointwise condition is hold:

U(t) = Pro, o ((t) — aVO,@)(t) ¥ a >0, te0,T]. (3.5)
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An extremal control @ is determined by (3.5) for any « > 0.

Example 1. Consider the transfer problem with ®;(u) = I (u), N = 3.
-11 0
Here, following (2.2), (2.3), take Hy = ( 1 -2 11), Hy = uy diag((o(t) +

u)?, (1—o(t)—uz)?, (2—0o(t)—u2)?). Following Corollary 1, one analytically
obtains V®;(0)(t) = (non-zero large expression, 0), i.e. u =0 at the whole
[0,T] for any T' > 0. The second component of the vector condition (3.5)
is 0 = 0 at the whole [0, T]. Substituting the solution 1"=0(t) = e~ oty
into the function F(¢); 1) instead of ¢ gives Fy = & (6cost + 3cos(2t) —
2cos(3t) + 11) which is shown in Fig. 1(a) for t € [0,4n]. Here we see that
u = 0 cannot provide the transfer. [

(@) (b)

F F

0 2wt 4m 0 2wt 4w

Figure 1. F("=°(t);1g) vs t: (a) in the transfer problem (Example 1, 1o # t); (b) in
the keeping problem (Example 2, g = vg).

Example 2. For the keeping problem, the quantum system with the condi-
tion 1*=%(0) = 14 has the solution ¢*=0(t) = e~*Hols), whose substitution
into F(1; vg) gives F = 1—[("=0(t); ¢hg)|? = 2 (7 cost+2 cos(2t)+9)sin® §
reaching 0 at ¢t = 27n, n = 1,2, ... This is shown in Fig. 1(b) for ¢ € [0, 47].
Here we see that u = 0 cannot provide the keeping. [

4. System’s States Representation via Matrix Exponentials,
Condition for Optimality, Finite-Dimensional GPM

Lemma 2. Consider the system (2.1)-(2.3). With a given grid ©p; de-
fined in (2.6), consider correspondingly PConst. o in the form (2.5) and
PConst. u with its representation as a at Op;. For a given admissible
PConst. u, consider the exact formulas

PU(tjr) = eAcr)bm—tdyuy 5 e 0,M — 1, ¥(to) = o, (4.1)

) . t; +t; 2\ N
A(cjp1) = —i (Ho + 1,41 diag((m —1— ]T]Hw — C2,+1) )mzl) (4.2)

where Y"(t;) (j € 1, M) depends continuously on a. Consider the trans-
fer problem (2.1)-(2.4), (2.9), (2.13) and the keeping problem (2.1)-(2.4),
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(2.12), (2.18) on the grid ©ys, in the terms of the corresponding objective
functions fp(a), p=1,2. Here we have the increment formula

p(u) = 0p(ult)) = fo(a) - f(a¥) = (Vfp(@®)a—a™) + R, (43)
where the gradient consists of

tit1
(Vfp(a®)), = / AP ta®yar, dP = (Vo)) (4.4)
t

with the indices p € {1,2}, s€ 1,2M, 5 € 0,M — 1, [ € {1,2}.

Proof. The formulas (4.1), (4.2) describe the construction of the con-
tinuous function " on [0, 7] by sequentially deriving the function’s parts
along all the particular time ranges, where each subsequent part continues
the previous one without a jump. The sequential Cauchy problems

dy 1 (t) - : Y(t;), J#0
= A(c. Ci+1(¢ Ci+1(¢.) = 37 ’
= A, v ) =4t 07
are solved under j = 0, M — 1 with 4% (¢;) taken to connect the neighboring
parts of the composite trajectory. The continuity of ¢*(t;) in {a,} is based
on considering all these matrix exponentials as uniformly converging series
and on the preservation of the continuous dependence under the matrices’

product. The formulas (4.3), (4.4) are derived basing on (2.3), (2.4). Here
k)

we take cg-’i)l during a half of [t;,;41]. Under PConst. u, u®), one has

fo(a) — fp(a(k)) = ®py(u) — q)p(u(k)) =
=S ([ e wan) (e - ) + R, -

tj

=37 (V@9 (a —al) + R, = (Tya®), a—a®) + Ry O

As N increases, the complexity of computing the matrix exponentials
of order N increases. For the transfer / keeping problem with PConst. u,
etc., one can solve (3.1), (3.2) simply by operating with the matrix ex-
ponentials that were previously computed for solving (2.1) and with the
known algebraic fact that e=® = (e)* for any anti-Hermitian matrix B
(the corresponding details are omitted in Article I for brevity).

The next theorem takes into account the projection-type first-order
necessary condition for optimality known (e.g., [24, part 2, p.99]) in math-
ematics and does not require convexity/ strong convexity for fy(a) on the
whole Q.

Theorem 2. (Necessary first-order condition for local optimality). For
the transfer problem (2.1)-(2.4), (2.9), (2.13) and the keeping problem
(2.1)-(2.4), (2.12), (2.13) both considered on the grid ©p; and in the
terms of the corresponding objective functions fy(a), p = 1,2, and tak-
ing into account the gradient grad fy(a.) using Lemma 1, one has that if
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a, is a local minimum point of f,(a), then the following equality is hold:
a, = Prg, (a* — anp(a*)) YV a>0.

Using the obtained finite-dimensional gradients, consider

GPM-18: a1V = Prg, (a®) — o, V£, (a¥))), k>0,

GPM-2S: al*V) = Prg (a®) — ), V£, (a®)+

+ Br@® —almly) k> 1,
GPM-3S: a**+1 = pry (a(k) —ap Vf,(a®) + gpa® —ak-Dy4
+ (2D — a(k_Q))), k> 2.

Here the projections are easily and uniquely and exactly analytically ob-
tained. This article suggests to look for significant improvements of a(®)
with respect to fy(a) over a series of iterations, not necessarily in a monoto-
nous manner, with trying to manually adjust the GPM coefficients by
setting them equal to some fixed values for the series of iterations, e.g.,
a>0, 8€(0,1),y € (0,8) in GPM-3S. Thus, after performing the series
of iterations, we are interested in the corresponding last improving control
and monotonically decreasing subsequence for f,. For stopping GPM-
2S and GPM-3S, one can consider, e.g., the following indicators (along
with a simple upper limit on GPM iterations): 1) reaching a predefined
lower threshold for the objective function’s values; 2) absence of signifi-
cant improvement for a predefined number of GPM iterations after good
improvements or without them. The GPM quality depends on a® on
how precisely the integrals in (4.4) are approximated. Solving one Cauchy

problem (2.1) can be considered as a unit of computational complexity for
GPM.

5. GA for the Transfer Problem with N = 30 Spins

Example 3. Under N = 30, consider the transformed system (2.15),
which evolves at [0, 1] with respect to 7, contains 7" as a controlling pa-
rameter. Consider a certain non-uniform grid (2.16) with M = 300. The

objective function f5(x,T) defined in (2.17) should be minimized. Take
51 = 2, 52 =L qg=q¢=8, 0%,0%,9{{,95 S [_171]7 also y1 € [_04704]7
y2 € [-0.2,0.2], 71 € [0.03,0.07], 7> € [0.1,0.14], 73 € [0.86,0.9], 74 €
[0.93,0.97], T € [33,39], Pr = 0, Px = 0. The corresponding program
written by the author in Python uses scipy.linalg.expm representing the
Padé approximation with a variable order for computing matrix exponen-
tials given in (4.1), (4.2), also uses, e.g., the GA implementation [22] for
which the parameters max_num_iteration = 103, population_size = 50,
etc. were used. For the same problem, 16 trial runs of GA were performed.

Over these runs, such the values {F,}1%,, {T.}!%, of F =1 — |(¢ (7 =

s=1>
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1), %) 2, T were computed that mean{F}!%, ~ 0.011, i.e. ~ 1.1% of

the upper bound 1 for F, min{Fs}!%, ~ 0.0026, max{F}!%, ~ 0.020,

mean{7}1%, ~ 36.6. Here the best result is (F &~ 2.62- 1073, T ~ 36.28).

Although the special class of controls is simple, the final infidelity F' is near
0.3% of 1. Fig. 2 visualizes the best obtained result.

N 1 ! Y2 __ e
wop [0 G R VAR T,
I 20k N
a I ’
AR IR KO 1 ©
0 10 20 4 30 1 5 10 15 20 25 30 0 10 20 4 30

index m (for spin sites)

Figure 2. For Example 3 with N = 30, the GA results (before adding normally
distributed noises): (a), (b) transfer in the terms of 4% (t)|?; (c) resulting controls.

Table 1.

For Example 3. The statistical results over a lot of cases of noised controls.

oin N min Y maxyY | min W | max W | mean W | median W
0.05 ~ —0.29 | =0.26 | =0.008 | ~0.236 | ~ 0.052 =~ 0.046
0.1 ~—-0.54 | =052 | =0.023 | =0.655 | ~0.181 ~ 0.165
0.15 ~ —0.76 | ~0.84 | =0.040 | ~0.907 | ~ 0.354 ~ 0.334
0.2 ~—110 | =#1.05 | =0.056 | =0.977 | ~ 0.526 ~ 0.520

Further, the following sensitivity analysis was performed. First, the best
computed values of T, 6, etc. were rounded with six digits after the deci-
mal point. Second, at each pth run among 10* independent runs, random
values {nl,xp}j]\igl (M = 300, Il = 1,2) were generated with the normal
distribution N'(¢ = 0.05, 4 = 0) and added to the PConst. u, us obtained
above, i.e. we have 2M -10* values {u;(7;)+ny j,} of 2-10% such noised con-

trols and compute the corresponding 10* values W = {1 — ‘(@Z) U(1),1g) ‘2}
The size of the corresponding Y = {n; j,} is 2M -10%. The value T is taken
the same. Such the computations were performed also for o = 0.1, 0.15, 0.2
in A. Thus, the quantum ODE was solved 4 - 10% times using (4.1), (4.2)
and 1.2 - 10" matrix exponentials (of order 30) were computed here. Ta-
ble 3 shows the obtained min, max of Y (tailed values) and min, max,
arithmetic mean, median of W for each o € {0.05,0.1,0.15,0.2}. We see
that some mild noise does not much change the final infidelity obtained via
the GA approach.
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6. Conclusion

This article (I) considers two optimal control models, one of which is

devoted to transfer an excitation given at the first spin along a chain of N
spins to the last spin — the other to keeping an excitation given at the last
spin. Each model employs an external controlled parabolic magnetic field
represented by two control functions. For these models, the corresponding
infinite-dimensional gradients (Lemma 1) and the projection-type linearized
PMP (Theorem 1) are given along with their finite-dimensional analogues
(Lemma1, Theorem2). The finite-dimensional GPM in its one- and two-
and three-step forms is represented in the planned frames. A special class of
controls for the transfer model is introduced (2.10) for a genetic algorithm,
and the corresponding transfer example (No. 3) for the case of N = 30
spins is given.
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