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AnHoranus. Vccnenyercst pa3pelnuMoCTb HOBBIX HEJIMHEHHBIX 00PaTHBIX 3a/1a9 HAXOXK-
JIEHUsI BMECTe C DellleHueM JIMHeapu30BaHHOro ypapHeHust JIuust — Peiicuepa — [3stas
TaKKe HEM3BECTHOM KOHCTAHTHI. [IjIsi m3ydaeMbIX 3a/1a49 JOKA3bIBAIOTCS TEOPEMBI pa3pe-
OIMMOCTH B KJIACCaX PEryJIsIPHBIX pelreHuil, nmeromux Bce 06obuiennsie o C. JI. Coboe-
BY NIPOM3BOJHbBIE, BXOJAIINE B COOTBETCTBYIOIEe ypaBHeHne. OCOOEHHOCTHIO U3y YaeMBbIX
3a/1a9 sIBJISIETCsI, BO-IIEPBBIX, TO, YTO HEU3BECTHBIH KO3(MDMUIIMEHT €CTh BEJIMUUHA [TOCTO-
stHHast (4TO COOTBETCTBYET, HAIIPUMED, OJHOPOIHOM CpeJie), BO-BTOPBIX, HOBOE yCJIOBHE I1€-
peonpeieieHnsl, paHee He MCIOJIb3yeMOe y MPEJIIEeCTBEHHUKOB, & UMEHHO WHTErPAJIbHOEe
YCJIOBHE 110 BPEMEHHO! ITIepEeMEeHHON.

Kuaro4deBbie cjioBa: runepOo/IMYecKie ypaBHEeHNsI, OOpaTHBIE 3ala9i, HEM3BECTHBIE Ta-
paMeTpbl, HHTErPAJILHOE YCJIOBUE MTEPEOTIPEEIEHNsI, PETYISIPHBIE PEIIEHUsT

Buaromapuoctu: PaGora BbIIOSIHEHa TpU HojiepkKe Poccmiickoro Hay4aHoro ¢dhoHma
(mpoekt 23-21-00269).
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nmapcrBenHoro yausepcurera. Cepus Maremaruka. 2025. T. 52. C. 71-87.
https://doi.org/10.26516,/1997-7670.2025.52.71

1. Introduction

In recent years, the theory of coefficient inverse problems has been ac-
tively developing, and there are a lot of works related to this topic (see
[2;12;15-19; 23; 32] and the references therein). In the present article, by
an inverse problem for partial differential equations we mean a problem
in which, together with the solution, the right-hand side of the equation
(the external impact) or (and) a coefficient (coefficients) of the equation
itself are unknown. If in an inverse problem, the solution and the right-
hand side are unknown then the problem is linear; if the solution and
at least one of the coefficients and the right-hand side are unknown then
the inverse problem is nonlinear.

Problems of finding a coefficient in a differential equation that essentially
depends on certain independent variables have been studied in many works.
Significantly fewer papers have been devoted to problems in which the un-
known coefficient is a constant (which occurs, for example, in problems of
mathematical modeling of processes occurring in a homogeneous medium).

It is precisely nonlinear inverse problems with an unknown constant co-
efficient that is a constant value that is the subject of research in the present
article.
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Nonlinear inverse problems of finding a constant coefficient of an equa-
tion together with the solution were earlier studied in [3-7;9; 20; 21; 24—
31;34]. More exactly, such problems were studied for first-order operator-
differential equations [24;31], for second-order elliptic, parabolic, and hyper-
bolic equations [3-7;20;25-28;30;34], for pseudoparabolic equations [9;29],
and for equations with multiple characteristics [21]. In the above works,
various overdetermination conditions, mainly of integral form, were used.

The present article is devoted to the study of the solvability of some
new inverse problems of finding, together with the solution, an unknown
constant coefficient — namely, of problems of finding the lowest coefficient
in the linear analog of the Lin-Reissner-Tsien equation [1;10;22]. Such
problems have not been studied before.

2. Inverse Problem I

Let @ be the quadrangle (0,1) x (0,7"). Furthermore, let f(z,t), N(t) be
given functions defined for = € [0,!], t € [0,T], and A be a given number.

Inverse Problem I. Find a function u(zx,t) and a number a such that
u satisfies the equation

Uzt + Uz + au = f(x,1) (2.1)
in @@ and the conditions
u(z,0) =0, xe€(0,0), (2.2)
u(0,t) = u,(0,t) =0, te€(0,T) (2.3)
T
/N(t)u(l, t)dt = A. (2.4)
0

Equation (2.1) is a model of the linearized Lin-Reissner-Tsien equation
[1; 10; 22] which models nonstationary small perturbations in a transonic
spatial gas flow. The function u(x,t) is the potential of the velocity field,
whereas the function f(z,t) describes the external mass forces. Condi-
tions (2.2) and (2.3) are conditions of a well-posed boundary value problem
for such equations. Let us clarify that (2.4) is a condition of integral-linear
overdetermination; this condition is new for this class of problems.

Let us introduce some notations for the brevity of the statements and
proofs. Let L be the differential operator defined by the equality

Lw = wgt + wgy.
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For a fixed function w(x,t) € W2(Q), denote by ¢(w) the number

T

o(w) = [ N(@t)w(l,t)dt.
/
We put

T T
== ~$ == T == 2 .
b_O/N(t)f(l,t)dt,f( ,t) = Lf(z,t), No O/N (t)dt

Throughout the sequel, we assume that b is positive. For a fixed number
m € (I, +00), we set

Ci(m) = 4/(m — )22 (x, t)dxdt,
Q
SR 3
Cy(m) = max /(m — )22 (x, t)dxdt | /(m — ) f*(z,0)dz
Q 0
K()(m) = \/lNOC&(m).
Let V and V| be the linear spaces
V = {v(z,t) € Ly(0, T; WE(Q)), ve(x,t) € Lo (0, T; WH(Q))},

Vo = {v(z,t) € Ly(0, T; WE()), v¢(z,t) € La(0, T; W3 (2)),
vie(,1) € La(0, T3 W3 ()}

(here Q is the interval (0,7)). Define norms in these spaces as follows:
2 2 2
||U||V = ||v||L2(0,T;W22(Q)) + ||/Ut||L2(07T;W21(Q))a

2 2 2 2
|ollv, = HUHLQ(Q,T;Wg(Q)) + HthLQ(QT;WQl(Q)) + HvttHLQ(o,T;Wg(Q))'
Theorem 1. Suppose that
f(.CC,t) € WZQ(Q)’ﬁ(xat) € L2(Q)’N(t) € LQ([OaT])

Moreover, assume that
A>0, Kol)<b,

f@0,t) = f.(0,t) =0 for te€]0,T],
f(z,0)=0 for z€Q.

Then Inverse Problem I has a solution {u(z,t),a} such that u(z,t) € V,
a > 0.
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Proof. Consider the auxiliary boundary value problem: Find a function
v(x,t) that satisfies the equation

T
bt + ez + (b= [ N0t = Flat), (2.1,)
0

in @ and the conditions
v(z,0) =0, ze€Q, (2.2,)
v(0,t) = v,(0,¢) = 0,¢ € [0, T]. (2.3,)

Solving this initial boundary value problem for a nonlinear “loaded”
(see [11]) integro-differential equation (2.1,) will make it possible to solve
to the initial Inverse Problem I.

From a number M € (0,b), define the function Gy (0):

0 if || < M,
Gr(0) = M if 6 > M,
~Miff < —M.

Consider the following problem: Find a function v(x,t) that is a solution
in @ to the equation

ot + g + £ (b~ Cr (D)0 = Fa, ) (25)

and satisfies conditions (2.2,) and (2.3,). Let us show that problem (2.5),
(2.24), (2.3,) has a solution in V}.

Make use of the regularization method and the fixed point method. Let
¢ be a fixed positive number. Consider the problem: Find a function v(z, t)
that is a solution in ) to the equation

(b Crr(6()) — cvm = Fla, ) (2.6)

and satisfies conditions (2.2,) and (2.3,) and also the condition

Vgt + Vg

v(x, T)=0 z €. (2.7)

Using the fixed point method, let us show that the boundary value
problem (2.6), (2.2,),(2.3,),(2.7) is solvable in Vj for fixed € and f(z,t) €
Ls(Q). Let w(z,t) € Vp). Consider the following problem: Find a function
v(z,t) satisfying the equation

it e (b — Car(0(w))v — 2vgu = o, 1) (2.8)
and conditions (2.2,),(2.3,), (2.7).
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This problem is a mixed initial boundary value problem for a pseu-
dohyperbolic equation with time variable x. Under the hypotheses of
the theorem and for fixed e, the problem is solvable in Vj [19]. It follows
that the boundary value problem (2.8),(2.2,),(2.3,), (2.7) generates an op-
erator ®(w) from V into itself. Let us show that ® satisfies the hypotheses
of Schauder’s Theorem.

Due to the condition Ky(l) < b, there exists a number mg € (I,+00)
such that Ko(m) < b for m € (I,mp). Consider the equality

I T
// Vgt + Vzg + — (b — Grp(p(w)))v — evpp) (M — x)vgdadt
0 0

T
= //f(x,t)(m—x)vxdxdt,
00
where m is a fixed number in (I, mg).

Integrating by parts and applying Young’s inequality, we obtain two
estimates as a consequence:

/vidmdt < Cy(m); (2.9)
Q
l T
(m—a)v2(z, T)dz+(m=1) [ (1, t)dt+e | (m—z)v2,dedt <Ci(m). (2.10)
e

Next, consider the equality

I T
// Vgt + Vgz + — (b — Gu(op(w)))v — evgy) (x — m)vgydadt
0 0

I T
— //f(:c,t)(m — m)vgpdxdt.
0 0

Using calculations analogous to those used above, we obtain the inequality

l T
/ 2.(x,0)dx + (m / tltdt+/ v2,dxdt
0 0

1

g/(m — 2)v2,drdt < R /(m — ) f2(x, t)dxdt.
Q Q

_l’_
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The obtained inequalities imply that solutions to the boundary value
problem (2.8),(2.2,),(2.3,), (2.7) admit the a priori estimate

[vllve < RallfllLa(@) = Ro

with the constants Ry and R; defined only by the input data and the num-
ber €.
Let *Br, be the closed ball of V' of radius Ry and let 91 be the set

M = {w(z,t) : w(z,t) € Bry, w(z,0) = 0,w(z,T) = 0}.

Obviously, M is closed, convex, and bounded. The above-obtained esti-
mates imply that the operator ® takes this set into itself. Let us show that
® is continuous on the set Bp,.

Let {wy,(z,t)}7°_; be a sequence of function in B, such that

Wi (z,t) = wo(z, t)
in W22’2(Q). Put v, = ®(wp,), vo = ®(wp), Uy = vy — vo. We obtain
the problem

Umxt + vma:a: + —

(b - GM(¢( )))@m — EUmatt

A
= Z(GM(Gf)(wm)) — Gu(p(wo)))vo  (2.11)
T(2,0) =0, Tpu(z,T) =0 z € (0,1), (2.12)
Um(0,t) = Umma(0,t) = 0,¢ € (0, 7). (2.13)

The estimate for v,,(z,t) looks as

[om 3 < RlHZ(GM(qﬁ(wm)) — Gu(d(wo)))vollza(@)-

The function G (0) is Lipschitz continuous, v(x,t) € Bpr,. Therefore,

[} < Rollwm — wollz,q)

Since the sequence {wy,(z,t)}5°_; converges in V' to wy(z,t), the right-
hand side of the last inequality vanishes as m — oo. This means that
the operator ® is continuous on Bpg,.

The compactness of ® stems from the embedding theorems. Consider
an arbitrary bounded sequence {wy,(x,t)}>°_; in V. Obviously, the se-
quences {wpq(x, t)}m 1 {wme(z,4)}5°_, are bounded in W3(Q). Since
the embeddings W4 (Q) C Lo(Q) and WH(Q) C L2(0Q) are compact (see
[8;13]), one can extract a subsequence {wy,, (z,t)};, _; converging weakly
to wo(z,t) € W2(Q). Moreover, we have the followmg convergences as
my, — 00:

Wit (2, 1) = wor(x,t)  weakly in Lo(Q),
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Wiz (2, 1) = woz(z,t)  weakly in La(Q),
Wy (1) = Woa(,1)  weakly in Lo(Q),
Winy2t (2, 1) = woar(2,t)  weakly in Lo(Q),
W, (I,t) = wo(l,t) strongly in Ly(0,T).

Now, define the functions vy, (x,t), vo(x,t) as the images of the functions
W (x,t), wo(x,t) under ®. Repeating the proof of the continuity of ®, we
conclude that Uy, |[v — 0 as my — oo. This means that ® is compact.

What has been proved implies that ® satisfies all the hypotheses of
Schauder’s Fixed Point Theorem in *Bpr,. Therefore, there exists a function
v(x,t) € Bp, that is a solution to the boundary value problem (2.8), (2.2,),
(2.3,), (2.7) for v(z,t) = w(z,t). (In other words, the operator ® has a fixed
point.) We show that under extra conditions on f(z,t), the function v(z, t)
admits estimates uniform in e.

Consider the equality

| T
// Vgt + Vpw + — (b — Gup(o(v))v — evg) (x — m)vgdadt
0 0

l T~
_ 0/ O/ Fl, £) (2 — m)vgndadt.

Integrating by parts and applying Holder’s inequality, we obtain the two

estimates
l

/(m — x)v2(z,0)dr + /vgtd:cdt < 16C3,
0 Q@

T
—1
/ 2, (1, t)dt + +5/( — x)viydadt < AC3(m).
0 Q

Consider a sequence of positive numbers {g,}7°; such that ¢, — 0
as n — oo. Let v,(z,t) be a solution to the boundary value problem
(2.6), (2.7), (2.2,),(2.3,) for € = &,. The above-obtained estimate uni-
form in € and the reflexivity of a Hilbert space imply that there exists
a sequence {my}32, of naturals and a function v(z,t) such that the fol-
lowing convergences as k — oo hold: vy, (x,t) = v(z,t) strongly in Ly(Q),
Unpza(T,1) = Ugz(x,t) weakly in Lo(Q), vpat(z,t) = vge(z,t) weakly in
Ly(Q), enyvn,ztt(x,t) — 0 weakly in Lo(Q). These convergences imply
that the limit function v(x,t) satisfies (2.5).

NsBectusi IpKyTCKOTO TOCY/IapCTBEHHOTO yHUBEPCUTETA.
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Now, consider |¢p(v)|:

1
T 2 2

T
6() = | / N, )] < / N2(t)dt
0

0

T
/vz(l,t)dt
0

T
The function v(z,t) satisfies the inequality /vz(l,t) < 1Ci(m). Reck-
0

oning with the above-obtained estimates, |p(v)| < Ky(m). By the choice
of mg, under the condition b > Ky(l) of the theorem, the inequality |p(v)| <
b certainly holds. Thus, v(x,t) is a solution to the auxiliary boundary value
problem (2.1,),(2.2,),(2.3,). We will now show that we can determine
a solution to the initial boundary value problem with the use of v(z,t).

Define u(z,t) as a solution to the boundary value problem for the equa-
tion

Lu(z,t) = ugt + Ugy = v(x,t)

with conditions (2.2)-(2.3). Let a = (b — fN(t)(uxt(l,t) + ugg (1, 1))dt).
0

Insert the value of @ in (2.1); after transformations, it takes the form

/ N(ul, )t — A) / N, t)dt —b | =o0.
0 0

Reckoning with the representation of a and the fact that a > 0, we see
that the second factor is positive and hence this equality implies the fulfill-
ment of (2.4).

Then , there is equality L(v — au — f) = 0. For the function w(x,t)
v(x,t) —au(z,t)— f(z,t) the equation Lw = 0 and the conditions w(x,0) =
w(0,z) = w,(0,2) = 0 are satisfied. It is easy to prove that w(x,t) = 0.
Consequently, the function u(x,t) and constant a found are the solution to
the inverse problem I. O

3. Inverse Problem II

Once again, let f(x,t) and N(t) be given functions defined for = € [0,1],
t € [0,7], and let A be a given number.

Inverse Problem II. Find a function u(x,t) and a number a such that
the equation

Ugt + Upy + au = f(x,1) (3.1)

holds in @ and u(z,t) satisfies the conditions
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u(z,0) =0, xe€(0,0), (3.2)
u(l,t) = u,(0,¢) =0, te(0,7)

and also the condition

N()u(0,t)dt = A. (3.4)

St~

We specify that (3.4) is an integral overdetermination condition; this
condition is new for this class of problems.

For proving the solvability of Inverse Problem II, we introduce some
additional notations.

For a fixed function v(x,t) € W2(Q), denote by ®(v) the number

T
- / N()(0,t)dt
0
T

Denote for brevity by = /N(t)f(O,t)dt, f(m,t) = Lf(x,t), where L is

0
the differential operator defined above;

fl(x’t) = ﬁ(x’t)(T - t) - f(x’t)’

|

T 2
/ N%(t)dt | , Ry = Nol? / fE(x, t)dxdt
0 Q

Theorem 2. Suppose that
flx,t) e WE(Q), N(t) € C'([0,T)).
Moreover, assume the fulfillment of the conditions
f2(0,8) =0, f(I,t) =0, f(z,0) =0

and the inequality —bg > Ry.
Then Inverse Problem II has a solution {u(z,t),a} such that u(z,t) € V,
a<O0.

Proof. Consider the auxiliary direct problem: Find a function v(z,t) that
is a solution in @) to the equation

T
Vgt + Vs + /N v(0,8)dt)v = f(,t) (3.5)
0

NsBectusi IpKyTCKOTO TOCY/IapCTBEHHOTO yHUBEPCUTETA.
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and satisfies the conditions
v(xz,0) =0, z€(0,1), (3.6)

v(l,t) =v,(0,¢) =0, te(0,T). (3.7

The solvability of this problem will make it possible to establish the solv-
ability of Inverse Problem II.

Define the function G/(0) as above; but now M is a fixed number such
that by < —M. Let € be a positive number.

Consider the following problem: Find a function v(x,t) that is a solution
in @ to the equation

+ L (b0 — Gar(@())o + evemt = Fla,t) (3.8)

Vgt + (% A(

and satisfies conditions (3.6), (3.7). We will now prove the presence of
“good” a priori estimates.

Note that under conditions (3.6), (3.7), the function v(z,t) satisfies
the inequalities

T

l2
/qﬂ (0,1) dt<12/ gdxdt,/UdedtSE/ dedt/ 2dmdt<—/v dxdt.

0 Q Q Q

Consider the equality

1
/(vm + Vg + Z(bo — Ga(P(v)))v + eVp0t) (T — t)Vygrdadt
Q

— / Fa, ) (T — t)vggedadt. (3.9)

Using integration by parts and Young’s inequality, we obtain the estimate

T
%/ L1, t)dt + = /v dxdt——A(bo—GM( (v )))/vgdxdt
+ % /(T— t)v} ydadt < %/(T— ) f2(x, t)dedt.  (3.10)
Q Q

Consider the equality

/(vm—l—vm—i-A(bo GM(@(U)))U—l—evmt)vmdxdt:/f(x,t)vmdxdt. (3.11)
Q Q
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Once again using the technique connected with integration by parts, we
infer that solutions v(x,t) to the boundary value problem (3.8), (3.6), (3.7)
satisfy the inequality

l

T T4 ~
/ o2, dadite /v () T)dx<3( L b0 M +1> / P(a,)dzdt (3.12)
Q 0 Q

Relations (3.10) and (3.12) obviously imply the estimate

[vllve < K1llfllLa@)s (3.13)

where the constant K is defined only by the input data and . This
estimate implies that we can apply the technique connected with Schauder’s
Fixed Point Theorem similar to the technique used in proving Theorem 1.
As a consequence, we have the solvability of Problem (3.8),(3.6), (3.7) for
fixed €. Now, we obtain estimates uniform in ¢ for v(x,t).

Carry out integration by parts on the left and on the right in (3). We
obtain the estimate

T
1 2
5/ (1,1) dt+4/v da:dtfﬂ(bofGM( (v )))/dea?dt
0 Q Q
+5/(Tt)vixtd:cdtg/ff(:c,t)dxdt, (3.14)
Q Q

Reckoning with (3.14), we again consider (3.11). Acting by analogy with
what was done above, we infer

l

/vgtdazdtJr 25/v§x(:c T)dz

Q 0

~ 14
<3 /f2(x,t)dxdt+ (4 + m(bo — M)Q)/ff(x,t)dxdt (3.15)
Q

Relations (3.14) and (3.15) imply the estimates
/ v2 drdt < 4 / f2(z, t)dxdt, / vidrdt < I? / f2(x, t)dzdt,
Q Q Q Q

[vllve < Rallf1llLs @) (3.16)
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where the constant Rs is defined only by the input data and does not
depend on £. An estimate uniform in € is quite enough for passage to
the limit (see the proof of Theorem 1) — it makes it possible to choose
a convergent sequence {v., (z,t)}22; such that the limit function v(x,t)
satisfies the equation

1
Uyt + Vgg + Z(bo - GM(U))’U - f(.%',t)
and conditions (3.6), (3.7).
The above-established estimates imply the inequality

[#(v)] < Ro.

By the choice of M, under the condition Ry < —b of the theorem, the in-
equality |¢(v)| < —b certainly holds. Thus, the function v(x,t) is a solution
to the auxiliary boundary value problem (3.5),(3.6),(3.7).

All subsequent arguments correspond to the arguments in the proof of
Theorem 1. As a result, we obtain what was required. The theorem is
proved. ]

4. Appendices and Comments

4.1. Inverse Problems I and II complement each other to a certain extent:
in one case, a positive coefficient a is searched for, and in the other case,
a negative coeflicient.

4.2. The article is devoted to the case of model equations (2.1) and (3.1).
It is obvious that generally analogous results can be obtained also for more
general equations — for example, for equations with variable coefficients,
with additional lower terms. The corresponding conditions and calculations
will become substantially more cumbersome but the essence of the results
will not change.

4.3. It is not hard to construct examples of input data for which
the hypotheses of Theorems 1 and 2 are fulfilled.

Suppose that N(t) = const = 1 and f(z,t) = z%. All conditions of
Theorem 1 are fulfilled.

Let f(z,t) = t(x® — [?), N(t) = const = 1. Then the obvious condition

—bg > Ry takes the form
T2 2 1
4= 22 3%
T \/;( 141°)2

Thus, all conditions of Theorem 2 are fulfilled for sufficiently small [.
Of course, there are a lot of other examples.
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