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Аннотация: Рассматриваются начальные и краевые задачи для системы уравнений
балки, сопровождаемой функцией, имеющей точку сингулярности для нелинейной
деформации, называемой функцией сжимаемого напряжения. Эта задача строится
как математическая модель, описывающая движения замкнутых упругих кривых
на R2 в нашей предыдущей работе. Известно, что энергия, полученная из системы,
сохраняется. Для этой задачи уже доказано существование и единственность слабых
решений. Также получены результаты о существовании и единственности сильных
решений задачи с вязкостным членом. Цель данной работы — не только установить
существование и единственность сильного решения данной задачи, но и сходимость
решений задачи с вязкостным членом при стремлении коэффициента вязкости к
0. Ключ к этому доказательству — равномерная оценка четвертой производной
относительно пространства решений.

Ключевые слова: уравнение балки, нелинейная деформация, сжимаемая упругая
кривая, энергетический метод
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1. Introduction

In this paper, we consider the following initial and boundary value prob-
lem for the beam equation describing shrinking and stretching motions of
elastic curves on R2. In our model, an unknown function 𝑢 from the domain
𝑄(𝑇 ) := (0, 𝑇 )×(0, 1) to R2, 𝑇 > 0, is representing the position of 𝑥 ∈ [0, 1]
at time 𝑡 (see Figure 1) and satisfies

𝜌
𝜕2𝑢

𝜕𝑡2
+ 𝛾

𝜕4𝑢

𝜕𝑥4
− 𝜇
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𝑢(1) on (0, 𝑇 ) for any 𝑖 = 0, 1, 2, 3, (1.2)
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𝜕

𝜕𝑡
𝑢(0) = 𝑣0 on (0, 1), (1.3)
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and so on, 𝜌 > 0 is the density, 𝛾 > 0 and

𝜇 ≥ 0 are constants, and | · | is the Euclidian norm in R2, namely,
⃒⃒
𝜕𝑢
𝜕𝑥

⃒⃒
=√︂⃒⃒⃒
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⃒⃒⃒
𝜕𝑢2
𝜕𝑥

⃒⃒⃒2
, where 𝑢 = (𝑢1, 𝑢2). We call the constant 𝜇 the viscosity

coefficient, since it is concerned with the energy decay rate. Also, 𝑢0 and
𝑣0 are initial position and initial velocity, respectively. In our model, since
we suppose that the elastic material is connected at 𝑥 = 0, 1, smoothly, we
choose the periodic boundary condition (1.2). Here, we note that 𝜀 and
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𝑓(𝜀)𝑢𝑥 represent strain and stress, respectively, where the function 𝑓 : (−1,
∞) → R is given by

𝑓(𝜀) =
𝜅

4

(︂
1− 1

(1 + 𝜀)4

)︂
for 𝜀 > −1, (1.4)

and 𝜅 is a positive constant. In our model, we call 𝑓(𝜀) the compress-
ible stress function. For simplicity, the system (1.1)-(1.3) is denoted by
P𝜇(𝑢0, 𝑣0, 𝑓) for 𝜇 ≥ 0.

𝟎 𝟏𝑥

Connected smoothly

𝑢!(𝑥)

Time 0 Time 𝑡

𝑢(𝑡, 𝑥) ∈ ℝ"

Natural length

Figure 1. Unknown function 𝑢

𝑂

𝒇(𝜺)

𝜺−1

Figure 2. Compressible stress function 𝑓

Here, we list features of the present model.
(Beam equation) The equation 𝑢𝑡𝑡 + 𝑢𝑥𝑥𝑥𝑥 = 0 is often called the beam
equation and is known as one of mathematical representation for elastic
material motions. In [16; 18; 19] the nonlinear beam equation was already
investigated. From mathematical point of view, by the fourth derivative
term, we can easily deal with the equation. On the other hand, for the
elastic curves its physical meaning is not clear. One of our research aims
is to clarify it. Here, we note that in [15] there is an other approach on
dynamics of the elastic closed curve on R2.

(The unknown function 𝑢) In usual cases, the unknown function for
elastic material model is the displacement. However, in our model, the di-
mension of the domain and the range of 𝑢 are 1-dimension and 2-dimension,
respectively (see Figure 1). Therefore, we define the unknown function 𝑢
as the position of elastic curve on R2. Accordingly, as mentioned in [11],
the strain 𝜀 is defined by 𝜀 = |𝑢𝑥|−1. Clearly, the strain 𝜀 is nonlinear and
not smooth with respect to 𝑢𝑥.

(Compressible stress function 𝑓) In general, the strain is given as the
linear function of the stress by Hooke’s law. However, in our model, we
define the function 𝑓 by (1.4). Accordingly, 𝑓(𝜀) tends to −∞ as −1
(see Figure 2). The idea for introducing this kind of functions is based
on the assumption that when an elastic material is highly compressed,
the magnitude of the stress should become very large. Similar functions
were already studied in [5; 7; 8; 13; 14; 17] from engineering point of view
and considered numerically. For example in [17], they studied the stress
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function whose primitive is given by

1

4

(︁
(𝜀+ 1)2 − 1− 2 log (𝜀+ 1)

)︁
.

Moreover, to present the validity of our function 𝑓 we give some numerical
results for P0(𝑢0, 𝑣0, 𝑓) with 𝑢0(𝑥) = 𝑅0(cos(2𝜋𝑥), sin(2𝜋𝑥)), 𝑣0(𝑥) = (0, 0)
for 𝑥 ∈ [0, 1]. In this case, by putting 𝑢(𝑡, 𝑥) = 𝑅(𝑡)(cos(2𝜋𝑥), sin(2𝜋𝑥)) for
(𝑡, 𝑥) ∈ 𝑄(𝑇 ), 𝑢 is the solution of P0(𝑢0, 𝑣0, 𝑓) where 𝑅 is the function on
[0, 𝑇 ] and satisfies the following ordinary differential equation.

𝑅′′ + (2𝜋)4𝛾𝑅+ (2𝜋)2𝑓(2𝜋𝑅(𝑡)− 1)𝑅(𝑡) = 0, 𝑅(0) = |𝑢0|, 𝑅′(0) = 0.

We note that 𝜀 = 2𝜋𝑅−1. As mentioned later, we can show that 𝜀 > −1 on
𝑄(𝑇 ), theoretically, namely, 2𝜋𝑅 > 0. Since 𝑅 is the radius of the circle, the
positivity of 𝑅 should be expected. In Figures 3 and 5, the graphs indicate

the value of 𝑅, if 𝑓(𝜀) = 𝜅
𝜀

|𝑢𝑥|
where 𝜅 is a positive constant, that is, the

stress is linear. As shown in Figure 5, the radius takes negative values for
large initial strain. On the other hand, by adopting the our function 𝑓 , in
the numerical results, Figures 4 and 6, the radius are always positive, even
if the initial large strain. Thus, we emphasize that our function is very
useful for representing behaviors of elastic materials.

In our model, not only the numerical results but also thanks to Lemma
1, we obtain the lower boundedness of the strain 𝜀, for instance (3.3). This
guarantees that the length of the elastic material never vanishes. This is
a unique feature of our model that is not obtained by any other models.
We note that the generalization of the stress function is very important.
However, we do not consider it in this paper, since we aim to clarify what
can be shown in our present model. Of course, the generalization is our
next issue to be addressed.

Figure 3. 𝑓 : linear, small initial strain Figure 4. 𝑓 : nonlinear, small initial strain

Next, we recall our previous results concerned with solvability of
P𝜇(𝑢0, 𝑣0, 𝑓).

(ODE model) In [1;11], we constructed an approximation model for elastic
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curves. In this model, we regarded the elastic curve as a polygon having
𝑁 vertices, and derived 𝑁 -dimensional second-order ordinary differential
equations. In order to apply the structure preserving numerical method
[6] to this model, we define the stress function similar to (1.4). For this
model, we have proved existence and uniqueness of solutions in [1] and
have shown existence of time-periodic solutions under appropriate initial
conditions in [11]. Furthermore, in [1] we constructed a numerical scheme
by the structure-preserving numerical method and showed existence and
uniqueness of numerical solutions. We also have proved the sequence of
the numerical solutions converges to the solution of the ODE model and
compared numerical results by the structure-preserving numerical method
with those by the multi-steps method in [11].

Figure 5. 𝑓 : linear, large initial strain Figure 6. 𝑓 : nonlinear, large initial strain

(Partial differential equation models) From the ODE model, we ob-
tained the quasilinear wave equation which is (1.1) in case 𝛾 = 0 and 𝜇 = 0.
However, by the singularity of the stress function, it is not easy to deal with
the differential equation, theoretically. In order to overcome this difficulty,
we approximate it by adding the fourth derivative term 𝛾𝑢𝑥𝑥𝑥𝑥. Thus,
we arrived at the beam equation and propose the mathematical model
representing motions of the elastic curve by (1.1)-(1.3) in [11].

Our first result for the system (1.1)-(1.3) is concerned with existence and
uniqueness of weak solutions to P0(𝑢0, 𝑣0, 𝑓), where 𝑓 : R → R is Lipschitz
continuous, monotone increasing and 𝑓(0) = 0. The proof of the uniqueness
was based on the method applying the dual problem given in [12].

Next, in [9], for 𝜇 > 0 we showed existence and uniqueness of weak
solutions to P𝜇(𝑢0, 𝑣0, 𝑓) with the compressible stress function 𝑓 defined by
(1.4). Moreover, we proved existence of strong solutions. In this problem,
since the energy is dissipated, we could consider the stationary problem.
Actually, we showed existence of a subsequence {𝑡𝑛} such that the solution
𝑢(𝑡𝑛) of P𝜇(𝑢0, 𝑣0, 𝑓) tends to the stationary solution as 𝑛 → ∞. Also, we
succeeded in improving the regularity of the strong solution to P𝜇(𝑢0, 𝑣0, 𝑓)



90 C. KOSUGI

in [3]. However, since rotating and translating stationary solutions are also
stationary solutions, the uniqueness of the stationary solutions has not been
proved yet.

Furthermore, we proved existence and uniqueness of weak solutions to
P0(𝑢0, 𝑣0, 𝑓) with the compressible stress function 𝑓 in [10]. In the proof
of the uniqueness, by extending 𝑓 to the function on R, we can apply the
result in [2] to this problem.

The aim of this paper is to prove existence of the strong solution to
P0(𝑢0, 𝑣0, 𝑓) with the compressible stress function 𝑓 given by (1.4).

Throughout this paper, we put Hilbert spaces by 𝐻 = (𝐿2(0, 1))2,

𝐻1 =
{︀
𝑧 ∈ (𝐻1(0, 1))2|𝑧(0) = 𝑧(1)

}︀
,

𝐻2 =

{︂
𝑧 ∈ (𝐻2(0, 1))2| 𝜕

𝑖

𝜕𝑥𝑖
𝑧(0) =

𝜕𝑖

𝜕𝑥𝑖
𝑧(1) for 𝑖 = 0, 1

}︂
,

𝐻4 =

{︂
𝑧 ∈ (𝐻4(0, 1))2| 𝜕

𝑖

𝜕𝑥𝑖
𝑧(0) =

𝜕𝑖

𝜕𝑥𝑖
𝑧(1) for 𝑖 = 0, 1, 2, 3

}︂
with the stan-

dard norm denoted by | · |𝐻 = | · |(𝐿2(0,1))2 , | · |𝐻1 = | · |(𝐻1(0,1))2 , | · |𝐻2 =

| · |(𝐻2(0,1))2 , | · |𝐻4 = | · |(𝐻4(0,1))2 , and standard inner products represented

as follows : (𝑢, 𝑣)𝐻 =
∫︀ 1
0 𝑢 · 𝑣 𝑑𝑥 for 𝑢, 𝑣 ∈ 𝐻, (𝑢, 𝑣)𝐻𝑖 =

∑︀𝑖
𝑗=0(

𝜕𝑗𝑢
𝜕𝑥𝑗

, 𝜕
𝑗𝑣
𝜕𝑥𝑗

)𝐻
for 𝑢, 𝑣 ∈ 𝐻𝑖, 𝑖 = 1, 2, 4, where 𝑢 · 𝑣 = 𝑢1𝑣1 + 𝑢2𝑣2 for 𝑢 = (𝑢1, 𝑢2), 𝑣 =
(𝑣1, 𝑣2) ∈ R2.

We remark definitions of the weakly* convergence. If a sequence {𝑢𝑛} ⊂
𝐿∞(0, 𝑇 ;𝐻4) satisfies the following convergence, we represent ”𝑢𝑛 → 𝑢
weakly* in 𝐿∞(0, 𝑇 ;𝐻4)”:∫︁ 𝑇

0
(𝑢𝑛, 𝜙)𝐻4𝑑𝑡→

∫︁ 𝑇

0
(𝑢, 𝜙)𝐻4𝑑𝑡 as 𝑛→ ∞ for any 𝜙 ∈ 𝐿1(0, 𝑇 ;𝐻).

Also, if a sequence {𝑢𝑛} ⊂𝑊∞(0, 𝑇 ;𝐻2) satisfies the following convergence,
we represent ”𝑢𝑛 → 𝑢 weakly* in 𝑊 1,∞(0, 𝑇 ;𝐻2)”:∫︁ 𝑇

0
(𝑢𝑛𝑡, 𝜙)𝐻2𝑑𝑡→

∫︁ 𝑇

0
(𝑢𝑡, 𝜙)𝐻2𝑑𝑡,

∫︁ 𝑇

0
(𝑢𝑛, 𝜙)𝐻2𝑑𝑡→

∫︁ 𝑇

0
(𝑢, 𝜙)𝐻2𝑑𝑡,

as 𝑛→ ∞ for any 𝜙 ∈ 𝐿1(0, 𝑇 ;𝐻2).

First, we define a strong solution of P𝜇(𝑢0, 𝑣0, 𝑓) for 𝜇 > 0.

Definition 1. Let 𝜇 > 0. A function 𝑢 from 𝑄(𝑇 ) to R2 is called a
strong solution of P𝜇(𝑢0, 𝑣0, 𝑓) on [0, 𝑇 ] if 𝑢 satisfies 𝑢 ∈𝑊 2,2(0, 𝑇,𝐻1)∩
𝑊 1,∞(0, 𝑇 ;𝐻2)∩ 𝑊 1,2(0, 𝑇, (𝐻3(0, 1))2) ∩ 𝐿∞(0, 𝑇 ;𝐻4), |𝑢𝑥| > 0 on 𝑄(𝑇 )
and satisfying (1.1)-(1.3) in a usual sense.

The next theorem guarantees existence and uniqueness of the strong
solution to P𝜇(𝑢0, 𝑣0, 𝑓) for 𝜇 > 0.
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Theorem 1. (Kosugi [9]) Let 𝜇 > 0 and 𝑇 > 0. If 𝑢0 ∈ 𝐻4, |𝑢0𝑥| > 0 on
[0, 1] and 𝑣0 ∈ 𝐻2, then P𝜇(𝑢0, 𝑣0, 𝑓) has one and only one strong solution
on [0, 𝑇 ]. Moreover, the following (1.5), (1.6) and (1.7) hold:

𝜌

2
|𝑢𝑡(𝑡)|2𝐻 +

𝛾

2
|𝑢𝑥𝑥(𝑡)|2𝐻 + 𝜇

∫︁ 𝑡

0
|𝑢𝜏𝑥(𝜏)|2𝐻𝑑𝜏

+
𝜅

8

(︂
|𝑢𝑥(𝑡)|2𝐻 +

∫︁ 1

0

1

|𝑢𝑥(𝑡, 𝑥)|2
𝑑𝑥

)︂
=
𝜌

2
|𝑣0|2𝐻 +

𝛾

2
|𝑢0𝑥𝑥|2𝐻

+
𝜅

8

(︂
|𝑢0𝑥|2𝐻 +

∫︁ 1

0

1

|𝑢0𝑥(𝑥)|2
𝑑𝑥

)︂
=: 𝐶0 for any 𝑡 ∈ [0, 𝑇 ], (1.5)

and
𝜌

2
|𝑢𝑡𝑥𝑥(𝑡)|2𝐻 +

𝛾

2
|𝑢𝑥𝑥𝑥𝑥(𝑡)|2𝐻 + 𝜇

∫︁ 𝑡

0
|𝑢𝜏𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏

≤ 𝜌

2
|𝑣0𝑥𝑥|2𝐻 +

𝛾

2
|𝑢0𝑥𝑥𝑥𝑥|2𝐻

+
1

𝜇

∫︁ 𝑡

0
|(𝑓(𝜀)𝑢𝑥)𝑥𝑥(𝜏)|2𝐻𝑑𝜏 for any 𝑡 ∈ [0, 𝑇 ], (1.6)

|𝑢𝑥| ≥

√︃
𝐶0

𝛾
𝑒
− 16𝐶2

𝜅𝛾 on 𝑄(𝑇 ). (1.7)

In our proof of this theorem, by using the first estimate (1.5) and the
following lemma, we can obtain the third estimate (1.7).

Lemma 1. (cf. Aiki, Kröger and Muntean, [4, Lemma 3.2]) Let 𝑧 ∈
(𝐻2(0, 1))2 and 𝐾1,𝐾2 > 0. If∫︁ 1

0

1

|𝑧𝑥|2
𝑑𝑥 ≤ 𝐾1, |𝑧𝑥𝑥|𝐻 ≤ 𝐾2,

then

|𝑧𝑥| ≥
𝐾2√
2
𝑒−𝐾1𝐾2

2 on [0, 1].

In Section 2 we give a theorem concerning existence of solutions to
P0(𝑢0, 𝑣0, 𝑓) and prove it in Section 4. In its proof, we consider the asymp-
totic behavior of strong solutions 𝑢𝜇 to P𝜇(𝑢0, 𝑣0, 𝑓) obtained by Theorem
1 for 𝜇 > 0, when 𝜇 tends to 0. A key lemma for the proof is provided in
Section 3.

2. Main result

First, we define a strong solution of P0(𝑢0, 𝑣0, 𝑓).
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Definition 2. A function 𝑢 from 𝑄(𝑇 ) to R2 is called a strong solu-
tion of P0(𝑢0, 𝑣0, 𝑓) on [0, 𝑇 ] if 𝑢 satisfies the following properties: 𝑢 ∈
𝑊 2,2(0, 𝑇 ;𝐻)∩𝑊 1,∞(0, 𝑇 ;𝐻2)∩𝐿∞(0, 𝑇 ;𝐻4), there exists 𝛿 > 0 such that
|𝑢𝑥| ≥ 𝛿 a.e. on 𝑄(𝑇 ) and satisfying (1.1)-(1.3) in a usual sense.

The main result of this paper is as follows:

Theorem 2. Let 𝑇 > 0 and 𝜇 > 0. If 𝑢0 ∈ 𝐻4, |𝑢0𝑥| > 0 on [0, 1], 𝑣0 ∈ 𝐻2

and 𝑢𝜇 be a strong solution of P𝜇(𝑢0, 𝑣0, 𝑓) on [0, 𝑇 ], then there exists 𝑢 ∈
𝑊 2,2(0, 𝑇 ;𝐻)∩𝑊 1,∞(0, 𝑇 ;𝐻2)∩𝐿∞(0, 𝑇 ;𝐻4) such that 𝑢𝜇 → 𝑢 weakly in
𝑊 2,2(0, 𝑇 ;𝐻), weakly* in 𝑊 1,∞(0, 𝑇 ;𝐻2), weakly* in 𝐿∞(0, 𝑇 ;𝐻4), stron-

gly in 𝐶(𝑄(𝑇 )), 𝑢𝜇𝑥 → 𝑢𝑥 strongly in 𝐶(𝑄(𝑇 )), 𝑢𝜇𝑥𝑥 → 𝑢𝑥𝑥 strongly in

𝐶(𝑄(𝑇 )) as 𝜇→ 0 and 𝑢 is a strong solution of P0(𝑢0, 𝑣0, 𝑓) on [0, 𝑇 ].

Here, we note that we have already proved existence and uniqueness of
weak solutions to P0(𝑢0, 𝑣0, 𝑓) in [10].

3. Key lemma

We note that the estimate obtained by (1.6) depends on 𝜇 > 0. Hence, in
order to prove Theorem 1, we show a new inequality to obtain the uniform
estimate for |𝑢𝑥𝑥𝑥𝑥(𝑡)|𝐻 as follows:

Lemma 2. Let 𝑇 > 0, 𝜇 > 0, 𝑢0 ∈ 𝐻4, |𝑢0𝑥| > 0 on [0, 1] and 𝑣0 ∈ 𝐻2. If
𝑢 is a strong solution of P𝜇(𝑢0, 𝑣0, 𝑓) on [0, 𝑇 ], then the following inequality
holds:

𝜌

2
|𝑢𝑡𝑥𝑥(𝑡)|2𝐻 +

𝛾

2
|𝑢𝑥𝑥𝑥𝑥(𝑡)|2𝐻 + 𝜇

∫︁ 𝑡

0
|𝑢𝜏𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏

≤ 𝐶1 +

(︂
1

𝜌
+
𝛾𝐶2

2

)︂
𝐶1𝑇𝑒

(︁
1
𝜌
+
𝛾𝐶2
2

)︁
𝑇
=: 𝐶3 for any 𝑡 ∈ [0, 𝑇 ],(3.1)

where 𝐶1 and 𝐶2 are positive constants independent of 𝜇 > 0.

Our proof of this lemma is rather long, since by applying time discretiza-
tion to the problem we show (3.1). Thus, we omit the detail of the proof.
Instead, we show (3.1) by the following formal calculation. For 𝜇 > 0, let
𝑢 be a strong solution of P𝜇(𝑢0, 𝑣0, 𝑓) on [0, 𝑇 ]. By multiplying (1.1) with
𝑢𝑡𝑥𝑥𝑥𝑥 and integrating it on (0, 1) with respect to 𝑥, we have

𝜌

∫︁ 1

0
𝑢𝑡𝑡 · 𝑢𝑡𝑥𝑥𝑥𝑥𝑑𝑥+ 𝛾

∫︁ 1

0
𝑢𝑥𝑥𝑥𝑥 · 𝑢𝑡𝑥𝑥𝑥𝑥𝑑𝑥

−𝜇
∫︁ 1

0
𝑢𝑡𝑥𝑥 · 𝑢𝑡𝑥𝑥𝑥𝑥𝑑𝑥−

∫︁ 1

0
(𝑓(𝜀)𝑢𝑥)𝑥 · 𝑢𝑡𝑥𝑥𝑥𝑥𝑑𝑥 = 0 a.e. on (0, 𝑇 ).
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Thanks to integration by parts, it is easy to see that

𝑑

𝑑𝑡

(︂
𝜌

2
|𝑢𝑡𝑥𝑥(𝑡)|2𝐻 +

𝛾

2
|𝑢𝑥𝑥𝑥𝑥(𝑡)|2𝐻 + 𝜇

∫︁ 𝑡

0
|𝑢𝑡𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏

)︂
=

∫︁ 1

0
(𝑓(𝜀)𝑢𝑥)𝑥𝑥𝑥 · 𝑢𝑡𝑥𝑥𝑑𝑥 for a.e. 𝑡 ∈ (0, 𝑇 ),

and

𝜌

2
|𝑢𝑡𝑥𝑥(𝑡)|2𝐻 +

𝛾

2
|𝑢𝑥𝑥𝑥𝑥(𝑡)|2𝐻 + 𝜇

∫︁ 𝑡

0
|𝑢𝑡𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏

≤ 𝜌

2
|𝑣0𝑥𝑥|2𝐻 +

𝛾

2
|𝑢0𝑥𝑥𝑥𝑥|2𝐻 +

1

2

∫︁ 𝑡

0
| (𝑓(𝜀)𝑢𝑥)𝑥𝑥𝑥 (𝜏)|

2
𝐻𝑑𝜏

+
1

2

∫︁ 𝑡

0
|𝑢𝜏𝑥𝑥(𝜏)|2𝐻𝑑𝜏 for any 𝑡 ∈ [0, 𝑇 ].

In the third term of the right hand side, we see that

(𝑓(𝜀)𝑢𝑥)𝑥𝑥𝑥 = (𝑓(𝜀))𝑥𝑥𝑥 𝑢𝑥 + 3 (𝑓(𝜀))𝑥 𝑢𝑥𝑥𝑥 + 3 (𝑓(𝜀))𝑥𝑥 𝑢𝑥𝑥 + 𝑓(𝜀)𝑢𝑥𝑥𝑥𝑥,

and

|(𝑓(𝜀))𝑥𝑥𝑥 𝑢𝑥 + 3 (𝑓(𝜀))𝑥 𝑢𝑥𝑥𝑥 + 3 (𝑓(𝜀))𝑥𝑥 𝑢𝑥𝑥 + 𝑓(𝜀)𝑢𝑥𝑥𝑥𝑥|2

≤ 4
{︁
|(𝑓(𝜀))𝑥𝑥𝑥 𝑢𝑥|

2 + 9| (𝑓(𝜀))𝑥 𝑢𝑥𝑥𝑥|
2 + 9 |(𝑓(𝜀))𝑥𝑥 𝑢𝑥𝑥|

2 + |𝑓(𝜀)𝑢𝑥𝑥𝑥𝑥|2
}︁
.

Accordingly, we have

1

2

∫︁ 𝑡

0
| (𝑓(𝜀)𝑢𝑥)𝑥𝑥𝑥 (𝜏)|

2
𝐻𝑑𝜏

≤ 2

{︂∫︁ 𝑡

0
|(𝑓(𝜀))𝑥𝑥𝑥 𝑢𝑥(𝜏)|

2
𝐻 𝑑𝜏 + 9

∫︁ 𝑡

0
|(𝑓(𝜀))𝑥𝑥 𝑢𝑥𝑥(𝜏)|

2
𝐻 𝑑𝜏

+9

∫︁ 𝑡

0
| (𝑓(𝜀))𝑥 𝑢𝑥𝑥𝑥(𝜏)|

2
𝐻𝑑𝜏 +

∫︁ 𝑡

0
|𝑓(𝜀)𝑢𝑥𝑥𝑥𝑥(𝜏)|2𝐻 𝑑𝜏

}︂
=:

4∑︁
𝑖=1

𝐼𝑖(𝑡) for any 𝑡 ∈ [0, 𝑇 ]. (3.2)

For 𝐼3, by the definition of 𝜀, we see that (𝑓(𝜀))𝑥 = 𝜅
𝑢𝑥 · 𝑢𝑥𝑥
|𝑢𝑥|6

a.e. on 𝑄(𝑇 ),

and

𝐼3(𝑡) ≤ 9𝜅2
∫︁ 𝑡

0

|𝑢𝑥𝑥|2 |𝑢𝑥𝑥𝑥|2

|𝑢𝑥|10
𝑑𝑥𝑑𝜏 for any 𝑡 ∈ [0, 𝑇 ].

Now, Theorem 1 (1.7) implies existence of 𝛿 > 0 independent of 𝜇 > 0 such
that

|𝑢𝑥| ≥ 𝛿 a.e. on 𝑄(𝑇 ), (3.3)
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and by (1.5) |𝑢𝑥𝑥(𝑡)|2𝐻 ≤ 2𝐶0

𝛾
for any 𝑡 ∈ [0, 𝑇 ] holds. Thus, we have

𝐼3(𝑡) ≤ 9𝜅2

𝛿10

∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥|2|𝑢𝑥𝑥𝑥|2𝑑𝑥𝑑𝜏

≤ 9𝜅2

𝛿10

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥(𝜏)|2(𝐿∞(0,1))2 |𝑢𝑥𝑥(𝜏)|

2
𝐻𝑑𝜏

≤ 18𝜅2𝐶0

𝛾𝛿10

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥(𝜏)|2(𝐿∞(0,1))2𝑑𝜏 for any 𝑡 ∈ [0, 𝑇 ].

Here, we note that

|𝑧|(𝐿∞(0,1))2 ≤ |𝑧|𝐻 + |𝑧𝑥|𝐻 for 𝑧 ∈ (𝐻1(0, 1))2, (3.4)

|𝑢𝑥𝑥𝑥|2𝐻 ≤ |𝑢𝑥𝑥|𝐻 |𝑢𝑥𝑥𝑥𝑥|𝐻 ≤ 1

2
|𝑢𝑥𝑥|2𝐻 +

1

2
|𝑢𝑥𝑥𝑥𝑥|2𝐻 for any 𝑢 ∈ 𝐻4. (3.5)

Therefore, by (3.4), (1.5) and (3.5), we obtain

𝐼3(𝑡) ≤ 18𝜅2𝐶0

𝛾𝛿10

(︂∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏 +

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏

)︂
≤ 18𝜅2𝐶0

2𝛾𝛿10

(︂∫︁ 𝑡

0
|𝑢𝑥𝑥(𝜏)|2𝐻𝑑𝜏 + 3

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏

)︂
≤ 18𝜅2𝐶0

2𝛾𝛿10

(︂
2𝐶0𝑇

𝛾
+ 3

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏

)︂
for any 𝑡 ∈ [0, 𝑇 ].

For 𝐼2 we see that (𝑓(𝜀))𝑥𝑥 = 𝜅

(︂
|𝑢𝑥𝑥|2

|𝑢𝑥|6
− 6(𝑢𝑥 · 𝑢𝑥𝑥)2

|𝑢𝑥|8
+
𝑢𝑥 · 𝑢𝑥𝑥𝑥
|𝑢𝑥|6

)︂
a.e. on

𝑄(𝑇 ). By (3.3), (1.5), (3.4) and (3.5), we have

𝐼2(𝑡) ≤ 9𝜅2
∫︁ 𝑡

0

∫︁ 1

0

(︂
|𝑢𝑥𝑥|3

|𝑢𝑥|6
+

6|𝑢𝑥𝑥|2

|𝑢𝑥|6
+

|𝑢𝑥𝑥||𝑢𝑥𝑥𝑥|
|𝑢𝑥|5

)︂2

𝑑𝑥𝑑𝜏

≤ 27𝜅2
(︂∫︁ 𝑡

0

∫︁ 1

0

|𝑢𝑥𝑥|6

|𝑢𝑥|12
𝑑𝑥𝑑𝜏 + 36

∫︁ 𝑡

0

∫︁ 1

0

|𝑢𝑥𝑥|4

|𝑢𝑥|12
𝑑𝑥𝑑𝜏

+

∫︁ 𝑡

0

∫︁ 1

0

|𝑢𝑥𝑥|2|𝑢𝑥𝑥𝑥|2

|𝑢𝑥|10
𝑑𝑥𝑑𝜏

)︂
≤ 27𝜅2

(︂
1

𝛿12

∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥|6𝑑𝑥𝑑𝜏 +

36

𝛿12

∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥|4𝑑𝑥𝑑𝜏

+
1

𝛿10

∫︁ 𝑡

0
|𝑢𝑥𝑥|2𝐻 |𝑢𝑥𝑥𝑥|2(𝐿∞(0,1))2𝑑𝜏

)︂
for any 𝑡 ∈ [0, 𝑇 ]. (3.6)
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Here the following inequality holds.

|𝑧(𝑥)| ≤
√
2|𝑧|

1
2
𝐻 |𝑧𝑥|

1
2
𝐻 + |𝑧|𝐻 for any 𝑧 ∈ (𝐻1(0, 1))2. (3.7)

By using (3.7) and (3.5) for first and second terms of the right hand side
in (3.6), we have∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥|6𝑑𝑥𝑑𝜏

≤ 32

∫︁ 𝑡

0

(︀
8|𝑢𝑥𝑥|3𝐻 |𝑢𝑥𝑥𝑥|3𝐻 + |𝑢𝑥𝑥|6𝐻

)︀
𝑑𝜏

≤ 32

∫︁ 𝑡

0

(︂
8|𝑢𝑥𝑥|3𝐻 |𝑢𝑥𝑥|

3
2
𝐻 |𝑢𝑥𝑥𝑥𝑥|

3
2
𝐻 + |𝑢𝑥𝑥|6𝐻

)︂
𝑑𝜏

≤ 32

∫︁ 𝑡

0

(︃
8

(︂
2𝐶0

𝛾

)︂ 9
2

|𝑢𝑥𝑥𝑥𝑥|
3
2
𝐻 +

(︂
2𝐶0

𝛾

)︂3
)︃
𝑑𝜏

≤ 256

(︃(︂
2𝐶0

𝛾

)︂ 9
2
∫︁ 𝑡

0

(︀
1 + |𝑢𝑥𝑥𝑥𝑥|2𝐻

)︀
𝑑𝜏 +

(︂
𝐶0

𝛾

)︂3

𝑇

)︃

≤ 256

{︃(︃(︂
2𝐶0

𝛾

)︂ 9
2

+

(︂
𝐶0

𝛾

)︂3
)︃
𝑇 +

(︂
2𝐶0

𝛾

)︂ 9
2
∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥|2𝐻𝑑𝜏

}︃
for any 𝑡 ∈ [0, 𝑇 ],∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥|4𝑑𝑥𝑑𝜏

≤ 8

∫︁ 𝑡

0

(︀
2|𝑢𝑥𝑥|2𝐻 |𝑢𝑥𝑥𝑥|2𝐻 + |𝑢𝑥𝑥|4𝐻

)︀
𝑑𝜏

≤ 8

∫︁ 𝑡

0

(︃
4𝐶0

𝛾
|𝑢𝑥𝑥𝑥|2𝐻 +

(︂
2𝐶0

𝛾

)︂2
)︃
𝑑𝜏

≤ 32𝐶0

𝛾

(︂
1

2

∫︁ 𝑡

0

(︀
|𝑢𝑥𝑥|2𝐻 + |𝑢𝑥𝑥𝑥𝑥|2𝐻

)︀
𝑑𝜏 +

𝐶0𝑇

𝛾

)︂
≤ 32𝐶0

𝛾

(︂
𝐶0𝑇

𝛾
+

1

2

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥|2𝐻𝑑𝜏 +

𝐶0𝑇

𝛾

)︂
for any 𝑡 ∈ [0, 𝑇 ],

and∫︁ 𝑡

0
|𝑢𝑥𝑥|2𝐻 |𝑢𝑥𝑥𝑥|2(𝐿∞(0,1))2𝑑𝜏 ≤ 2𝐶0

𝛾

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥|2(𝐿∞(0,1))2𝑑𝜏 ≤

≤ 2𝐶0

𝛾

∫︁ 𝑡

0
(|𝑢𝑥𝑥𝑥|𝐻 + |𝑢𝑥𝑥𝑥𝑥|𝐻)2 𝑑𝜏 ≤ 2𝐶0

𝛾

∫︁ 𝑡

0

(︂
1

2
|𝑢𝑥𝑥|2𝐻 +

3

2
|𝑢𝑥𝑥𝑥𝑥|2𝐻

)︂
𝑑𝜏

≤ 2𝐶0

𝛾

(︂
𝐶0𝑇

𝛾
+

3

2

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥|2𝐻𝑑𝜏

)︂
for any 𝑡 ∈ [0, 𝑇 ].
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From these inequalities we infer that

9

∫︁ 𝑡

0
|(𝑓(𝜀))𝑥𝑥 𝑢𝑥𝑥(𝜏)|

2
𝐻 𝑑𝜏 ≤ 𝐶1 + 𝐶2

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥|2𝐻𝑑𝜏 for any 𝑡 ∈ [0, 𝑇 ],

where 𝐶1 and 𝐶2 are positive constants independent of 𝜇 > 0. Similarly,
for 𝐼1 and 𝐼4 we have

𝑓(𝜀) =
𝜅

4

(︂
1− 1

(1 + 𝜀)4

)︂
,

(𝑓(𝜀))𝑥𝑥𝑥

= 𝜅

(︃
2𝑢𝑥𝑥 · 𝑢𝑥𝑥𝑥

|𝑢𝑥|6
− 6|𝑢𝑥𝑥|2𝑢𝑥 · 𝑢𝑥𝑥

|𝑢𝑥|8
−

12
(︀
|𝑢𝑥𝑥|2 + 𝑢𝑥 · 𝑢𝑥𝑥

)︀
𝑢𝑥 · 𝑢𝑥𝑥

|𝑢𝑥|8

+
48(𝑢𝑥 · 𝑢𝑥𝑥)3

|𝑢𝑥|10
+
𝑢𝑥𝑥 · 𝑢𝑥𝑥𝑥 + 𝑢𝑥 · 𝑢𝑥𝑥𝑥𝑥

|𝑢𝑥|6
− 6(𝑢𝑥 · 𝑢𝑥𝑥𝑥𝑥)(𝑢𝑥 · 𝑢𝑥𝑥)

|𝑢𝑥|8

)︂
a.e. on 𝑄(𝑇 ),

𝐼1 =

∫︁ 𝑡

0
|(𝑓(𝜀))𝑥𝑥𝑥 𝑢𝑥(𝜏)|

2
𝐻 𝑑𝜏

≤ 6𝜅2
{︂

4

𝛿12

∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥|2|𝑢𝑥𝑥𝑥|2𝑑𝑥𝜏 +

36

𝛿14

∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥|6𝑑𝑥𝑑𝜏

+
144

𝛿14

∫︁ 𝑡

0

∫︁ 1

0

(︀
|𝑢𝑥𝑥|2 + |𝑢𝑥||𝑢𝑥𝑥𝑥|

)︀2 |𝑢𝑥𝑥|2𝑑𝑥𝑑𝜏
+
482

𝛿14

∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥|6𝑑𝑥𝑑𝜏

+
1

𝛿12

∫︁ 𝑡

0

∫︁ 1

0
(|𝑢𝑥𝑥||𝑢𝑥𝑥𝑥|+ |𝑢𝑥||𝑢𝑥𝑥𝑥𝑥|)2 𝑑𝑥𝑑𝜏

+
36

𝛿12

∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥𝑥|2|𝑢𝑥𝑥|2𝑑𝑥𝑑𝜏

}︂
≤ 6𝜅2

{︂
42

𝛿12

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥|2(𝐿∞(0,1))2 |𝑢𝑥𝑥|

2
𝐻𝑑𝜏

+
36 + 482 + 288

𝛿14

∫︁ 𝑡

0

∫︁ 1

0
|𝑢𝑥𝑥|6𝑑𝑥𝑑𝜏

+
288

𝛿14

∫︁ 𝑡

0
|𝑢𝑥|(𝐿∞(0,1))2 |𝑢𝑥𝑥𝑥|2(𝐿∞(0,1))2 |𝑢𝑥𝑥|

2
𝐻𝑑𝜏

+
2

𝛿12

∫︁ 𝑡

0
|𝑢𝑥𝑥|2𝐻

∫︁ 1

0
|𝑢𝑥𝑥𝑥𝑥|2𝑑𝑥𝑑𝜏

}︂
≤ 𝐶3 + 𝐶4

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏,
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𝐼4 =

∫︁ 𝑡

0
|𝑓(𝜀)𝑢𝑥𝑥𝑥𝑥(𝜏)|2𝐻 𝑑𝜏 ≤ 𝐶4

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏 for any 𝑡 ∈ [0, 𝑇 ],

where 𝐶3 and 𝐶4 are positive constants independent of 𝜇 > 0. Therefore,
we can get

𝜌

2
|𝑢𝑡𝑥𝑥(𝑡)|2𝐻 +

𝛾

2
|𝑢𝑥𝑥𝑥𝑥(𝑡)|2𝐻 + 𝜇

∫︁ 𝑡

0
|𝑢𝜏𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏

≤ 𝐶1 +

(︂
1

𝜌
+
𝛾𝐶2

2

)︂(︂
𝜌

2

∫︁ 𝑡

0
|𝑢𝜏𝑥𝑥(𝜏)|2𝐻𝑑𝜏 +

𝛾

2

∫︁ 𝑡

0
|𝑢𝑥𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏

)︂
for any 𝑡 ∈ [0, 𝑇 ],

where 𝐶1 and 𝐶2 are positive constant independent of 𝜇 > 0. By Gronwall’s
lemma, we obtain (3.1).

Thus, we can obtain the uniform estimate for |𝑢𝑥𝑥𝑥𝑥|𝐿∞(0,𝑇 ;𝐻) indepen-
dent of 𝜇 > 0.

4. Existence of solutions

In this section, we prove existence of strong solutions of P0(𝑢0, 𝑣0, 𝑓) on
[0, 𝑇 ].

Proof of Existence. Let 𝑇 > 0, 𝜇 > 0, 𝑢0 ∈ 𝐻4, |𝑢0𝑥| > 0 on [0, 1], 𝑣0 ∈ 𝐻2,
and 𝑢𝜇 be a strong solution of P𝜇(𝑢0, 𝑣0, 𝑓) on [0, 𝑇 ]. By (1.5) and Lemma
1 we have

𝜌

2
|𝑢𝜇𝑡(𝑡)|2𝐻 +

𝛾

2
|𝑢𝜇𝑥𝑥(𝑡)|2𝐻 + 𝜇

∫︁ 𝑡

0
|𝑢𝜇𝜏𝑥(𝜏)|2𝐻𝑑𝜏) = 𝐶0

for any 𝑡 ∈ [0, 𝑇 ], (4.1)

and

|𝑢𝜇𝑥| ≥

√︃
𝐶0

𝛾
𝑒
− 16𝐶2

0
𝜅𝛾 on 𝑄(𝑇 ), (4.2)

where 𝐶0 is a positive constant given by (1.5). We note that 𝐶0 is inde-
pendent of 𝜇 > 0. In the similar way to that of [10, Section 4], we obtain

|𝑢𝜇(𝑡)|𝐻 ≤ 𝑇

√︃
2𝐶0

𝜌
+ |𝑢0|𝐻 for any 𝑡 ∈ [0, 𝑇 ].

Next, by Lemma 3.1, we also have

𝜌

2
|𝑢𝜇𝑡𝑥𝑥(𝑡)|2𝐻 +

𝛾

2
|𝑢𝜇𝑥𝑥𝑥𝑥(𝑡)|2𝐻 + 𝜇

∫︁ 𝑡

0
|𝑢𝜇𝜏𝑥𝑥𝑥(𝜏)|2𝐻𝑑𝜏 ≤ 𝐶3

for any 𝑡 ∈ [0, 𝑇 ], (4.3)
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where 𝐶3 > 0 independent of 𝜇 > 0. By (4.1), (4.3), and (3.5), we obtain

|𝑢𝜇𝑥𝑥𝑥(𝑡)|𝐻 ≤

√︃
𝐶0 + 𝐶3

𝛾
, |𝑢𝜇𝑡𝑥(𝑡)|𝐻 ≤

√︃
𝐶0 + 𝐶3

𝜌
for any 𝑡 ∈ [0, 𝑇 ].

From these estimates, we see that {𝑢𝜇} and {𝑢𝜇𝑡} are bounded in
𝐿∞(0, 𝑇 ;𝐻4) and 𝐿

∞(0, 𝑇 ;𝐻2), respectively. Moreover, {𝑢𝜇𝑡𝑡} is bounded
in 𝐿∞(0, 𝑇 ;𝐻). In fact, by (1.1) and (4.3), we see that for any 𝜇 > 0,

|𝑢𝜇𝑡𝑡(𝑡)|𝐻

≤ 1

𝜌

{︀
𝛾|𝑢𝜇𝑥𝑥𝑥𝑥(𝑡)|𝐻 + | (𝑓(𝜀𝜇)𝑢𝜇𝑥)𝑥 (𝑡)|𝐻 + 𝜇|𝑢𝜇𝑡𝑥𝑥(𝑡)|𝐻

}︀
≤ 1

𝜌

{︃√︀
2𝛾𝐶3 + | (𝑓(𝜀𝜇)𝑢𝜇𝑥)𝑥 (𝑡)|𝐻 + 𝜇

√︃
2𝐶3

𝜌

}︃
for a.e. 𝑡 ∈ (0, 𝑇 ),

where 𝜀𝜇 = |𝑢𝜇𝑥| − 1 a.e. on 𝑄(𝑇 ). Now, (𝑓(𝜀𝜇))𝑥 = 𝜅
𝑢𝜇𝑥 · 𝑢𝜇𝑥𝑥
|𝑢𝜇𝑥|6

a.e.

on 𝑄(𝑇 ) and by (4.2) there exists 𝛿 > 0 independent of 𝜇 > 0 such that
|𝑢𝜇𝑥| ≥ 𝛿 a.e. on 𝑄(𝑇 ). Easily, we have

(𝑓(𝜀𝜇)𝑢𝜇𝑥)𝑥 = (𝑓(𝜀𝜇))𝑥 𝑢𝜇𝑥 + 𝑓(𝜀𝜇)𝑢𝜇𝑥𝑥

≤ 𝜅
|𝑢𝜇𝑥𝑥|
|𝑢𝜇𝑥|4

+
𝜅

4

(︂
1 +

1

|𝑢𝜇𝑥|4

)︂
|𝑢𝜇𝑥𝑥|

≤ 𝜅

{︂
1

𝛿4
+

1

4

(︂
1 +

1

𝛿4

)︂}︂
|𝑢𝜇𝑥𝑥| a.e. on 𝑄(𝑇 ).

By (4.1) and |𝑢𝜇𝑥𝑥|𝐻 ≤

√︃
2𝐶0

𝛾
on [0, 𝑇 ], we have

| (𝑓(𝜀𝜇)𝑢𝜇𝑥)𝑥 (𝑡)|𝐻 = 𝜅

{︂
1

𝛿4
+

1

4

(︂
1 +

1

𝛿4

)︂}︂
|𝑢𝜇𝑥𝑥|𝐻

≤ 𝜅

4

(︂
5

𝛿4
+ 1

)︂√︃
2𝐶0

𝛾
for a.e. 𝑡 ∈ (0, 𝑇 ).

Thus, for any 𝜇 ∈ [0, 1), we obtain

|𝑢𝜇𝑡𝑡(𝑡)|𝐻 ≤ 1

𝜌

{︃√︀
2𝛾𝐶3 +

𝜅

4

(︂
5

𝛿4
+ 1

)︂√︃
2𝐶0

𝛾
+ 𝜇

√︃
2𝐶3

𝜌

}︃

≤ 1

𝜌

{︃√︀
2𝛾𝐶3 +

𝜅

4

(︂
5

𝛿4
+ 1

)︂√︃
2𝐶0

𝛾
+

√︃
2𝐶3

𝜌

}︃
=: 𝐶4 for a.e. 𝑡 ∈ (0, 𝑇 ).
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Clearly, 𝐶4 is independent of 𝜇 ∈ [0, 1). Therefore, {𝑢𝜇𝑡𝑡}𝜇∈(0,1] is bounded
in 𝐿∞(0, 𝑇 ;𝐻).

From these estimates, we can take a subsequence {𝜇𝑗} ⊂ {𝜇} and 𝑢 ∈
𝑊 2,∞(0, 𝑇 ;𝐻) ∩𝑊 1,∞(0, 𝑇 ;𝐻2) ∩ 𝐿∞(0, 𝑇 ;𝐻4) such that 𝜇𝑗 → 0,

𝑢𝜇𝑗 → 𝑢 weakly* in 𝑊 2,∞(0, 𝑇 ;𝐻), weakly* in 𝑊 1,∞(0, 𝑇 ;𝐻2),

weakly* in 𝐿∞(0, 𝑇 ;𝐻4),

𝑢𝜇𝑗 → 𝑢, 𝑢𝜇𝑗𝑥 → 𝑢𝑥, 𝑢𝜇𝑗𝑥𝑥 → 𝑢𝑥𝑥, 𝑢𝜇𝑡 → 𝑢𝑡 in 𝐶(𝑄(𝑇 )) as 𝑗 → ∞.

⎫⎪⎪⎬⎪⎪⎭ (4.4)

Moreover, we can easily obtain
(︀
𝑓(𝜀𝜇𝑗 )𝑢𝜇𝑗𝑥

)︀
𝑥
→ (𝑓(𝜀)𝑢𝑥)𝑥 in 𝐶(𝑄(𝑇 )) as

𝑗 → ∞. We note that for any 𝑗 ∈ Z>0,

𝜌𝑢𝜇𝑗𝑡𝑡 + 𝛾𝑢𝜇𝑗𝑥𝑥𝑥𝑥 −
(︀
𝑓(𝜀𝜇𝑗 )𝑢𝜇𝑗𝑥

)︀
𝑥
− 𝜇𝑢𝜇𝑗𝑡𝑥𝑥 = 0 a.e. on 𝑄(𝑇 ). (4.5)

Let 𝜙 ∈ 𝐶∞
0 (𝑄(𝑇 ))2 and multiply both sides of (4.5) by 𝜙. Then, we have

𝜌

∫︁
𝑄(𝑇 )

𝑢𝜇𝑗𝑡𝑡 · 𝜙𝑑𝑥𝑑𝑡+ 𝛾

∫︁
𝑄(𝑇 )

𝑢𝜇𝑗𝑥𝑥𝑥𝑥 · 𝜙𝑑𝑥𝑑𝑡−
∫︁
𝑄(𝑇 )

(︀
𝑓(𝜀𝜇𝑗 )𝑢𝜇𝑗𝑥

)︀
𝑥
· 𝜙𝑑𝑥𝑑𝑡

−𝜇𝑗
∫︁
𝑄(𝑇 )

𝑢𝜇𝑗𝑡𝑥𝑥 · 𝜙𝑑𝑥𝑑𝑡 = 0 for any 𝜙 ∈ 𝐶∞
0 (𝑄(𝑇 ))2.

It is obvious that

𝜇𝑗

∫︁
𝑄(𝑇 )

𝑢𝜇𝑗𝑡𝑥𝑥 · 𝜙𝑑𝑥𝑑𝑡→ 0 as 𝑗 → ∞.

Hence, the convergences (4.4) imply∫︁
𝑄(𝑇 )

(𝜌𝑢𝑡𝑡 + 𝛾𝑢𝑥𝑥𝑥𝑥 − (𝑓(𝜀)𝑢𝑥)𝑥) · 𝜙𝑑𝑥𝑑𝑡 = 0 for any 𝜙 ∈ 𝐶∞
0 (𝑄(𝑇 ))2.

By the fundamental lemma of the calculus of variations, we obtain

𝜌𝑢𝑡𝑡 + 𝛾𝑢𝑥𝑥𝑥𝑥 − (𝑓(𝜀)𝑢𝑥)𝑥 = 0 a.e. on 𝑄(𝑇 ).

Therefore, 𝑢 satisfies the third condition for Definition 2. By using (4.4),
we see that the second condition holds. Thus, the existence of strong
solutions to P0(𝑢0, 𝑣0, 𝑓) on [0, 𝑇 ] has been proved. Moreover, thanks to
the uniqueness guaranteed by [10, Section 3], for the whole sequence {𝑢𝜇}
the convergences (4.4) are true as 𝜇 tends to 0.
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5. Conclusion

In this paper, we have established existence and uniqueness of a strong
solution to the initial and boundary value problem for the beam equation
accompanying with the stress function having the singularity point. In
other words, we proved the convergence of solutions to the problem with
the viscosity term as the viscosity coefficient tends to 0.
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