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Аннотация. Исследуется субдифференциал Фреше поточечного супремума семей-
ства функций, индексируемых произвольным множеством. Все рассматриваемые
при этом функции заданы на гладком по Фреше пространстве; этот класс банаховых
пространств включает в себя как рефлексивные пространства, так и сепарабельные
пространства Асплунда. Новые оценки сверху, в том числе невыпуклые, установле-
ны для субдифференциала по Фреше супремума непрерывных и полунепрерывных
снизу функций. В этих оценках к каждому ε-активному индексу, соответствующе-
му непрерывной функции, предъявляется дополнительное требование: ε-близость
графика этой непрерывной функции к рассматриваемой точке графика супремума.
Ключевые двусторонние неравенства для точки графика непрерывной функции, со-
ответствующей ε-активному индексу, основаны на двустороннем однонаправленном
варианте теоремы Лагранжа. Метод доказательства верхних оценок сочетает в себе
подходы из работ Дж. С. Треймана, Ю. С. Ледяева, М. Ш. Мордуховича, Т. Нгиа
и П. Перез-Ароса.
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Introduction

Consider a family of lower semicontinuous functions fγ : X → R ∪ {+∞}
(γ ∈ Γ) defined on a Fréchet smooth space X. Define the following
supremum function f

f(x) = sup
γ∈Γ

fγ(x).

In this article we estimate the Fréchet subdifferential of this function f .
There are many works devoted to this topic. For example, for the family of
convex functions, it is necessary to mention the classical Ioffe–Tikhomirov
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ON SUPREMUM OF CONTINUOUS FUNCTIONS 23

theorem [4] and the very recent monograph [3]. The detailed history of the
issue can be found in [9], [11]. As well as in [9], [11], we will not impose
any assumptions on the index set Γ. At the same time, in this article the
main attention will be paid to the case when all the fγ are continuous.

The method of proofs follows the key ideas from [6, Theorem 6.1] and
[11]. We will only apply some two-sided version of the mean value inequality
(see Proposition 1) in the continuous case instead of the classical one-sided
mean value inequality [6, Theorem 2.2] and use the famous estimates for
subgradients of the supremum function of linear function in the convex case
with [11, Proposition 3.7] instead of the nonsymmetrical minimax theorem
[1, Theorem 3.6.10].

The rest of the paper is organized as follows. In Section 2, we will for-
mulate two estimates for the Fréchet subdifferential of f (Theorem 1) and,
then, discuss and compare these estimates with those previously known.
The proof of Theorem 1 is contained in Section 3. But first, we will recall
several definitions and two results of variational analysis.

1. Basic Definitions and Preliminaries

We will use basic notions from the set-valued and variational analyses [1;7].
For every subset X of Banach space X, by coX , clX denote its convex

hull and the closure (in the norm topology). Similarly, by clw
∗Y denote the

closure in the weak∗ topology of a subset Y of X∗. Denote also by B and
B∗ the closed unit balls in X and X∗, respectively.

Recall that a Banach space is Asplund if each of its separable subspaces
has a separable dual. We say a real Banach space is Fréchet smooth if this
space has an equivalent norm that is C1-smooth off the origin. Each Fréchet
smooth space is Asplund. Observe that any reflexive Banach space and any
separable Asplund space are Fréchet smooth [1, Theorem 6.1.6]. It is worth
mentioning that B∗ is sequentially compact in the weak∗ topology [10,
Theorem 3.113] if X is Asplund.

Given an extended real-valued function g : X → R ∪ {−∞,+∞}, define
its graph gph g

△
= {(x, g(x)) ∈ X × R | |g(x)| < +∞}. For a point x ∈ X

with |g(x)| < +∞, define the Fréchet subdifferential [1, (3.1.1)] of g at x as

∂̂g(x)
△
= {ζ ∈ X∗ | lim inf

y→x

g(y) − g(x)− ζ(y − x)

‖y − x‖ ≥ 0}.

Observe that ∂g(x) = ∅ if |g(x)| = +∞.
Next, we will essentially need the two recent results of the variational

analysis. First, we will use the following two-sided one-directed mean value
inequality [5]:
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Proposition 1. Let X be a Fréchet smooth space. Let a continuous
function g : X → R and some closed interval [u; v] in X be given.

Then, for a real number s < g(v)− g(u) and positive ε there exist some

point ẑ ∈ [u; v] + εB and Fréchet subgradient ζ̂ ∈ ∂̂g(ẑ) that satisfy

s < ζ̂(v − u) and |g(ẑ)− g(u)| ≤ |s|+ ε. (1.1)

Second, we will also apply the following excellent estimate in the case of
the direct index set T [11, Proposition 3.7]:

Proposition 2. Let X be an Asplund space. Assume that some non-
decreasing family of defined on X lower semicontinuous functions ht (t ∈ T)
is given. Let h ≡ sup{ht | t ∈ T}.

Then, for all points x′ ∈ X,

∂̂h(x′) ⊂
⋂

κ>0

clw
∗

⋃

x′′∈x′+κB, t∈T,
h(x′)<ht(x′′)+κ, |ht(x′)−ht(x′′)|<κ

∂̂ht(x
′′). (1.2)

2. The main result

Let a Fréchet smooth space X, some non-empty index set Γ, and a family
of lower semicontinuous functions fγ : X → R ∪ {+∞} (γ ∈ Γ) be given.
Define a function f : X → R ∪ {+∞} by the following rule:

f(x) = sup
γ∈Γ

fγ(x) for all x ∈ X.

Due to [12, Proposition 1.26], f as a supremum of a family of lower
semicontinuous function is lower semicontinuous.

By (Fin)(Γ) denote the set of all finite subset of Γ. For every T ∈
(Fin)(Γ), define fT (y) = maxγ∈T fγ(x). For each γ ∈ Γ put |a|γ ≡ |a| if fγ
is continuous on X, and |a|γ ≡ a otherwise. Finally, by [1 :K] denote the
set {1, 2, . . . ,K} for each K ∈ N.

Theorem 1. Let ξ be a Fréchet subgradient of f at a point x̂ ∈ X.
Then, for an weak∗ neighborhood U of the origin in X∗, for every positive

ε, there exist a natural K, coefficients αi ∈ (0; 1] (i ∈ [1 : K]), and pairs
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(xi, γi) ∈ X × Γ (i ∈ [1 : K]) that satisfy

K∑

i=1

αi = 1, (2.1)

ξ ∈
K∑

i=1

αiζi + U, (2.2)

xi ∈ x̂+ εB for all i ∈ [1 : K], (2.3)

ζi ∈ ∂̂fγi(xi) for all i ∈ [1 : K], (2.4)

(ζi − ξ)(xi − x̂) > −ε2 for all i ∈ [1 : K], (2.5)

|fγi(xi)− f(x̂)| < ε if fγi is continuous and

fγi(xi)− fγi(x̂) < ε otherwise; (2.6)

in particular, |fγi(xi)− f(x̂)|γi < ε and

fγi(xi)− f(x̂) < ε (2.7)

holds true for all i ∈ [1 : K]. In addition, if Γ is finite, we also can
guarantee that

|fγi(xi)− fγi(x̂)| < ε for all i ∈ [1 : K]. (2.8)

Furthermore, one has

∂̂f(x̂) ⊂
⋂

κ>0

clw
∗

⋃

x′∈x̂+κB, T ∈(Fin)(Γ),
|fT (x′)−f(x̂)|<κ,

|fγ(x′)−fT (x′)|γ≤0 ∀γ∈T

⋂

ε>0

clw
∗

co
⋃

γ∈T , x∈x′+εB,
|fγ(x′)−fγ(x)|<ε

∂̂fγ(x)

(2.9)

⊂
⋂

κ>0

clw
∗

co
⋃

γ∈Γ, x∈x̂+κB,
|fγ(x)−f(x̂)|γ<κ

∂̂fγ(x);

(2.10)

in particular, in the case of the family of continuous fγ,

∂̂f(x̂) ⊂
⋂

κ>0

clw
∗

⋃

x′∈x̂+κB, T ∈(Fin)(Γ),
|fT (x′)−f(x̂)|<κ,

fγ(x′)=fT (x′) ∀γ∈T

⋂

ε>0

clw
∗

co
⋃

γ∈T , x∈x′+εB,
|fγ(x′)−fγ(x)|<ε

∂̂fγ(x). (2.11)

The proof of this theorem will be presented in Section 3. Now, the
discussion of the results is presented in the form of a series of comments.
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Remark 1. If X
△
= Rd, by the famous Carathéodory theorem [12, The-

orem 2.29], any finite convex sum of a (co)vectors can be represented by
some finite convex sum of no more than d + 1 of them. So, this theorem
holds true with additional requirement that K ≤ d+ 1.

Remark 2. If each fγ is C1-smooth on X, we obtain that each ∂̂fγ(x) is
a singleton, therefore ζi = f ′γi(xi) whenever i.

Remark 3. Following [9] in the case of the family of continuous fγ assume

also that for all z close to x̂ each set-valued map x 7→ ∂̂fγ(x) weak
∗ outer

stable at point z [9]: for all sequences of zi and ζi ∈ ∂̂fγ(zi), converging and

w∗-converging to z and a ζ ∈ X∗ respectively, ζ lies in clw
∗

∂̂fγ(z). Then,
(2.11) is simplified to

∂̂f(x̂) ⊂
⋂

κ>0

clw
∗

⋃

x′∈x̂+κB, T ∈(Fin)(Γ),
|fT (x′)−f(x̂)|<κ,

fγ(x′)=fT (x′) ∀γ∈T

clw
∗

co
⋃

γ∈T

clw
∗

∂̂fγ(x
′).

Remark 4. The first inequality in (2.6) can be replaced by

|fγi(x̂)− f(x̂)| < ε for all i ∈ [1 : K]; (2.12)

if either all the fγ are equicontinuous near to x̂, or f and all the fγ are con-
tinuous. These conditions are typical, for instance, [8, (8.33)]. In particular,
(2.10) yields [9, (3.4)].

Remark 5. The condition (2.7) can not be replaced by the first inequality
in (2.6) or by

dist(xi, fγi(xi), gph f) < ε for all i ∈ [1 : K] (2.13)

even if f is continuous on X and each fγ is continuous near x̂ and lower

semicontinuous on X. Indeed, consider X
△
= R and Γ

△
= Q; for all p/q ∈ Γ

set fp/q(x) ≡ 0 if x ≤ p/q and fp/q(x)
△
= 1 otherwise. Now, f(x) = x

and ∂̂f(x) = {1} on X. Note that also ∂̂fr(x) = {0} if r 6= x. Consider
the unique subgradient ξ = 1 at point x̂ = e−1 and a positive ε < e−1.
Assume that we could pick finite families of αi, γi, xi, and ζi that satisfies
(2.2). Since ξ is nonzero, at least one of ζi must be nonzero, therefore the
corresponding γi coincides with xi. This yields fγi(xi) = 0 for some i, and
(2.13) does not hold if ε < 1/e. So, in this example the condition (2.13),
as well as (2.6), is not consistent with (2.2).

Remark 6. The requirement of the finiteness of Γ for the condition (2.8)

as well as fγi(xi) > fγi(x̂) − ε cannot be omitted. Indeed, consider X
△
= R
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and Γ
△
= N, set fn(x)

△
= 0 if x < 0, fn(x)

△
= −nx if x ∈ [0; 1/n], and fn(x)

△
=

1 otherwise. Now, f(x) = 0 if x < 0 and f(x) = 1 otherwise. Assume that
for this subgradient ξ = 1 at point x̂ = 0 and a positive ε < 1 one finds
finite families of αi, γi, xi, and ζi that satisfies (2.2). Since ξ is positive,
at least one of ζi must be positive, therefore the corresponding γi coincides
with xi = 1/γi. This entails fγi(xi) = −1 and |fγi(xi)− fγi(0)| ≥ 1. So, in
this example the condition (2.8) is not consistent with (2.2).

To the best of our knowledge, the convex estimates (2.2) and (2.10) of
the Fréchet subdifferential of supremum function f in Theorem 1 are similar
to the following results:
− for lower semicontinuous functions fγ on a reflexive X, the inclusion

(2.2) with (2.3), with
∣∣∣∣

∑

γ∈Γ, αγ>0

αγ − 1

∣∣∣∣ < ε (2.14)

instead of (2.1), and without any condition on f(x′) [2, Theorem 3.18];
− for the lower semicontinuous functions fγ on a reflexive X, the inclusion

(2.2) with (2.1), (2.3), and (2.7) [6, Theorem 3.2];
− for the uniformly locally Lipschitz continuous (or, merely equicon-

tinuously subdifferentiable) family of fγ on an Asplund space, the
equivalent to (2.2) inclusion [9, Theorem 3.1(ii)]:

− for the finite family of lower semicontinuous functions fγ on an Asplund
space, the inclusion (2.2) with (2.8), (2.14),

(|f(x′)− fγi(x
′)| > ε) ⇒ (αi < ε), (2.15)

with x′ = x̂ for each γ ∈ Γ instead of (2.1) and (2.7) [11,
Proposition 3.2(v)].

Finally, regarding the non-convex estimate (2.9), we notice a similar result
in Asplund space for lower semicontinuous functions fγ [11, Theorem 3.8]:

∂̂f(x̂)⊂
⋂

κ>0

clw
∗

⋃

T ∈(Fin)(Γ),x′∈x̂+κB,
fT (x′)≥f(x̂)−κ, |fT (x′)−fT (x̂)|<κ

⋂

ε>0

clw
∗
⋃{∑

γ∈T

αγ ∂̂fγ(xγ)
∣∣∣

αγ ≥ 0, xγ ∈ x′ + εB satisfying (2.14), (2.15), and |fγ(xγ)− fγ(x
′)| < ε

}

(2.16)

and for uniformly Lipschitz continuous functions [11, Theorem 3.1(i)]:

∂̂f(x̂)⊂
⋂

κ>0

clw
∗

⋃

T ∈(Fin)(Γ),x′∈x̂+κB,
fγ(x′)=fT (x′)≥f(x̂)−κ ∀γ∈T

co
⋃

γ∈T

∂fγ(x
′). (2.17)
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3. The proof of Theorem 1

Step 0. At the beginning, we can assume, without loss of generality, that
f(x̂) = 0 and x̂ = 0.

Fix some positive ε < 1/4 and an weak∗ balanced neighborhood U of
the origin in X∗. Decreasing ε if necessary, we can assume that 4εB∗ ⊂ U .

Recall that, for each γ ∈ Γ, |a|γ ≡ |a| if fγ is continuous, and |a|γ ≡ a
otherwise. Introduce the set Ξε ⊂ X∗ by

Ξε
△
= {ζ ∈ X∗ | ∃γ ∈ Γ, ẑ ∈ εB/2, ζ ∈ ∂̂fγ(ẑ) satisfying (2.5), (2.6)}.

So, since we can choose positive ε arbitrarily, for every Fréchet subgradient
ξ of f at x̂ = 0 and corresponding relations (2.1)–(2.7), we only need to
prove that ξ ∈ co Ξε + U .

To this, introduce the scalar function g : X → R by the rule:

g(x) = −ξx+ ε3‖x‖ for all x ∈ X.

Now, by the definition of Fréchet subgradient, one find a positive τ < ε/4 <
1 such that

−g(x) < f(x) on 2τB \ {0}. (3.1)

Decreasing τ if necessary, we can ensure the inequalities

4|g(x)| < ε, ∂̂g(x) ⊂ −ξ + ε2B∗, 4t(‖ξ‖ + ε) < ε on τB.

Step 1. We claim that, for every v ∈ B, there exists a ζ ∈ Ξε that
satisfies

sup
ζ∈Ξε

(ζ − ξ)v ≥ −ε2 for all v ∈ B. (3.2)

In the case v = 0 this inequality is trivial. Therefore, let v ∈ B be non-zero.
By (3.1), we obtain

−ε/4 < −g(tv) < f(tv) for all 0 < t ≤ τ.

Hence, for each 0 < t ≤ τ , one finds a γ(t) ∈ Γ that satisfies

(fγ(t) + g)(tv) > 0.

By the choice of τ , one has

fγ(t)(0) ≤ f(0) = g(0) ≤ −g(tv) + ε/4 < fγ(t)(tv) + ε/4. (3.3)

Assume also that there exists a positive t ≤ τ with continuous fγ(t). Fix
this t and the corresponding γ = γ(t). The continuity of fγ leads us to a
root t′ ∈ [0; t) to the equation −g(t′v) = fγ(t

′v). This root exists due to
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the intermediate value theorem by fγ(0) + g(0) ≤ 0 < fγ(tv) + g(tv). We
obtain the inequality

fγ(tv)− fγ(t
′v) > g(tv) − g(t′v) ≥ (t− t′)(ξv − ε2).

Now, let’s apply Proposition 1 to this inequality with data u
△
= t′v, v

△
= tv,

s
△
= (t − t′)(ξv − ε2), ε

△
= t/2. Then, we pick a point ẑ ∈ X and a Fréchet

subgradient ζ ∈ ∂̂fγ(ẑ) that satisfies

(t− t′)(ξv − ε2) < (t− t′)ζv, ‖ẑ‖ < t+ t < ε/2,

|fγ(ẑ)− fγ(t
′v)| ≤ |(t− t′)(ξv − ε2)|+ t.

By the choice of t < ε/4, in the account to g(t′v) = fγ(t
′v), this yields that

ẑ ∈ εB/2 and

|fγ(ẑ)|γ = |fγ(ẑ)| ≤ |fγ(t′v)|+ ε/2 + t < ε;

in particular, ζ ∈ Ξε and ξv − ε2 < ζv. In this case, (3.2) has been proved.
Assume also that, for all positive t ≤ τ , from (3.3) it follows that fγ(t)

is not continuous. Fix this t and the corresponding γ = γ(t). Now, from
fγ(tv) + g(tv) > s ≥ 0 ≥ fγ(0) + g(0) it follows that

(fγ + g)(tv) − (fγ + g)(0) > s ≥ 0.

One-sided unidirectional mean value theorem [1, Theorem 3.4.6] to fγ + g,

u
△
= 0, v

△
= tv, s = 0, ε

△
= t gives a point z ∈ X and a Fréchet subgradient

ζ ′ ∈ ∂̂(fγ + g)(z) that satisfies

0 < tζ ′v, ‖z‖ < t+ t < ε/2, fγ(z) + g(z) ≤ fγ(0) + g(0) + t < fγ(0) + ε/2

by the choice of t < ε/4. Applying the strong approximate sum rule [1,

Theorem 3.3.1], we pick a point ẑ ∈ X , a Fréchet subgradient ζ̂ ∈ ∂̂fγ(ẑ),

and a Fréchet subgradient ξ̂ ∈ ∪z′∈εB/2∂̂g(z
′) ⊂ (−ξ + ε2B∗) that satisfies

0 ≤ s < t(ζ̂ + ξ′)v, ‖ẑ‖ < ε/2, fγ(ẑ) < fγ(0) + ε.

Further, from 0 = s < t(ζ̂ + ξ′)v it follows −ξv < ζ̂v. Since v ∈ B and

ξ′ ∈ −ξ + ε2B∗, we obtain ξv − ε2 < ζ̂v. So, we have verified that ζ̂ lies in
Ξε.

Thus, in all the cases for each v ∈ B there exists a ζ ∈ Ξε that satisfies
(3.2).

Step 2. Define the sequence of functions hn : X → R by the following
rule:

hn(x)
△
= sup

ζ∈Ξε∩nB∗

(ζ − ξ)x for all x ∈ X, n ∈ N.
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Notice that, for each n all the functions of family Ξε ∩ nB∗ are uniformly
locally Lipschitz continuous, therefore, by [9, Theorem 3.1(ii)], one has

∂̂hn(x) ⊂ clw
∗

co
⋃

ζ∈Ξε∩nB∗

∂̂(ζ − ξ)(x)

= clw
∗

co
(
− ξ + Ξε ∩ nB∗

)
⊂ −ξ + clw

∗

co Ξε (3.4)

whenever x and n.
Further, the sequence of hn allows us to rewrite (3.2) as

h(x)
△
= sup

n∈N

hn(x) ≥ −ε2 for all x ∈ B.

Since hn(0) = 0 whenever n, we establish that 0 is an ε2-minimum of h onB.
Invoking the lower subdifferential variational principle [7, Theorem 2.28],

there exists a point x̌ ∈ εB and ζ̌ ∈ ∂̂h(x̌) such that ‖ζ̌‖∗ ≤ ε. In particular,

0 ∈ ∂̂h(x̌)+ εB∗. Since sequence of hn is non-decreasing, Lemma 2 ensures

0 ∈
⋂

κ>0

clw
∗

⋃

x′′∈x′+κB, n∈N

∂̂hn(x
′′) + εB∗.

In account to εB∗ ⊂ U/4, substituting κ
△
= ε, we find a x′′ ∈ 2εB and

n ∈ N that satisfies 0 ∈ ∂̂hn(x
′′) + U/2. Now, (3.4) entails

0 ∈ clw
∗

co(Ξε ∩ nB∗)− ξ + U/2 ⊂ co Ξε − ξ + U

and ξ ∈ clw
∗

co Ξε + U for sufficiently small ε. Since we can choose a
neighborhood U arbitrary, the relations (2.1)–(2.6) has been proved.

In the case of finite subset Γ, we can pick a positive ε′ < ε that satisfies
fγ < fγ(x̂)+ε on ε

′B for continuous f and fγ > fγ(x̂)−ε on ε′B for upper

continuous f . Now, ξ ∈ clw
∗

co Ξε′+U yields (2.8). In particular, we obtain

ξ ∈
⋂

ε>0

clw
∗

co
⋃

γ∈Γ, x∈x̂+εB,
|fγ(x)−f(x̂)|γ<ε, |fγ(x)−fγ(x̂)|<ε

∂̂fγ(x). (3.5)

Step 4. Fix a positive κ. Recall that f(x̂) = 0, x̂ = 0. Following
the proof of [11, Theorem 3.8], consider the set T = (Fin)(Γ) of all finite
subsets T of Γ. This set is ordered by the relation ⊂, the family of fT with
T ∈ (Fin)(Γ) is increasing and its supremum coincides with f . Applying
Proposition 2 to this family, substituting (3.5) with x′ instead of x̂ in (1.2),
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we get

ξ ∈ clw
∗

⋃

x′∈κB, T ∈T,
fT (x′)>−κ, |fT (x̂)−fT (x′)|<κ

∂̂fT (x
′) ⊂ clw

∗
⋃

x′∈κB, T ∈(Fin)(Γ),
|fT (x′)|<κ, |fT (x̂)|<2κ

∂̂fT (x
′)

⊂ clw
∗

⋃

x′∈κB, T ∈(Fin)(Γ),
|fT (x′)|<κ, |fT (x̂)|<2κ

⋂

ε>0

clw
∗

co
⋃

γ∈T , x∈x′+εB,
|fγ(x)−fT (x′)|γ<ε, |fγ(x′)−fγ(x)|<ε

∂̂fγ(x)

⊂ clw
∗

co
⋃

γ∈Γ, x∈2κB,
|fγ(x)|γ<2κ

∂̂fγ(x).

Furthermore, |fγ(x) − fT (x
′)|γ < ε together |fγ(x′) − fγ(x)| < ε gives

|fγ(x′)−fT (x′)|γ < 2ε. Since we can choose ε small enough, we can exclude
continuous fγ in the case fγ(x

′) 6= fT (x
′). Therefore, fγ(x

′) has to coincide
with fT (x

′) for each continuous fγ . This yields

ξ ∈ clw
∗

⋃

x′∈κB, T ∈(Fin)(Γ), |fT (x′)|<κ,
|fγ(x′)−fT (x′)|γ≤0 ∀γ∈T

⋂

ε>0

clw
∗

co
⋃

γ∈T , x∈x′+εB,
|fγ(x′)−fγ(x)|<ε

∂̂fγ(x).

Since we can choose κ arbitrary, we obtain (2.9) and (2.10). The theorem
has been proved.

Remark 7. In the proof above, the fact that a given X is not only is an
Asplund but also is Fréchet smooth, was applied only once: when referring
to a two-sided inequality (1.1) of Proposition 1. This allows us to hope
that this Theorem 1 will be fulfilled in all Asplund spaces.

4. Conclusion

In this article we refine the estimates of the Fréchet subdifferential for the
supremum. In particular, we replace the requirements (2.14),(2.15) with
(2.6),(2.1) for the case of continuous functions. By doing so, the obtained
in Theorem 1 convex and nonconvex estimates of Fréchet subdifferential
bridge the gap between the result of [9, Theorem 3.1(ii)] in the uniform Lip-
schitz case and the result of [11, Theorem 3.8] in the lower semicontinuous
case.

References

1. Borwein J.M., Zhu Q.J. Techniques of variational analysis. New York, Springer-
Verlag, 2005, 362 p.



32 D. V.KHLOPIN

2. Borwein J.M., Zhu Q.J. A survey of subdifferential calculus with applications. Non-
linear Analysis, 1999, vol. 38, no. 6, pp. 687–774. https://doi.org/10.1016/S0362-
546X(98)00142-4
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