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Научная статья

Диэдральные и кватернионные подгруппы автотопизмов
полуполевых проективных плоскостей порядка 𝑝4

О. В.Кравцова1B, Д. С.Скок1

1 Сибирский федеральный университет, Красноярск, Российская Федерация
B ol71@bk.ru

Аннотация: Отмечается, что в 1959 г. Д. Р. Хьюз выдвинул предположение, что
полная группа коллинеаций всякой конечной недезарговой полуполевой проектив-
ной плоскости разрешима (см. также вопр. 11.76 Н. Д. Подуфалова в «Коуровской
тетради»). Метод регулярного множества предлагается использовать для исключе-
ния некоторых простых неабелевых групп из списка возможных подгрупп автото-
пизмов (коллинеаций, фиксирующих треугольник). Настоящая статья продолжает
цикл результатов о 2-подгруппах и 2-элементах в группе автотопизмов. Естествен-
ные ограничения, полученные ранее, позволяют завершить описание диэдральных
и кватернионных подгрупп порядка 8 в группе автотопизмов, с указанием их гео-
метрического смысла. Получено матричное представление регулярного множества
для полуполевой проективной плоскости нечетного порядка и размерности 4 над
центром, в зависимости от характеристики его простого подполя. Доказано, что
диэдральная подгруппа автотопизмов порядка 8 обязательно содержит перспектив-
ности и поэтому не может быть подгруппой никакой простой неабелевой группы.
Для случая кватернионной подгруппы автотопизмов без перспективностей построе-
ны примеры полуполевых проективных плоскостей порядков 81 и 2401 с точностью
до изоморфизма. Список исключений дополняет классические результаты Х. Люне-
бурга и других о проективных специальных линейных подгруппах коллинеаций. Ис-
пользуемый метод и описанные алгоритмы допускают обобщение на случай другой
размерности или другого порядка.

Ключевые слова: полуполевая плоскость, полуполе, регулярное множество, груп-
па автотопизмов, группа кватернионов, группа диэдра, проблема Хьюза
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1. Introduction

A classical problem in projective geometry is the description of the
collineation group (automorphisms) of a finite projective plane, as well as
the classification of planes of fixed order that admit a certain collineation
group (for translation planes, see [5]). The first significant result concerning
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DIHEDRAL AND QUATERNION AUTOTOPISM SUBGROUPS 147

projective planes of order 𝑛 admitting a collineation group isomorphic to
𝑃𝑆𝐿(2, 𝑞) was obtained by H. Lüneburg in 1964; it was a characterization of
Desarguesian projective planes of order 𝑛 = 𝑞 [9]. In 1989, G.E. Moorhouse
enumerated [12] projective planes that admit 𝑃𝑆𝐿(2, 𝑞) for 𝑛 < 𝑞. In a 2007
survey, A. Montinaro [11] provided a solution for 𝑛 ≤ 𝑞2 along with some
examples of translation planes admitting 𝑃𝑆𝐿(2, 𝑞).

Closely related to this problem is D. Hughes’ 1959 conjecture [3] on the
solvability of the collineation group of a finite non-Desarguesian semifield
plane (Question 11.76 by N.D. Podufalov in the Kourovka Notebook). All
currently known projective planes coordinatized by non-associative finite
semifields possess this property. We propose an approach based on the
classification of finite simple groups and J. Thompson’s theorem on minimal
simple groups. The spread set method allows us to determine conditions
for the existence of a semifield plane with a given autotopism subgroup
(collineations fixing a triangle) and to construct examples, including com-
putational ones. By excluding certain simple non-Abelian groups from
possible autotopism subgroups, we can make significant progress in solving
this problem.

The results on projective linear groups imply that a non-Desarguesian
semifield plane of order 𝑛 does not admit a collineation group isomorphic to
𝑃𝑆𝐿(2, 𝑞), 𝑞 ≥ 𝑛. In previous publications by the first author, other useful
results have been proved on the autotopism group Λ of a non-Desarguesian
semifield projective plane of order 𝑝𝑁 , where 𝑝 is prime and 𝑁 = 2𝑚 ·𝑠 with
𝑠 odd. In particular, for 𝑝 > 2 group Λ contains no subgroups isomorphic to
𝑃𝑆𝐿(2, 22𝑛) and 𝑃𝑆𝐿(2, 5𝑛). For 𝑝 ≡ 1 (mod 4) it contains no subgroups
isomorphic to 𝑃𝑆𝐿(2, 𝑞), where 𝑞 ≡ 1 (mod 2𝑚+2) or 𝑞 ̸≡ ±3 (mod 8).

These results are based [6] on the boundedness of the order of cyclic or
elementary Abelian autotopism 2-subgroup without central collineations.
The spread set approach involves first constructing matrix representations
of autotopism subgroups isomorphic to the dihedral group𝐷8 or the quater-
nion group 𝑄8 of order 8. For 𝑝 ≡ 1 (mod 4) such a subgroup necessarily
contains central collineations [6; 7] and thus cannot be embedded in any
simple non-Abelian autotopism subgroup.

The case 𝑝 ≡ −1 (mod 4) requires special consideration due to the
different geometric meaning of an autotopism of order 4. In [8], the au-
thors derive matrix representations for generators of autotopism subgroups
isomorphic to 𝐷8 or 𝑄8. For dimension 𝑁 ̸≡ 0 (mod 4), this excludes
most simple non-Abelian groups as possible autotopism subgroups, except
possibly: 𝑃𝑆𝐿(2, 2𝑛), 𝑛 ≥ 2, 𝑃𝑆𝑈(3, 2𝑛), 𝑛 ≥ 2, 𝑆𝑧(2𝑛), 𝑛 is odd, 𝑛 > 1,
𝑃𝑆𝐿(2, 𝑞), 𝑞 ≡ ±3 (mod 8), 𝐽1 or 2𝐺2(3

𝑛), 𝑛 is odd, 𝑛 > 1 (due to [2]).
This paper focuses on the case |𝜋| = 𝑝4, 𝑝 ≡ −1 (mod 4), aiming to

construct matrix representations of spread sets for semifield planes with
autotopism subgroups 𝐻 ≃ 𝐷8 or 𝐻 ≃ 𝑄8. We show (theorem 1) that the
first case is impossible. For the second case (theorem 2) the existence is con-
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firmed by examples of orders 34 and 74. Note that for “good”characteristics,
examples of semifield planes of orders 54 and 134 were constructed by the
first author earlier. For 𝐻 ≃ 𝑄8 we exclude the existence of a subgroup
𝐹 ≃ 𝑆𝐿(2, 3) without central collineations.

2. Main definitions and preliminary discussion

The study of finite semifields and semifield planes started more than a
century ago with the first examples constructed by L.E. Dickson [1]. A
semifield (term from 1965) is called a non-associative ring 𝑄 = (𝑄,+, ·)
with identity where the equations 𝑎𝑥 = 𝑏 and 𝑦𝑎 = 𝑏 are uniquely solved
for any 𝑎, 𝑏 ∈ 𝑄, 𝑎 ̸= 0. The absence of an associative law in a semifield
leads to a number of anomalous properties in comparison with a field or a
skewfield or even a near-field. Moreover, the coordinatization of points and
lines of a finite projective plane by the semifield elements provides special
geometric properties.

We use main definitions, according [4; 5], see also [6], for more detail.
Consider a linear space𝑊 , 𝑛-dimensional over the finite field 𝐺𝐹 (𝑞) and

the subset of linear transformations 𝑅 ⊂ 𝐺𝐿𝑛(𝑞) ∪ {0} such that:
1) 𝑅 consists of 𝑞𝑛 square (𝑛× 𝑛)-matrices over 𝐺𝐹 (𝑞);
2) 𝑅 contains the zero matrix 0 and the identity matrix 𝐸;
3) for any 𝐴,𝐵 ∈ 𝑅, 𝐴 ̸= 𝐵, the difference 𝐴 − 𝐵 is a nonsingular

matrix.
The set 𝑅 is called a spread set [4]. Consider a bijective mapping 𝜃 from

𝑊 onto 𝑅 and present the spread set as 𝑅 = {𝜃(𝑚) | 𝑚 ∈ 𝑊}. Define
the multiplication on 𝑊 by the rule 𝑥 *𝑚 = 𝑥 · 𝜃(𝑚) (𝑥,𝑚 ∈ 𝑊 ). Then
⟨𝑊,+, *⟩ is a right quasifield of order 𝑞𝑛 [4]. Moreover, if 𝑅 is closed under
addition then ⟨𝑊,+, *⟩ is a semifield.

To construct and study finite semifields, we use a prime field Z𝑝 as a basic
field, 𝑝 is prime. In this case the mapping 𝜃 is presented using only linear
functions; it greatly simplifies reasoning and calculations (also computer).

A semifield 𝑊 coordinatizes the semifield projective plane 𝜋 of order
𝑝𝑛 = |𝑊 | such that:

1) the affine points are the elements (𝑥, 𝑦) of the space 𝑊 ⊕𝑊 ;
2) the affine lines are the cosets to subgroups

𝑉 (∞) = {(0, 𝑦) | 𝑦 ∈𝑊}, 𝑉 (𝑚) = {(𝑥, 𝑥𝜃(𝑚)) | 𝑥 ∈𝑊} (𝑚 ∈𝑊 );

3) the set of all cosets to the subgroup is the singular point;
4) the set of all singular points is the singular line;
5) the incidence is set-theoretical.

The finite plane 𝜋 is Desarguesian (classical) if 𝑊 is a field, then 𝑅 ≃
𝑊 ≃ 𝐺𝐹 (𝑝𝑛).
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The solvability of a collineation group 𝐴𝑢𝑡 𝜋 for a semifield plane is
reduced [4] to the solvability of an autotopism group Λ (collineations fixing
a triangle). Without loss of generality, we can assume that autotopisms are
determined by linear transformations of the space 𝑊 ⊕𝑊 :

𝜆 : (𝑥, 𝑦)→ (𝑥, 𝑦)

(︂
𝐴 0
0 𝐵

)︂
,

here the matrices 𝐴 and 𝐵 satisfy the collineation condition (see also [10])

𝐴−1𝜃(𝑚)𝐵 ∈ 𝑅 ∀𝜃(𝑚) ∈ 𝑅. (2.1)

To shorten the record, we will often use the notation 𝑑𝑖𝑎𝑔(𝐴,𝐵) for the
block-diagonal matrix. Note that throughout the article, the blocks-sub-
matrices have the same dimension by default.

The collineations fixing a closed Baer subset have special properties. It
is well known [4], that any involutory collineation is a central collineation
or a Baer collineation.

A collineation of a projective plane is called central (or perspectivity), if
it fixes a line pointwise (the axis) and a point linewise (the center). If the
center is incident to the axis then a collineation is called an elation, and a
homology in another case. All the perspectivities in an autotopism group
are homologies and form the normal cyclic subgroups [6]:

𝐻𝑟 = {𝑑𝑖𝑎𝑔(𝐸,𝑀) | 𝑀 ∈ 𝑅*
𝑟},

𝐻𝑚 = {𝑑𝑖𝑎𝑔(𝑀,𝐸) | 𝑀 ∈ 𝑅*
𝑚},

𝐻𝑙 = {𝑑𝑖𝑎𝑔(𝑀,𝑀) | 𝑀 ∈ 𝑅*
𝑙 }.

The matrix subsets 𝑅𝑙, 𝑅𝑚, 𝑅𝑟 are defined by a spread set:

𝑅𝑙 = {𝑀 ∈ 𝐺𝐿𝑛(𝑝) ∪ {0} | 𝑀𝜃(𝑚) = 𝜃(𝑚)𝑀 ∀𝜃(𝑚) ∈ 𝑅},
𝑅𝑚 = {𝑀 ∈ 𝑅 | 𝑀𝜃(𝑚) ∈ 𝑅 ∀𝜃(𝑚) ∈ 𝑅},
𝑅𝑟 = {𝑀 ∈ 𝑅 | 𝜃(𝑚)𝑀 ∈ 𝑅 ∀𝜃(𝑚) ∈ 𝑅},

they are called left, middle and right nuclei of the plane 𝜋 respectively [4].
An autotopism group of a semifield plane of odd order contains three

involutory homologies (clear, in the center of Λ):

ℎ1 = 𝑑𝑖𝑎𝑔(−𝐸,𝐸), ℎ2 = 𝑑𝑖𝑎𝑔(𝐸,−𝐸), ℎ3 = 𝑑𝑖𝑎𝑔(−𝐸,−𝐸). (2.2)

A collineation of a projective plane 𝜋 of order 𝑚 is called Baer collinea-
tion if it fixes pointwise a subplane of order

√︀
|𝜋| =

√
𝑚 (Baer subplane).

We use the following results on the matrix representation of a Baer in-
volution 𝜏 ∈ Λ and of a spread set obtained earlier, for more detail,
see [6].
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Let 𝜋 be a non-Desarguesian semifield plane of order 𝑝𝑁 (𝑝 > 2 is prime).
If its autotopism group Λ contains the Baer involution 𝜏 then 𝑁 = 2𝑛 is
even and we can choose the base of 4𝑛-dimensional linear space over Z𝑝
such that

𝜏 =

(︂
𝐿 0
0 𝐿

)︂
, (2.3)

where the matrix 𝐿 ∈ 𝐺𝐿2𝑛(𝑝) is block-diagonal 𝐿 = 𝑑𝑖𝑎𝑔(−𝐸,𝐸). The
spread set 𝑅 in 𝐺𝐿2𝑛(𝑝) ∪ {0} consists of matrices

𝜃(𝑉,𝑈) =

(︂
𝑚(𝑈) 𝑓(𝑉 )
𝑉 𝑈

)︂
, (2.4)

where 𝑉 ∈ 𝑄, 𝑈 ∈ 𝐾, 𝑄,𝐾 are the spread sets in 𝐺𝐿𝑛(𝑝) ∪ {0} (but
maybe 𝐸 ̸∈ 𝑄), 𝑚, 𝑓 are additive injective functions from 𝐾 and 𝑄 into
𝐺𝐿𝑛(𝑝) ∪ {0}, 𝑚(𝐸) = 𝐸.

3. Matrix representation of spread sets

Theorem 1. Let 𝜋 be a non-Desarguesian semifield plane of order 𝑝4,
where 𝑝 > 2 is prime, and let Λ be its autotopism group. Then any dihedral
subgroup 𝐻 < Λ of order 8 necessarily contains central collineations.

For 𝑝 ≡ 1 (mod 4), this statement was proved in [7]. For the remaining
case 𝑝 ≡ −1 (mod 4) this proof approach is inapplicable due to the par-
ticular geometric meaning of autotopisms of order 4, see [6]. We shall find
the matrix representation of the spread set for the plane 𝜋 in this case.

Lemma 1. Let 𝜋 be a non-Desarguesian semifield plane of order 𝑝4, where
𝑝 ≡ −1 (mod 4) is prime, and let its autotopism subgroup 𝐻 without ho-
mologies is isomorphic to 𝐷8. Then the base of the 4-dimensional linear
space over Z𝑝 can be chosen such that the spread set 𝑅 ⊂ 𝐺𝐿4(𝑝) ∪ {0}
consists of matrices (𝑎, 𝑏, 𝑐, 𝑑, 𝑗 ∈ Z𝑝)

𝜃(𝑥, 𝑦, 𝑧, 𝑡) =

⎛⎜⎜⎝
𝑡 𝑎𝑧 𝑏𝑦 𝑐𝑥
−𝑎𝑧 𝑡 −𝑏𝑥 𝑐𝑦
𝑗𝑦 −𝑗𝑥 𝑡 𝑑𝑧
𝑥 𝑦 𝑧 𝑡

⎞⎟⎟⎠ , 𝑥, 𝑦, 𝑧, 𝑡 ∈ Z𝑝.

Proof. As proved in [8] for |𝜋| = 𝑝4, the subgroup 𝐻 can be generated by
the autotopism 𝛼 of order 4 and the Baer involution 𝛽:

𝛼 = 𝑑𝑖𝑎𝑔(𝑆,𝐸, 𝑆,𝐸), 𝛽 = 𝑑𝑖𝑎𝑔(𝐿,𝐿,𝐿, 𝐿),

where 𝑆 =

(︂
0 1
−1 0

)︂
, 𝐿 =

(︂
−1 0
0 1

)︂
. Here 𝜏 = 𝛼2 = 𝑑𝑖𝑎𝑔(𝐿,𝐿) (2.3) is

a Baer involution. The spread set matrices can be written, therefore, as
(2.4), with 𝐾 ≃ 𝐺𝐹 (𝑝2).
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The collineation condition (2.1) allows us to determine all submatrices.
Since 𝛼 and 𝛽 are collineations, the products(︂

𝑆 0
0 𝐸

)︂−1

𝜃(𝑉,𝑈)

(︂
𝑆 0
0 𝐸

)︂
,

(︂
𝐿 0
0 𝐿

)︂−1

𝜃(𝑉,𝑈)

(︂
𝐿 0
0 𝐿

)︂
must belong to the spread set 𝑅 for any 𝑉 ∈ 𝑄 and 𝑈 ∈ 𝐾. Matrix
multiplication yields:

𝑎) 𝐿𝑉 𝐿 ∈ 𝑄,
𝑏) 𝑉 𝑆 ∈ 𝑄,
𝑐) 𝑓(𝐿𝑉 𝐿) = 𝐿𝑓(𝑉 )𝐿,

𝑑) 𝑓(𝑉 𝑆) = −𝑆𝑓(𝑉 ), ∀𝑉 ∈ 𝑄;

𝑒) 𝐿𝑈𝐿 ∈ 𝐾,
𝑓) 𝑚(𝐿𝑈𝐿) = 𝐿𝑚(𝑈)𝐿,

𝑔) 𝑆𝑚(𝑈) = 𝑚(𝑈)𝑆, ∀𝑈 ∈ 𝐾.

From the conditions (a) and (e), respectively, we have the form of blocks
𝑉 and 𝑈 :

𝑉 =

(︂
𝜈1(𝑦) 𝜈2(𝑥)
𝑥 𝑦

)︂
, 𝑈 =

(︂
𝜇1(𝑡) 𝜇2(𝑧)
𝑧 𝑡

)︂
, 𝑥, 𝑦, 𝑧, 𝑡 ∈ Z𝑝. (3.1)

Since 𝜈𝑖, 𝜇𝑖 are linear functions, with 𝑉 𝑆 ∈ 𝑄 and 𝐸 ∈ 𝐾, we obtain:

𝑉 =

(︂
𝑗𝑦 −𝑗𝑥
𝑥 𝑦

)︂
, 𝑈 =

(︂
𝑡 𝑑𝑧
𝑧 𝑡

)︂
. (3.2)

Note that the coefficient 𝑑 of the linear function 𝜇2(𝑧) is necessarily not a
square in Z𝑝, since any nonzero matrix 𝑈 must be non-degenerate.

Let us express the block 𝑚(𝑈) as:

𝑚(𝑈) =

(︂
𝑚1(𝑧, 𝑡) 𝑚2(𝑧, 𝑡)
𝑚3(𝑧, 𝑡) 𝑚4(𝑧, 𝑡)

)︂
(3.3)

From the condition (f) we have:

𝑚𝑖(𝑧, 𝑡) = 𝑚𝑖(−𝑧, 𝑡), 𝑖 = 1, 4; −𝑚𝑘(𝑧, 𝑡) = 𝑚𝑘(−𝑧, 𝑡), 𝑘 = 2, 3,

and, given linearity and 𝑚(𝐸) = 𝐸, it follows to 𝑈 =

(︂
𝑡 𝑎𝑧
𝑎𝑧 𝑡

)︂
. Condition

(g) gives 𝑎 = 𝑎. Similarly for block 𝑓(𝑉 ), from (c) we get:

𝑓(𝑉 ) =

(︂
𝑓1(𝑦) 𝑓2(𝑥)
𝑓3(𝑥) 𝑓4(𝑦)

)︂
, (3.4)

and from (d): 𝑓1(𝑦) = 𝑏𝑦, 𝑓2(𝑥) = 𝑐𝑥, 𝑓3(𝑥) = −𝑏𝑥, 𝑓4(𝑦) = 𝑐𝑦. Addition-
ally, all the blocks are either zero or non-degenerate.
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To complete the proof of the theorem 1, we show that among the nonzero
matrices of the obtained set 𝑅, there are necessarily degenerate ones. Com-
puting the determinant:

det 𝜃(𝑥, 𝑦, 𝑧, 𝑡) = 𝑡4 + 𝑏𝑐𝑗𝑥4 − 𝑐𝑡2𝑥2 − 𝑏𝑗𝑡2𝑥2 + 𝑏𝑐𝑗𝑦4 − 𝑐𝑡2𝑦2−
− 𝑏𝑗𝑡2𝑦2 + 2𝑏𝑐𝑗𝑥2𝑦2 − 𝑎2𝑑𝑧4 + 𝑎2𝑡2𝑧2 − 𝑑𝑡2𝑧2 + 𝑎𝑏𝑑𝑥2𝑧2−
− 𝑎𝑐𝑗𝑥2𝑧2 + 𝑎𝑏𝑑𝑦2𝑧2 − 𝑎𝑐𝑗𝑦2𝑧2.

Let 𝑀 = 𝑥2 + 𝑦2, then:

det 𝜃(𝑥, 𝑦, 𝑧, 𝑡) = 𝑏𝑐𝑗𝑀2+𝑀(𝑎𝑏𝑑𝑧2−𝑎𝑐𝑗𝑧2−𝑏𝑗𝑡2−𝑐𝑡2)+(𝑡2−𝑧2𝑑)(𝑡2+𝑎2𝑧2).

Let us consider the case 𝑧 = 0 and decompose this quadratic polynomial
into factors:

det 𝜃(𝑥, 𝑦, 0, 𝑡) = 𝑏𝑐𝑗

(︂
𝑀 − 𝑡2

𝑏𝑗

)︂(︂
𝑀 − 𝑡2

𝑐

)︂
.

As is known, in a finite field of odd characteristic, any element can be
represented as the sum of two squares. Therefore, choosing an arbitrary
𝑡 ̸= 0, we can find 𝑥 and 𝑦 so that

𝑀 = 𝑥2 + 𝑦2 =
𝑡2

𝑏𝑗
or 𝑀 = 𝑥2 + 𝑦2 =

𝑡2

𝑐
.

For the chosen nonzero row (𝑥, 𝑦, 0, 𝑡), the determinant of the matrix van-
ishes, so 𝑅 cannot be a spread set of the semifield plane 𝜋. The resulting
contradiction proves the theorem.

Thus, the proved result completely excludes for the semifield plane of
order 𝑝4 the situation when the Sylow 2-subgroup of autotopisms Σ < Λ
contains two non-commuting involutions. The bound on the number of
commuting Baer involutions in Λ was proved earlier: for |𝜋| = 𝑝4 the order
of an elementary Abelian 2-subgroup without homologies does not exceed 4
(for more detail, [6]). Taking into account the presence in Λ of homologies
ℎ1, ℎ2, ℎ3 = ℎ1ℎ2 of order 2 from the center of the group, we have the
corollary.

Corollary 1. If Σ is a Sylow 2-subgroup of the autotopism group Λ for
a non-Desarguesian semifield plane 𝜋 of order 𝑝4, where 𝑝 > 2 is prime,
then its elementary abelian 2-subgroup 𝐹 < Σ has order 4, 8 or 16, with
|𝐹 ∩ 𝑍(Λ)| = 4.

Now consider the autotopism subgroup 𝐻 ≃ 𝑄8, where the only involu-
tion is 𝜏 . For 𝑝 ≡ 1 (mod 4) this involution must be a homology [8]. For
𝑝 ≡ −1 (mod 4), 𝜏 ∈ 𝐻 could be Baer. Using the result [8] on the matrix
representation of the subgroup 𝐻 generating elements, we find the matrix
representation of the spread set.
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Theorem 2. Let 𝜋 be a non-Desarguesian semifield plane of order 𝑝4,
𝑝 ≡ −1 (mod 4) is prime, the autotopism subgroup 𝐻 is isomorphic to
𝑄8 and does not contain homologies. Then the base of the 4-dimensional
linear space over Z𝑝 can be chosen such that the spread set 𝑅 ⊂ 𝐺𝐿4(𝑝)∪{0}
consists of matrices (𝑎, 𝑏, 𝑐, 𝑑, 𝑗 ∈ Z𝑝)

𝜃(𝑥, 𝑦, 𝑧, 𝑡) =

⎛⎜⎜⎝
𝑡 𝑎𝑧 𝑏𝑥 𝑐𝑦
−𝑎𝑧 𝑡 𝑏𝑦 −𝑐𝑥
𝑗𝑦 −𝑗𝑥 𝑡 𝑑𝑧
𝑥 𝑦 𝑧 𝑡

⎞⎟⎟⎠ , 𝑥, 𝑦, 𝑧, 𝑡 ∈ Z𝑝.

Proof. According to the results of [8], the subgroup 𝐻 ≃ 𝑄8 can be gener-
ated by autotopisms 𝛼 and 𝛽 of order 4:

𝛼 = 𝑑𝑖𝑎𝑔(𝑆,𝐸, 𝑆,𝐸), 𝛽 = 𝑑𝑖𝑎𝑔(𝐶,𝐿,𝐶, 𝐿), (3.5)

where 𝑆 and 𝐿 are as above, 𝐶2 = −𝐸, 𝐶𝑆 = 𝑆𝐶, 𝛼2 = 𝛽2 = 𝜏 . It’s not

hard to show that for |𝜋| = 𝑝4 the matrix 𝐶 =

(︂
𝑐1 𝑐2
𝑐2 −𝑐1

)︂
, 𝑐21 + 𝑐22 = −1.

Repeating the reasoning from the proof of Theorem 1, from the collinea-
tion condition for 𝛼 and 𝛽 we obtain:

𝑎) 𝐿𝑉 𝐶 ∈ 𝑄,
𝑏) 𝑉 𝑆 ∈ 𝑄,
𝑐) 𝑓(𝐿𝑉 𝐶) = −𝐶𝑓(𝑉 )𝐿,

𝑑) 𝑓(𝑉 𝑆) = −𝑆𝑓(𝑉 ), ∀𝑉 ∈ 𝑄;

𝑒) 𝐿𝑈𝐿 ∈ 𝐾,
𝑓) 𝑚(𝐿𝑈𝐿) = −𝐶𝑚(𝑈)𝐶,

𝑔) 𝑆𝑚(𝑈) = 𝑚(𝑈)𝑆, ∀𝑈 ∈ 𝐾.

From conditions (a) and (e), respectively, similarly to the previous one, we
have the form (3.1) of the blocks 𝑉 and 𝑈 . Further, from the linearity of
the functions 𝜈𝑖, 𝜇𝑖 and the conditions 𝑉 𝑆 ∈ 𝑄 and 𝐸 ∈ 𝐾 we again see
(3.2). For the block 𝑚(𝑈) of the form (3.3), from conditions (f) and (g)

we obtain: 𝑚(𝑈) =

(︂
𝑡 𝑎𝑧
−𝑎𝑧 𝑡

)︂
. For 𝑓(𝑉 ), unlike (3.4), the condition (c)

gives 𝑓(𝑉 ) =

(︂
𝑏𝑥 𝑐𝑦
𝑏𝑦 −𝑐𝑥

)︂
.

Remark 1. Note that the coefficient 𝑑 of the linear function 𝜇2(𝑧) is
necessarily not a square in Z𝑝, since any nonzero matrix 𝑈 must be non-
degenerate. Since −1 is not a square in Z𝑝 and non-squares form a coset
in the multiplicative group of the field, then we will write −𝑑2 instead of
𝑑, now assuming that the element 𝑑 ∈ Z𝑝 is arbitrary:

𝜃(𝑥, 𝑦, 𝑧, 𝑡) =

⎛⎜⎜⎝
𝑡 𝑎𝑧 𝑏𝑥 𝑐𝑦
−𝑎𝑧 𝑡 𝑏𝑦 −𝑐𝑥
𝑗𝑦 −𝑗𝑥 𝑡 −𝑑2𝑧
𝑥 𝑦 𝑧 𝑡

⎞⎟⎟⎠ , 𝑥, 𝑦, 𝑧, 𝑡 ∈ Z𝑝. (3.6)
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It should be noted that in the case of 𝐻 ≃ 𝑄8 this subgroup cannot
be contained in 𝐹 ≃ 𝑆𝐿(2, 3). Indeed, in this case there would exist
an autotopism 𝛾 given by the block-diagonal matrix 𝑑𝑖𝑎𝑔(𝐷1, 𝐷2, 𝐷3, 𝐷4),
commuting with the involution 𝜏 and satisfying the condition 𝛾−1𝛼𝛾 = 𝛽,
and for matrices (3.5) this is obviously impossible.

Corollary 2. Let 𝜋 be a non-Desarguesian semifield plane of order 𝑝4,
𝑝 ≡ −1 (mod 4) is prime, the autotopism subgroup 𝐹 does not contain
homology. Then 𝐹 cannot be isomorphic to 𝑆𝐿(2, 3).

4. Examples

We now construct examples of semifield planes of order 𝑝4 that admit
the autotopism subgroup 𝐻 ≃ 𝑄8 without homologies.

As noted in [8], the complete list of semifield planes of order 81 ad-
mitting a Baer involution contains exactly one plane with a homology-free
autotopism subgroup 𝐻 ≃ 𝑄8, and none with 𝐻 ≃ 𝐷8, consistent with
Theorem 1. The spread sets for order-81 examples were previously written
in an another form, so we recomputed them for matrices 𝜃(𝑥, 𝑦, 𝑧, 𝑡) (3.6),
for both 𝑝 = 3 and 𝑝 = 7. Computer calculations show that in the first
case there are 8 coefficient rows (𝑎, 𝑏, 𝑐, 𝑑, 𝑗):

(1, 1, 2, 1, 1), (1, 1, 2, 2, 1), (1, 2, 1, 1, 1), (1, 2, 1, 2, 1),

(2, 1, 1, 1, 2), (2, 1, 1, 2, 2), (2, 2, 2, 1, 2), (2, 2, 2, 2, 2),

in the second we obtain 792 tuples. Note that distinct parameter rows
may correspond to isomorphic planes, so we must to classify them into
isomorphism classes. It is clear that for 𝑝 = 3 we should end up with
unique class.

The first step in solving the isomorphism issue will be to calculate the
nuclei orders for the constructed semifield planes.

Lemma 2. Let 𝜋 be a semifield plane of order 𝑝4, 𝑝 ≡ −1 (mod 4) with
the spread set (3.6). The orders of its right, middle, and left nuclei are
determined as follows.

1. If 𝑎2–𝑑2 = 0, 𝑎𝑏+ 𝑐 = 0, then |𝑅𝑟| = 𝑝2, otherwise |𝑅𝑟| = 𝑝.
2. If 𝑎2 − 𝑑2 = 0, 𝑎 = 𝑗, then |𝑅𝑚| = 𝑝2, otherwise |𝑅𝑚| = 𝑝.
3. If 𝑗2–𝑑2 = 0, 𝑗𝑏+ 𝑐 = 0, then |𝑅𝑙| = 𝑝2, otherwise |𝑅𝑙| = 𝑝.

Proof. It will be convenient for us to write down an arbitrary matrix of a
spread set as a decomposition 𝜃(𝑥, 𝑦, 𝑧, 𝑡) = 𝑥𝑋 + 𝑦𝑌 + 𝑧𝑍 + 𝑡𝐸, where

𝑋 =

⎛⎜⎜⎝
0 0 𝑏 0
0 0 0 −𝑐
0 −𝑗 0 0
1 0 0 0

⎞⎟⎟⎠ , 𝑌 =

⎛⎜⎜⎝
0 0 0 𝑐
0 0 𝑏 0
𝑗 0 0 0
0 1 0 0

⎞⎟⎟⎠ , 𝑍 =

⎛⎜⎜⎝
0 𝑎 0 0
−𝑎 0 0 0
0 0 0 −𝑑2
0 0 1 0

⎞⎟⎟⎠ .
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We detail the proof for the right nucleus (others follow similarly). If𝑀 is
a matrix from the right nucleus 𝑅𝑟, then for any matrix from 𝑅 all products
𝜃(𝑥, 𝑦, 𝑧, 𝑡)𝑀 must remain in 𝑅. It is sufficient to check this condition only
for the base elements 𝑋, 𝑌 , 𝑍, 𝐸 of the spread set: 𝑋𝑀,𝑌𝑀,𝑍𝑀,𝑀 ∈ 𝑅.

Let’s write 𝑀 as 𝑥𝑋 + 𝑦𝑌 + 𝑧𝑍 + 𝑡𝐸 and calculate the product 𝑋𝑀 :

𝑋𝑀 =

⎛⎜⎜⎝
𝑏𝑗𝑦 −𝑏𝑗𝑥 𝑏𝑡 −𝑏𝑑2𝑧
−𝑐𝑥 −𝑐𝑦 −𝑐𝑧 −𝑐𝑡
𝑗𝑎𝑧 −𝑗𝑡 −𝑗𝑏𝑦 𝑗𝑐𝑥
𝑡 𝑎𝑧 𝑏𝑥 𝑐𝑦

⎞⎟⎟⎠ =

⎛⎜⎜⎝
𝑐𝑦 𝑎𝑏𝑥 𝑏𝑡 𝑐𝑎𝑧
−𝑎𝑏𝑐 𝑐𝑦 𝑏𝑎𝑧 −𝑐𝑡
𝑗𝑎𝑧 −𝑗𝑡 𝑐𝑦 −𝑑2𝑏𝑥
𝑡 𝑎𝑧 𝑏𝑥 𝑐𝑦

⎞⎟⎟⎠ ,

because it is 𝜃(𝑡, 𝑎𝑧, 𝑏𝑥, 𝑐𝑦) ∈ 𝑅. For the corresponding elements, we obtain
the equations:

(𝑎𝑏+ 𝑏𝑗)𝑥 = 0,

(𝑐− 𝑎𝑏)𝑥 = 0,

(𝑗𝑐+ 𝑏𝑑2)𝑥 = 0,

(𝑎𝑐+ 𝑏𝑑2)𝑧 = 0,

(𝑎𝑏+ 𝑐)𝑧 = 0,

(𝑏𝑗 − 𝑐)𝑦 = 0,

2𝑐𝑦 = 0,

(𝑐+ 𝑏𝑗)𝑦 = 0.

Since 𝑐 ̸= 0, then 𝑦 = 0, and only the first five conditions remain. For
the product 𝑌𝑀 with 𝑦 = 0 we similarly obtain 𝑥 = 0 and (𝑎𝑐 − 𝑏𝑑2)𝑧 =
(𝑎𝑏+𝑐)𝑧 = 0, and for the product 𝑍𝑀 with 𝑥 = 𝑦 = 0 we add the condition
(𝑎2−𝑑2)𝑧 = 0. Consequently, if at least one of the elements 𝑎2−𝑑2, 𝑎𝑏+ 𝑐,
𝑎𝑐 + 𝑏𝑑2 is nonzero, then 𝑧 = 0 and 𝑀 = 𝜃(0, 0, 0, 𝑡) = 𝑡𝐸, then 𝑅𝑟 ≃ Z𝑝.
When 𝑎2−𝑑2 = 𝑎𝑏+𝑐 = 𝑎𝑐+𝑏𝑑2 = 0 we obtain𝑀 = 𝜃(0, 0, 𝑧, 𝑡), |𝑅𝑟| = 𝑝2.

For the matrix 𝑀 from the middle kernel 𝑅𝑚 we check the conditions
𝑀𝑋,𝑀𝑌,𝑀𝑍,𝑀 ∈ 𝑅, and the conditions 𝑀𝑋 = 𝑋𝑀 , 𝑀𝑌 = 𝑌𝑀 ,
𝑀𝑍 = 𝑍𝑀 for 𝑀 ∈ 𝑅𝑙.

For order-81 planes, calculation result is consistent with [8]: all nuclei
have order 𝑝2 = 9. For order 74 results are summarized in Table 1.

We can divide any class 𝐾𝑖 into isomorphic subclasses, taking into ac-
count that the base replacement with the transition matrix 𝑑𝑖𝑎𝑔(𝑇,𝑊 )
makes the spread set 𝑅 to the form 𝑇−1𝑅𝑊 (for more details, see [10]).
We will choose the transition matrix so that the subgroup 𝐻 is preserved.
Therefore, we need to find the centralizer and normalizer of 𝐻 in the group
𝐺𝐿8(𝑝). Let us present the reasoning for the centralizer.

Table 1

Class |𝑅𝑟| |𝑅𝑚| |𝑅𝑙| Number of spread sets

𝐾1 𝑝2 𝑝2 𝑝2 72

𝐾2 𝑝2 𝑝 𝑝 144

𝐾3 𝑝 𝑝2 𝑝 144

𝐾4 𝑝 𝑝 𝑝2 144

𝐾5 𝑝 𝑝 𝑝 288
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Since the matrix 𝑑𝑖𝑎𝑔(𝑇,𝑊 ) must commute with 𝛼2 = 𝛽2 = 𝜏 , it is
block-diagonal of the form 𝑑𝑖𝑎𝑔(𝑇1, 𝑇2,𝑊1,𝑊2). The commutativity imply
the equalities 𝑇1𝑆 = 𝑆𝑇1, 𝑊1𝑆 = 𝑆𝑊1, 𝑇1𝐶 = 𝐶𝑇1, 𝑊1𝐶 = 𝐶𝑊1, 𝑇2𝐿 =
𝐿𝑇2,𝑊2𝐿 = 𝐿𝑊2. From the first four conditions, we obtain scalar matrices
𝑇1 = 𝑡1𝐸, 𝑊1 = 𝑤1𝐸, and from the last two the diagonal matrices 𝑇2 =
𝑑𝑖𝑎𝑔(𝑡2, 𝑡3), 𝑊2 = 𝑑𝑖𝑎𝑔(𝑤2, 𝑤3). Thus, the centralizer of the subgroup 𝐻 is

𝐶(𝐻) = {𝑑𝑖𝑎𝑔(𝑡1, 𝑡1, 𝑡2, 𝑡3, 𝑤1, 𝑤1, 𝑤2, 𝑤3) | 𝑡𝑖, 𝑤𝑖 ∈ Z*
𝑝, 𝑖 = 1, 2, 3}.

Let us compose the matrix of the new spread set as 𝑇𝜃(𝑥, 𝑦, 𝑧, 𝑡)𝑊 , replac-
ing 𝑇−1 with 𝑇 to simplify the notation (it possibly due to arbitrariness):⎛⎜⎜⎝

𝑡1𝑡𝑢1 𝑡1𝑎𝑧𝑢1 𝑡1𝑏𝑥𝑢2 𝑡1𝑐𝑦𝑢3
−𝑡1𝑎𝑧𝑢1 𝑡1𝑡𝑢1 𝑡1𝑏𝑦𝑢2 −𝑡1𝑐𝑥𝑢3
𝑡2𝑗𝑦𝑢1 −𝑡2𝑗𝑥𝑢1 𝑡2𝑡𝑢2 −𝑡2𝑑2𝑧𝑢3
𝑡3𝑥𝑢1 𝑡3𝑦𝑢1 𝑡3𝑧𝑢2 𝑡3𝑡𝑢3

⎞⎟⎟⎠ = 𝜃′(𝑥′, 𝑦′, 𝑧′, 𝑡′),

where 𝑥′ = 𝑡3𝑥𝑢1, 𝑦
′ = 𝑡3𝑦𝑢1, 𝑧

′ = 𝑡3𝑧𝑢2, 𝑡
′ = 𝑡3𝑡𝑢3. Comparing the

coefficients 𝑎′, 𝑏′, 𝑐′, 𝑑′, 𝑗′ of the matrix of the new spread set with the
corresponding coefficients for the original plane, we obtain:

𝑎′ = 𝑎
𝑡2
𝑡3
, 𝑏′ = 𝑏

𝑡1
𝑡2

𝑡1
𝑡3
, 𝑐′ = 𝑐

(︂
𝑡1
𝑡3

)︂2

, 𝑑′2 = 𝑑2
(︂
𝑡2
𝑡3

)︂2

, 𝑗′ = 𝑗
𝑡2
𝑡3
.

Let’s make the substitution 𝑡2/𝑡3 = 𝑢, 𝑡1/𝑡3 = 𝑣 and rewrite the result.

Lemma 3. Let 𝜋 and 𝜋′ be the semifield planes of order 𝑝4 with the
spread sets (3.6) for the coefficient rows (𝑎, 𝑏, 𝑐, 𝑑, 𝑗) and (𝑎′, 𝑏′, 𝑐′, 𝑑′, 𝑗′),
respectively. If there exist nonzero elements 𝑢, 𝑣 ∈ Z𝑝 such that

𝑎′ = 𝑎𝑢, 𝑏′ = 𝑏
𝑣2

𝑢
, 𝑐′ = 𝑐𝑣2, 𝑑′2 = 𝑑2𝑢2, 𝑗′ = 𝑗𝑢,

then the planes 𝜋 and 𝜋′ are isomorphic.

Direct comparison of the coefficients in the case 𝑝 = 3 shows the iso-
morphism of all the constructed planes. For the case 𝑝 = 7, the classes 𝐾𝑖

from the Table 1 are divided into 22 isomorphism classes, with 36 spread
sets in each. The final list is presented in Table 2 with the choice of one of
the class representatives.

Remark 2. By the conditions of lemma 3, we may assume without loss
of generality that, for instance, the coefficient 𝑎 (or the coefficient 𝑗) in
(3.6) is equal to 1. Further, we can assume that the coefficient 𝑐 is equal
to 1 if it is a square, and −1 otherwise.

Clearly, a complete classification up to isomorphism requires determin-
ing the transition matrices 𝑑𝑖𝑎𝑔(𝑇,𝑊 ) from the normalizer of the subgroup
𝐻. We omit these computations, as extensive calculations in our cases yield
the same result.
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Table 2

Class Plane 𝑎 𝑏 𝑐 𝑑 𝑗 Class Plane 𝑎 𝑏 𝑐 𝑑 𝑗

𝐾1 𝜋1 1 1 6 1 1 𝐾4 𝜋11 1 1 6 1 2

𝐾1 𝜋2 1 6 1 1 1 𝐾4 𝜋12 1 1 6 1 4

𝐾2 𝜋3 1 2 6 3 4 𝐾4 𝜋13 1 6 1 1 2

𝐾2 𝜋4 1 4 6 2 2 𝐾4 𝜋14 1 6 1 1 4

𝐾2 𝜋5 1 3 1 2 2 𝐾5 𝜋15 1 2 6 2 1

𝐾2 𝜋6 1 5 1 3 4 𝐾5 𝜋16 1 4 6 3 2

𝐾3 𝜋7 1 2 6 1 1 𝐾5 𝜋17 1 1 6 2 4

𝐾3 𝜋8 1 4 6 1 1 𝐾5 𝜋18 1 1 6 3 1

𝐾3 𝜋9 1 3 1 1 1 𝐾5 𝜋19 1 3 1 3 2

𝐾3 𝜋10 1 5 1 1 1 𝐾5 𝜋20 1 5 1 2 1

𝐾5 𝜋21 1 6 1 2 4

𝐾5 𝜋22 1 6 1 3 1

Theorem 3. There exists a unique semifield plane of order 81 whose
autotopism group contains a perspectivity-free subgroup isomorphic to 𝑄8.
There exist exactly 22 pairwise non-isomorphic semifield planes of order 74

satisfying this condition.

5. Conclusion

If D. Hughes’ assumption on the solvability of the autotopism group
for any non-trivial finite semifield is incorrect, then the composition series
of the autotopism group must contain simple non-Abelian factors. Having
excluded the possibility of the existence of a simple non-Abelian autotopism
subgroup, we will have to proceed further to the development of compu-
tational technique for the quotient-group. Given the complexity of the
problem, it seems natural to continue searching for solutions in the case of
the smallest possible dimension over the center, that is, for the order 𝑝4 of
a semifield plane.
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