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Hayunasa crarnsa

O moI02KUTENIbHON pa3penimMOoCTi OJHOTO KJacca
HeJIMHEHbIX MHOTOMEPHBIX MHTErpajibHbIX ypaBHEHUIA
tuna 'ammepinreitna

X. A. XauaTpsau'™

I Epesanckuii rocynapcrsenssiil yausepeurer, Epesan, Pecriy6imnka ApMenust
=1 khachatur.khachatryan@ysu.am

Amnnoranus: Vcciemyercss KiacC HeJIMHEHHBIX MHOIOMEDHBIX MHTErPAJIbHBIX ypaBHe-
Huii Ha R™ ¢ HeKOMIakTHBIM omepaTopoMm [ammeprureiina. YKa3aHHbBIN KJIACC ypaBHE-
HUI UMeeT HENOCPEICTBEHHOEe NPUMEHEHWE B Pa3/INYHBIX HAPABJIEHUSX MaTeMaTHhde-
CKONl (PU3MKU U MATEeMATHIECKON 3muaeMuoaorud. OTInduTesbHO 0COOEHHOCTHIO UC-
CJIEJTyeMOTO YPABHEHUsI SIBJISIETCSI OTCYTCTBHE IOJTHON HEITPEPBIBHOCTU COOTBETCTBYIOIIIE-
ro HEJMHEHHOTO MHOTOMEPHOTO MHTETrPAJBLHOIO OIEPATOpPa B IMPOCTPAHCTBE OT'PDAHUYEH-
upix Ha R™ dbyHKIUi, HATMYHe TPUBUATBHOTO (HYJIEBOTO) PEIIeHUs W HepeIEKCUBHOCTD
COOTBETCTBYIOIIETO IIPOCTPAHCTBA, IJI€ PACCMATPHUBAETCSA BOIPOC ITOCTPOEHUS HETPHUBU-
aJbHOM HEMOJBUKHON TOYKHM HEJIMHEHHOI'0 MHTErPaJbHOrO oreparopa lammepinreiiHa.
IIpu onpenen€HHBIX yCJIOBHSAX HAa SAPO M HEJIMHEHHOCTH JOKa3bIBAETCA KOHCTPYKTHUB-
Hasl TeOpeMa CYIEeCTBOBAHUs MOJOXKHUTEIBHOIO OTPAHUYIEHHOTO W HEIPEPBIBHOTO Pellre-
HusA. KpoMme Toro, ycraHaB/IMBaeTCs PABHOMEDHAs CXOJIUMOCTH CIEIMAIBHO BBIODAHHBIX
TIOCJIEIOBATEIbHBIX TMPUOINKEHUN K PEIIEHUI0 CO CKOPOCTBIO OECKOHEYHO yObIBAIOIIEH
reoMeTpPHUYEeCcKOil IIporpeccur. B 1ocTaTovHO MIUPOKOM HOJKIACCE KJIAcCa HEOTPUIATE b
HBIX ¥ OFpaHuYeHHBbIX HA R™ (MyHKIMH JTOKA3bIBAETCH TAKXKE eIUHCTBEHHOCTD PEIICHUS
ypaBHenusi. Vcciemyercss mHTerpajbHasi aCUMIITOTHKA TOCTPOEHHOTO PEIeHUs] TIPpU J0-
MIOJIHUTEIbHBIX OI'PDAHUYEHHSAX HA AP0 M HA HEJIMHEHHOCTb ypaBHeHHs. B Konre pabo-
TBHI IPUBOJSATCS KOHKPETHBIE TPUMEDHI SITIEP W HEeJTMHEHHOCTeH, YIOBIETBOPSIONINX BCEM
YCJIOBUSM JOKa3aHHBIX TEOPEM.

KiroueBble ciioBa: MOHOTOHHOCTB, HUTE€pallii, BOI'HYyTOCTbH, OI'DaAaHUYE€HHOE DpeEIleHue,
nHTEerpaJibHadA aCUMIITOTUKA

Buaaromapuoctu: VccienoBanne BblnosiHeHO npu (GUHAHCOBON mojiepxkke Komwurera
o nayke PA B pamkax nayunoro npoekra Ne 23RL-1A027.
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1. Introduction

1.1. STATEMENT OF THE PROBLEM

We consider the following class of nonlinear integral equations of Ham-
merstein type on R” :=R x -+ x R, R := (—00, +00):
—_——

n
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SOLVABILITY OF NONLINEAR INTEGRAL EQUATION 83

flxy,... xp) =
:/K(wl,...,xn,tl,...,tn)G(tl,...,tn,f(tl,...,tn))dtl...dtn, (1.1)
Rn
X := (x1,...,2y) € R™ with respect to the unknown function f(xi,...,z,)

which is assumed to be non-negative, bounded and continuous on R". In

equation (1.1) the kernel K satisfies the following key conditions:

a) K(x1,...,Zn,t1,...,ty) >0, (z1,...,2,) €R™, (t1,...,t,) €ER", K €
C(R™),

b) v(z1,...,2n) = [ K(z1,..., %0, t1,...,tn) dt1 ... dt, < 1,7 € C(R™),

Rn
lim y(z1,...,2,) = 1, where x| = (23 4 --- + 22)1/2.
|x|—o00
The nonlinearity G(x1,...,Zn,u) is defined on the set R x Rt Rt :=

[0, +00), takes non-negative values and satisfies the following assump-

tions:

A) G e CR"xR"), G(x1,...,2,,0) =0, (x1,...,2,) € R" and for every
fixed (z1,...,x,) € R™, the function G is monotone increasing in u on
RT,

B) there exists a continuous, monotone increasing, and strictly concave
mapping ® : [0,1] — [0, 1], with the properties ®(0) = 0, ®(1) = 1,
®'(40) = 400, such that G(x1,...,x,,0u) > ®(0)G(21,...,Tn,u),
(x1,...,2n,u) €ER" x RT 0 € [0,1],

C) there exists a constant 7 > 0 such that
G(x1,...,xn,m)<n, (z1,...,2,) € R and lim G(x1,...,2,,7) = 1.

|x| =00
It follows immediately from condition A) that the zero function

flx1,...,2,) =0

is a trivial solution of equation (1.1). The principal objective of this paper is
to construct a second, nontrivial solution to equation (1.1) which is bounded
and continuous on R™. Additionally, we investigate the uniqueness and the
asymptotic behavior at infinity of the constructed solution.

1.2. POSSIBLE APPLICATIONS AND BRIEF HISTORICAL BACKGROUND

Equation (1.1), with various forms of the kernel K and nonlinearity G,
arises in numerous applications in mathematical physics and mathematical
biology. In particular, when

1
K(:Ul,...,xn,tl,...,tn):W-exp(—

n
7r f—

(l‘i—ti)z) s Tiy i € R,izl,...,n,

=1
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G(z1,... zn,u) =u®, (21,...,7,) €ER", ue R ac(0,1),
equation (1.1) appears in the theory of p-adic open-closed string mod-
els for scalar tachyon fields (see [1;14;16]), where the desired solution
f repressing the tachyon field of a string. When n = 1, the kernel K
depends on the difference of its arguments and is given as a superpo-
sition of exponentials, and when the nonlinearity G(x,u) has the form
G(z,u) =u—w(r,u), z€R, ueRT, we C(RxRT), w(z,0)=0, z €R,
w(z,u) } inu on [A,+00), A >0, sup w(z,u) € Li1(R), the equation (1.1)

ueRt
finds applications in the theory of radiative transfer in spectral lines (see [5],
[6]). Finally, in the case K(x1,...,Zp,t1,...,ty) = K(:zl —tyyee Ty —ty),
(X1,...,2n) € R (t1,...,tn) € R", G(x1,...,zp,u) = (1 —e™), v >
1, (z1,...,2,) € R", u € RT, equation (1.1) models the spatio-temporal
spread of epidemic diseases within the frameworks of the Diekmann—Kaper
and Atkinson—Reuter models (see [2—4;7;10]).

Historically, research on equation (1.1) has focused mainly on scenarios,
where the kernel K depends on the difference of its arguments or admits a
majorant or minorant of this type, and the nonlinearity G is independent of
Z1,...,Tyn, while being monotone, continuous, and concave (see [3;7;10]).
Under various additional assumptions on the function K and G, these works
established the existence and uniqueness of nontrivial bounded solutions.
Some qualitative properties of these solutions have also been analyzed (see
[4:8]).

Furthermore, the one-dimensional analogue of equation (1.1), has been
extensively studied under various conditions on the kernel K(z,t) and
the nonlinearity G(z,u). For example, in papers [15] and [16], iterative
methods were developed for constructing a sign-preserving solution of a
one-dimensional analogue of equation (1.1) in the particular case when
K(z,t) = %e_(x_t)z, (z,t) e RxR, G(u) = u%,p > 2—o0dd number, and in
paper [14], the absence of a sign-preserving non-trivial solution was proven.
In papers [2] and [3], the existence of a positive and bounded solution
of the one-dimensional equation (1.1) was studied in the case where the
kernel depends on the difference of its arguments, and the nonlinearity
satisfies sufficiently strict constraints. In papers [7] and [8], the questions
of existence and uniqueness of a nontrivial bounded solution of the one-
dimensional equation (1.1) were discussed, where the kernel is majorized
by a difference kernel, and the nonlinearity is a monotone concave function
satisfying weaker conditions than those considered in papers [2] and [3].
These studies have primarily relied on results from the theory of linear
integral operators of convolution type and monotone nonlinear operators
in regular cones.

It is interesting to note that nonlinear integral equations of a detailed
nature with loads and bifurcation parameters have been studied in sufficient
detail in the works [12;13].

UsBectus VIpKyTCKOro rocyapCTBEHHOTO YHUBEPCUTETA,
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1.3. SUMMARY OF THE RESULTS OBTAINED

In this paper, under conditions a), b) and A)—C'), we prove a constructive
theorem on the existence of a second nontrivial, bounded, continuous, and
positive solution to equation (1.1). Furthermore, we establish the uniform
convergence of the corresponding successive approximations to this solu-
tion, with a rate characterized by a geometrically decreasing progression
(see Theorem 1). Under the same conditions, we also prove a unique-
ness theorem for the solution within a specific subclass of the space of
nonnegative, bounded functions:

M:={fe MR"): f(x1,...,25) >0, (21,...,2,) €ER"

and 3r > 0, s.t. |i|nf f(z1,...,25) > 0}, (1.2)
X|>7

where M (R™) the space refers to functions bounded on R™ (see Theo-

rem 2). As a special case, this result implies that if vy(z1,...,2,) = 1,
G(x1,...,xn,m) =1, (21,...,2,) € R, then equation (1.1) in the class M
has only the solution f(x1,...,2,) =0, (1,...,2,) € R™
Under the following additional conditions:
c) there exist continuous functions A\, K;, i =1,2,...,n on R with prop-
erties:

0<6:= ime+ Mz) < Mz) <1, ze€R":=[0,+00), 1 -\ Li(R),
faS

0 < Ki(—t) = K;(t),t € R", K; € Li(R) N Lo(R),

o

o0

1
/Kl(x)d$:2, 1=1,2,...,n,
0

) is monotonically non-decreasing on R™, such that

n

K(I‘l, P T SRR tTL) > )\(|X’) HKZ(xl - tl)’
i=1
for all x = (x1,...,2,) € R, (t1,...,t,) € R™
D) G(z1,...,7n,u) = Go(u), where Gy € C(R") — is a monotonically
increasing strictly concave function on R and G (0) = 0, Go(n) = 7,
we will demonstrate that the constructed solution possesses the properties

o
sup [ =G <+,
(Il,...,xi,1,Ii+1,...,xn)€Rn_1_oo (13)

/(n— flz1,...,2p))"dxy .. . dxy, < +00,
RTL



86 KH. A. KHACHATRYAN

outlined in Theorem 3.
At the end of the paper, we provide specific examples of the kernel K
and the nonlinearity G, that satisfy conditions a)-c) and A)-D) respectively.

2. Existence Theorem

One of the main results of this paper is the following

Theorem 1. Under conditions a), b) and A)-C), equation (1.1) has a
positive continuous and bounded on R™ solution f(x1,...,xy,), where

flxr, . xn) <ny(z, ..., 20), (x1,...,2,) €R™ (2.1)
Moreover, there exist numbers C > 0 and k € (0,1) such that

0< fmlz1, . yzn)—f(z1,. . 2n) <Ck™ (21,...,20) ER", m=1,2,...,

(2.2)
where the sequence of functions {fm(z1,...,2n)}00_o is determined from
the following recurrence relations:

fm+1($17 N ,.%'n) =
:/K(a}l,...,.I'n,tl,...,tn)G(tl,...,tn,fm(tl,...,tn))dtl...dtn, (2.3)
R

folx1,...;zn)=n, (x1,...,2,) €R", m=0,1,...

Proof. First, note that using conditions a), b), A) and B) it is easy to verify
the following facts by induction on m:

fm € CRY), m=0,1,... (2.4)
fm(x1,.ocy2n) >0, m=0,1,..., (x1,...,2,) €R", (2.5)
fov1(x1, ooy 2p) < fo(x1, .o oymy), m=0,1,..., (z1,...,2,) € R™
In the iterations (2.3) we estimate fi(z1,...,2,) from below. To this (ezn?i),
we first verify that
g0 1= inf y(z1,...,zn) > 0. (2.7)

(xl,...,xn)eR”

Indeed, taking into account condition b), we can assert that there exists a
number 79 > 0 such that for |x| > rg

, x=(T1,...,Tp). (2.8)

N | —

’Y(xlv" : 7xn) >

Wssectns VIpKyTCKOro rocyapCTBEHHOIO YHUBEPCUTETA.
Cepust «Maremarukas. 2026. T. 56. C. 81-96
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On the other hand, taking into account (2.5) and condition a), according
to the Weierstrass theorem, we have

min T1y---,Xy) >0, 2.9
o V(21 n) (2.9)
where By, = {(x1,...,2,) €R™: |x| = (22 + - - + 22)/2 < g} is a closed
ball in R™ with radius 9. From (2.8) and (2.9) we arrive at (2.7).
Now, using conditions A), C) and repeating similar reasoning as above,
we arrive at the inequality

€1 1= inf G(z1,...,2n,m) > 0. (2.10)

(z1,eeeyxn ) ER™
Thus, taking into consideration A), (2.3), (2.7) and (2.10), we have
fl(.Tl,.. . ,SL‘n) > El/K(SL‘l,...,ﬂ?n,tl,...,tn)dtl .. .dtn > €0¢€1,
J (2.11)
(x1,...,2n) € R",
where
€0 € (07 1]7 €1 € (0777] (212)

Thus, based on (2.11) and (2.6), taking into account (2.12) we arrive at the
following two-sided inequality:

Uofo(ZL'l, R ,l’n) < fl(fL‘l, R ,:L'n) < fo({[}l, e ,:Un), (IL‘l, R ,ZEn) e R",
(2.13)
where co- el
= 0,1). 2.14
0= 2L e 0,1 (214)

Now, using conditions A) and B) from (2.13), taking into account (2.14),
we obtain

D(00)G(t1, .- tn, fo(tl, ... tn)) <
<Gty tnsoofolti, ..o tn)) S Gty oo tns filte, o0 t0)) <
<Gty ... tn, foltr, ... t)), (t1,. .., ty) €R™ (2.15)
Multiplying both parts of (2.15) by the function K(x1,...,2Zn,t1,...,t,)

and integrating over ti,...,t, on R™ the obtained inequalities, due to
conditions a) and (2.3) we obtain:

@(Uo)fl(xh e ,:L’n) < fz(a:l, e ,l’n) < fl(xl, . ,xn), (wl, e ,:L’n) e R™
(2.16)
Since ®(og) € (0,1) (for o9 € (0,1)), then again using conditions A) and
B) from (2.16), we arrive at the following chain of inequalities:

(I)((I)(O'o))G(tl, vy tn, fl(tl, - ,tn)) <

S G(tl, e ,tn,q)(do)fl(tl, e ,tn)) S G(tl,. . .,tn,fg(tl,. .. ,tn)) S
< G(ty,. .. ,tn,fl(tl,. .. ,tn>), (tl, .. ,tn) € R". (2.17)
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Now, multiplying both sides of (2.17) by the kernel K (x1,...,Zpn,t1,...,t,)
and integrating the resulting inequalities over tq,...,t, on R™ by virtue of
condition a) and (2.3) we arrive at the estimates

@(@(0’0))]‘.2(1‘1, . ,J)n)gfg(xl, R ,J}n)éfg((ﬂl, R ,J}n), (3}1, .. .,.@n) € R".

Continuing this process, at the m-th step we obtain that

D(D...P(00)) frn(z1, -y 2n) < frnp1 (@1, ooy 2n) < fnl(T1, ..o x0),
—_———
m
(x1,...,2y) € R™, from which, in view of (2.6) and (2.3) in particular, it

follows that

0< fm(z1, - y2n) — frnp1(x1, . yzn) < | 1= B(D...P(00)) |,

—_—
m
(1,...,2p) €ER", m=1,2,....
(2.18)
Now, using inequality (3.16) from [9] and (2.18) we have
0< f(z1,.y2n) = frns1(z1, ..., 2n) < (2.19)
<nl—=o09)k™, m=1,2,..., (x1,...,2,) € R", '
where | B(oy)
— ®(0y
ki=—— 0,1). 2.20
) e o) (2.20)
From (2.19) and (2.20), taking into consideration (2.4), (2.5) it follows
that the sequence of continuous and positive functions f,(z1,...,x,), m =

Rn
0,1, f(x1,...yxn) . = f(x1,...,25), on R™ where f € C'(R") and,
m—00
by virtue of conditions a), b), A), C), satisfies the inequalities

0< flxy,... xn) <ny(z1,.. . xn), (21,...,2,) €R™ (2.21)

Taking into account the continuity of the functions K and G with respect
to all their arguments, as well as conditions (2.5) and (2.6), we can easily
verify—using B. Levy’s theorem (see [11]) that the limit function f satisfies
equation (1.1). However, these considerations alone do not guarantee the
non-triviality of the constructed solution. To establish this, we prove by
induction on m the validity of the following inequality from below for each
element of the sequence of functions { f(x1,...,2n)}o_:

fm(x1, . oyzn) > 71, (z1,...,2,) €R", m=0,1,..., (2.22)

where the number 7* € (0, 0¢) is uniquely determined from the character-
istic equation
o(r) = —. (2.23)

Wssectus VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
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SOLVABILITY OF NONLINEAR INTEGRAL EQUATION 89

First, to ensure correctness, we prove the existence and uniqueness of the

solution 7* of equation (2.23) on the interval (0,0¢). Indeed, consider

P 1
the function x(7) := ﬂ — —, 71 € (0,00}, from the properties of the
T oo

mapping ® (see condition B)) and by applying L’Hopital’s Rule, it follows
that

X € C(0,00], x is monotonically decreasing on (0, oo], (2.24)
1 ®(09) — 1
X(+0) = lim x(7) = ®'(+0) — — = 400, x(09) = ®lo0) -1 _
70t o9 o0
(2.25)

From (2.24) and (2.25) the existence and uniqueness of the number 7* €
(0, 09), satisfying equation (2.23) is established. Now, let us return to the
proof of inequality (2.22). For the number m = 0 estimate (2.22) follows
directly from the definition of the initial approximation in the iteration
scheme (2.3) taking into account that 0 < 7* < op < 1. Assuming
inequality (2.22) holds for some m € N and using conditions a), A) and B),
along with equation (2.13), we deduce from (2.3) that:

fmt1(z1, ... xp)

n) =
Z/K(l‘l,...,xn,tl,...,tn)G(tl,...,tn,T*n)dtl...dtnZ
R

> O(7") fi(z1, ..., zn) = P(7)oo fo(x1, ... xn)=7"n, (z1,...,2,) € R™.

Finally, passing to the limit in (2.22) as m — oo and taking into account
(2.21), we obtain that:

T < fz1, ..., xn) <ny(z1, ..o 2n),  (21,...,2,) €R™. (2.26)

Thus, the positivity of the constructed solution is proven. Now writing
down inequalities (2.19) for numbers m+1,...,m+p, and then adding the
resulting inequalities and (2.19), we obtain:

0< fm(fla e axn)*fm+p+l($ly .- -axn) < n(lfUO)km(1+k+' : '+kp) <

< 77(1 — UO) km7

< 1% m=12...,p=1,2,...,(z1,...,2,) €R". (2.27)

In (2.27) passing p — oo, we arrive at (2.2). The theorem is proved. O

Remark 1. It should also be noted that the estimate (2.26) obtained
in the course of the proof of Theorem 1, will play an important role in

the study of the integral asymptotic behavior of the constructed solution
(see §4).
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3. Uniqueness of the solution

We now turn to the question of the uniqueness of the constructed solu-
tion of equation (1.1) in the class of functions 9.
The following theorem holds

Theorem 2. Under the conditions of Theorem 1, equation (1.1) has a
unique solution in the class N, where the class of functions M is defined
according to (1.2).

Proof. First, for correctness, we note that the solution f of equation (1.1)
constructed using successive approximations (2.3) belongs to the class of
functions 9. This fact immediately follows from estimate (2.26). Now we
assume that equation (1.1), in addition to the solution f, also has another
solution f* € 9. Let us verify that

e = inf ff(x1,...,zy) > 0. (3.1)
(3717---,1?7L)ER"

Since f* € 9, there exists a number r > 0 such that

= ‘ilnf ff(xr,...,2n) >0, x=(1,...,2). (3.2)
X|>r

Taking into account conditions a) and A) from (1.1) and (3.2), we have

[ (xr,...,xn) >
> / K(:L’l,...,xn,tl,...,tn)G(tl,...,tn,C*)dtl...dtn>0,X€Rn,
R™\ B,
(3.3)

where B, := {(z1,...,2,) € R" : x| <7}

Taking into consideration a),b) and A) from (3.3) according to the
Weierstrass theorem for all points x = (x1,...,2,) from the ball B, we
obtain

(... zn) >

err‘lin / K(x1,...,xp,t1, .. tn)G(t1, .. by, ¢)dEy ... dt, =1 C >0,
x|<r
R7\ B,

x = (x1,...,2y) € By. Therefore,
inf f*(x1,...,2,) > C > 0. (3.4)

[x|<r
From (3.2) and (3.4) we arrive at (3.1). We introduce the following nota-

tions:

oF = sup f*(.rl, e ,mn) < 400, (3'5)
(z1,e..,xn)ER™

Ussectus VIpKyTCKOro rocyapCTBEHHOIO YHUBEPCUTETA.
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SOLVABILITY OF NONLINEAR INTEGRAL EQUATION 91

o = min{gn, 2} € (0, 5]7062 = max{7’*n’2} € [2,+00). (3.6)

Using (2.26), (3.1), (3.5), (3.6) and conditions a), b) we have

* (. 5
S S t) O m)eRY (3)
n f(xla"wxn) 7—*77

whence it follows that

arf(xy,y . xn) < ff(o1, .o xn) <oof(xy,...,x), (21,...,2,) €R™.
(3.8)
Now, using the double inequality (3.8) by induction on m, it is easy to
verify that the following chain of inequalities is valid

O(P...P(a1)) f(z1,.-yxn) < (21, ,20) <
—_——

oy <

1 m
I f(@1, .. zn), (21, an) ER"m=1,2,.... (3.9)
q><q>...q><)>
a2

Thus, inequalities (3.9) are proved. From (3.9), taking into account (3.6),
(3.6), (2.26) and inequality (3.16) from [9], we obtain

lf(z1, .. zn) — [f(21, .o 2p)] <

< <a2(1—<1) (cb..ib <;>))+1—(I>(<I>...<I)(a1))> n<
o () o),

whence it follows that

lf(z1, .y zn) — M (21, m)| <nlae — ar) - kG,
(x1,...,2p) €ER",m=1,2,..., (3.10)

_ (L
ko := max{l q)(f2), 1_@(0‘1)} € (0,1). (3.11)

where

- = 1—o
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In (3.10) passing m — oo and taking into account (3.11) we obtain that
f(z1,...,xn) = f(x1,...,20), (x1,...,2,) € R™. Thus, the theorem is
proved. O

Remark 2. From the proven Theorem 2 it immediately follows that if
(X1, .. xn) =1, G(xr, ... xn,m) =1, (21,...,2,) € R", then equation
(1.1) in the class 9 has only the solution f(z1,...,2,) =n, (X1,...,2,) €
R™.

4. Integral asymptotic of the constructed solution. Examples

4.1. THEOREM ON THE INTEGRAL ASYMPTOTIC OF THE SOLUTION.

The following theorem is true

Theorem 3. Under conditions a)-c) and A)-D) the solution f(x1,...,xy)
of equation (1.1) constructed using successive approzimations (2.3) has the
properties (1.3):

Proof. Along with equation (1.1) we consider the following auxiliary one-
dimensional nonlinear integral equations on the entire axis:

() = A(Jzi]) / Kilw; — 1)Go(Uu(t) dti, m € R, (41)

with respect to unknown non-negative functions ¢;, t = 1,2,...,n.

It follows from the results of [8] that if A\;(z;) # 1, ¢ = 1,...,n, then
equations (4.1) have non-negative, non-trivial, continuous, and bounded
solutions on R where 0 < n —; € Li(R), i« = 1,2,...,n. However, if
for some ig € {1,2,...,n} N (x;) = 1, z;, € R, then in the class of
non-negative, non-zero, and bounded on R functions, we have 1;,(z) = n,
rz €R.

Now, by induction on m we verify the validity of the following inequali-
ties from below:

fm(xr, .o ) > (), i=1,2,....,n, (x1,...,2,) ER",m=0,1,...

(4.2)
In the case m = 0 estimate (4.2) follows immediately from the definition
of the zero approximation in iterations (2.3) taking into consideration the
inequalities ¥;(x;) <n, z; € R, i =1,2,...,n. Let us assume that (4.2) is
satisfied for some natural m. Then, taking into account conditions c), D)
and relations (4.1) from (2.3), we obtain:

fm+1(.%'1,..., /K L1y xn,tl,...,tn)Go(wi(ti»dtl...dtn >
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2)\<\/~T1+ +$2> /K1$1_t1 /Kz l-rz 1 — ti— 1)

/Kz ti)Go(vi(t; /Kerl Tit1—ti+1) /K Tp—ty)dty ... dty
=A( +x2) /K 1) Go(wr(t))di; >

)‘(|xi’)/ki(xi—ti)GO(wi(ti))dti:wi(wi)aizl:2:---:na (z1,...,2n) €R™

In (4.2) passing m — oo, we arrive at the following inequality:
f(x1,. ., xn) > Yi(xy), i=1,2,...,n, (x1,...,2,) €R™ (4.3)

Therefore, taking into account (2.1),condition b) and (4.3), we obtain that
0<n—f(z1,...,xn) <n—Yi(z;), 1=1,2,...,n, (z1,...,2,) € R,
whence, by virtue of the inclusions n —¢; € L1(R), i = 1,2,...,n, (1.3)
follows. Thus, the theorem is proved. O

4.2. EXAMPLES OF THE KERNEL K AND THE NONLINEARITY GG

At the end of the paper, we present several illustrative examples of the
kernel K and the nonlinearity G, that satisfy the conditions of the theorems
established above. We begin with examples of the kernel K:

- Z(xz—t )? -

1) K(:cl,...,xn,tl,...,tn):ﬂnl/Qe i= 1—ce i=t ,
(x1,...,zn) € R™, (t1,...,tn) € R™, where ¢ € [0,1) — is a numerical
parameter.

L - i @}
2) K(z1,...,Zn,t1, ... ty) = [e =1 L(s)ds - | 1 —ee V=t ,
a
(x1,...,zy) € R™, (t1,...,t,) € R™, where € € [0,1) — is a numerical
parameter, L(s) > 0, s € [a,b), L € Cla,b), 0 < a < b < 400, and
le(s)ds 1
s

a

Let us move on to examples for nonlinearity G:
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n
— 3 a2

I) G(%l,...,xn,u) =|1=ce i=2 " |u®

, (x1,...,2,) ER" £ €[0,1) —

is a numerical parameter, and « € (0,1).

— .71z22 ua+u5 n
) G(xy,...,xp,u) = [ 1—ce V= — (1,...,2p) ER™ € €

[0,1), a, 8 € (0,1) — are the parameters.

n
2

- Zzz o
II) G(z1,...,xn,u) = [ 1 —ce =1 "y(l—e_“ ), (x1,...,2y) € R,
ee€0,1), a €(0,1), v € (1,400) — are the parameters.

It should be noted that in the particular case, when in examples I) and 1)
the parameter € = 0, the equation

n

1 = > (mi—ts)?
flxy,. ... xn) = n/e i=1 ft1, ... tp)dty ... dty,a € (0,1)
T2
Rn

describes the interaction (rolling) of p-adic open-closed strings for the scalar
field of tachyons (see [16]). It is also interesting to note that if in examples
1) and IIT) we take ¢ = 0, then the equation (1.1) arises in the mathematical
theory of epidemic diseases within the framework of the Diekmann—Kaper
model (see [3;4]).

5. Conclusion

In this paper, we proved constructive theorems on the existence and
uniqueness of a bounded solution for a class of nonlinear multidimensional
Hammerstein-type integral equations on . Furthermore, it was shown that
the corresponding iterations converge uniformly to the solution at the rate
of an infinitely decreasing geometric progression. Furthermore, in one par-
ticular case, the integral asymptotic behavior of the constructed solution
was studied.

I would like to thank the reviewer for his helpful comments.
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