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Аннотация. Отмечается, что Мэгуми Сайго ввел обобщенные дробные операторы,
включающие гипергеометрическую функцию Гаусса, имеющие четыре частных слу-
чая: дробные операторы Римана – Лиувилля, Вейля, Эрдеи – Кобера для левой и
правой частей. Мридула Гарг и Лата Чанчалани установили q-аналоги дробных ин-
тегральных операторов Сайго. Используя эти результаты, исследуются обобщения
интегральных операторов Сайго, а также их q-аналоги. Кроме того, получены неко-
торые новые результаты, связанные с обобщенными интегральными операторами
Сайго и их q-расширениями.
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1. Introduction

The study of extending the concept of integer ordered derivatives and
integrals to the concept of fractional order derivatives and integrals is called
fractional calculus. Fractional calculus has important applications in the
field of Physics and Engineering [10]. One important area of interest within
this field is the investigation and derivation of fractional operators, in-
cluding but not limited to the Riemann–Liouville, Weyl, Erdély-Kober left
and right sided fractional operators, Caputo, Marchaud, and other novel
operators. These operators are useful to reformulate classical models in
fractional models, leading to improved outcomes in applications [4; 11;13].

In 1978, Megumi Saigo [16] derived two (left and right sided) fractional
integral operators involving the classical hypergeometric function with four
distinct special cases. Since then, many mathematicians have furnished to
the theory and applications in the area of fractional calculus. Rao et al. [15]
derived fractional operators involving the Wright-type generalized hyper-
geometric function and established some new results related to fractional
operators involving the generalized hypergeometric function [17]. Addi-
tionally, the emergence of q-calculus has further enriched the intersection
of mathematics and physics, fostering connections with quantum theory,
statistical mechanics, number theory, and combinatorics [5; 6].

The concept of fractional q-calculus, an extension of ordinary fractional
calculus to include q-extensions, has found widespread utility in various
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domains. Beginning with Al-Salam’s work on the q-analogue of Cauchy’s
formula, researchers such as Agarwal, Isogawa, Rajkovic, Saxena, and Ya-
dav have made significant contributions to understanding fractional q-
derivatives and q-integral operators [2]. Notably, Garg and Chanchlani
extended Saigo’s fractional operators to introduce their q-analogues [7],
involving the infinite series closely related to q-hypergeometric series [8].

In light of this backdrop, our study delves into the realm of extended
Saigo fractional operators, involving generalized hypergeometric function,
defined by Virchenko et al. [17] and their q-versions, involving the infinite
series closely related to generalized q-hypergeometric function [3], build-
ing upon the foundation laid by previous researchers. By exploring these
operators, we aim to contribute to the evolution of fractional calculus.

2. Methodology

We obtain the boundary conditions for the newly defined integral oper-
ators and derive some interesting results using below mentioned definitions

Definition 1. For z ∈ C, the q-shifted factorial is given by [6; 8]

(z; q)ℓ =







1, ℓ = 0
ℓ−1∏

m=0
(1− zqm), ℓ ∈ N

, (0 < |q| < 1) . (2.1)

Definition 2. The q-extension of the power function is defined as [7]

(a− b)m = am(b/a; q)m. (2.2)

Definition 3. For 0 < |q| < 1, the q-integral is given as [6; 8]

b∫

a

f (z) dqz =

b∫

0

f (z) dqz−

a∫

0

f (z) dqz, (2.3)

where

α∫

0

f (z) dqz = α (1− q)

∞∑

ℓ=0

f
(

αqℓ
)

qℓ, (2.4)

and,

∞∫

0

f (z) dqz = (1− q)

∞∑

k=−∞

f
(

qk
)

qk. (2.5)

Definition 4. The q-gamma function is defined as [6; 8]

Γq (z) =
(q; q)∞
(qz; q)∞

(1− q)1−z, (ℜ(z) > 0, 0 < |q| < 1). (2.6)

In terms of q-shifted factorial, the q-gamma function is given as [8]

Γq (α) =
(q; q)α−1

(1− q)α−1 . (2.7)
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Definition 5. The q-expression of beta function is given as [6; 8]

βq (z1, z2) = (1− q)

∞∑

k=0

(
qk+1; q

)

∞

(qk+z2 ; q)∞
qkz1, (z1, z2 ∈ C) (2.8)

where Re(z1),Re(z2) > 0 and its integral expression is given as [8]

βq (z1, z2) =

1∫

0

xz1−1 (xq; q)∞
(xqz2 ; q)∞

dqx. (2.9)

The q-beta function is described in terms of q-gamma function as [8]

βq (z1, z2) =
Γq (z1) Γq (z2)

Γq (z1 + z2)
. (2.10)

Definition 6 (Refer [2]). If γ ∈ R is fixed, a subset A of C is called
γ-geometric if γz ∈ A whenever z ∈ A. In addition, if a subset A is
γ-geometric then it contains all geometric sequences {zγn}∞n=0 , z ∈ A.

Proposition 1 (Refer [2]). Let κ ∈ C and let f be a function defined on
a γ-geometric (with γ = 1

q ) set A. We say that f ∈ Sq,κ if there exists

υ ∈ C,ℜ (υ) > ℜ (κ) such that |f (xq−n−κ)| = O (qnυ) as n → ∞, x ∈ A.
Which means, if f ∈ Sq,κ then for each x > 0 there exists a constant C > 0,
C depends on x and κ such that |f (xq−n−κ)| ≤ Cqnυ.

3. Main Results

3.1. Extended Saigo integral operators involving generalized
hypergeometric function

We define integral operators involving the generalized hypergeometric
function as

Iµ,η,λ
τ ξ (y) =

1

yµ+ηΓ (µ)

y∫

0

2R1

(

−λ, µ+ η;µ; τ ;
(

1− t
y

))

(y − t)1−µ ξ (t) dt, (3.1)

and, J µ,η,λ
τ ξ (y) =

1

Γ (µ)

∞∫

y

2R1

(
−λ, µ+ η;µ; τ ;

(
1− y

t

))

(t− y)1−µtµ+η
ξ (t) dt, (3.2)

where µ, η, λ ∈ R with λ < 0, µ > 0and η ≤ 0 such that µ+η > 0, λ > η− 1
4 .

2R1 (a, b; c; τ ; z) is the generalized Gauss hypergeometric function [17]. For
a, b, c ∈ C,ℜ (a) ,ℜ (b) ,ℜ (c) > 0; τ > 0 and |z| < 1, we have

2R1(a, b; c; τ ; z) =
Γ (c)

Γ (b)

∞∑

ℓ=0

(a)ℓΓ (b+ τℓ)

Γ (c+ τℓ)

zℓ

ℓ!
, (z ∈ C) . (3.3)
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Remark 1. Special cases

1) Taking η = −µ in (3.1) and (3.2), we get left sided Riemann-Liouville
and Weyl fractional integral operators [4; 11;13], respectively.

2) Taking η = 0 in (3.1) and (3.2), we get left and right sided Erdély-
Kober fractional integral operators [4; 11;13], respectively.

3) When τ = 1, (3.1) and (3.2) reduce to left and right sided fractional
integral operators [16], respectively.

3.2. Some results on extended Saigo integral operators

Theorem 1. If µ, η, λ ∈ R with λ < 0, µ > 0, η ≤ 0 such that µ + η > 0

and ξ be a function with ξ ∈ L2 [0, c] then Iµ,η,λ
τ ξ ∈ L2 [0, c] and

∥
∥
∥Iµ,η,λ

τ ξ
∥
∥
∥
2
≤





c∫

0

|ξ (t)|2dt





1
2

S, (3.4)

where

S=

∣
∣
∣
∣
∣

c
1
2
−η(−2η−1)−

1
2

Γ (−λ) Γ (µ+η)

∣
∣
∣
∣
∣

(

4Ψ3

[
(−λ, 1) , (−λ, 1) , (µ+η, τ) , (µ+η, τ)

(µ, τ) , (µ, τ) , (1, 1)
; 1

]) 1
2

.

Proof. Consider,

(∥
∥
∥Iµ,η,λ

τ ξ‖2

)2
=

c∫

0

∣
∣
∣
∣
∣
∣

y−µ−η

Γ (µ)

y∫

0

2R1

(

−λ, µ+ η;µ; τ ;
(

1− t
y

))

(y − t)1−µ ξ (t) dt

∣
∣
∣
∣
∣
∣

2

dy ≤

≤

∣
∣
∣
∣

1

Γ (µ+ η)

∣
∣
∣
∣

2 ∞∑

k=0

∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!

∣
∣
∣
∣

2

c∫

0

|ξ (t)|2
t∫

c

(

y−µ−η−k
)2(

(y − t)µ+k−1
)2
dydt =

=

∣
∣
∣
∣

1

Γ (µ+ η)

∣
∣
∣
∣

2 ∞∑

k=0

∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

c(µ+η+k)Γ (µ+ τk) k!

∣
∣
∣
∣

2

β (1, 2 (µ+ k)− 1)

c∫

0

|ξ (t)|2

(t− c)−2(µ+k) 2
F1

(

2 (µ+ η + k) , 1; 2 (µ+ k) ;
c− t

c

)

dt

≤

∣
∣
∣
∣

1

Γ (µ+ η)

∣
∣
∣
∣

2 ∞∑

k=0

(∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

c(µ+η+k)Γ (µ+ τk) k!

∣
∣
∣
∣

2 1

(2 (µ+ k)− 1)

∞∑

m=0

(2 (µ+ η + k))m(1)m
c2m(2 (µ+ k))mm!

c∫

0

|ξ (t)|2|(c− t)|2(µ+k+m)dt



 .
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Which implies
∥
∥
∥Iµ,η,λ

τ ξ
∥
∥
∥
2

≤

(∣
∣
∣
∣

1

Γ (µ+ η)

∣
∣
∣
∣

2 ∞∑

k=0

(∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

c(µ+η+k)Γ (µ+ τk) k!

∣
∣
∣
∣

2 1

(2 (µ+ k)− 1)

∞∑

m=0

(2 (µ+ η + k))m(1)m
c2m(2 (µ+ k))mm!

c∫

0

|ξ (t)|2|(c− t)|2(µ+k+m)dt









1
2

≤

(∣
∣
∣
∣

1

Γ (µ+ η)

∣
∣
∣
∣

2 ∞∑

k=0

(∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

c(µ+η+k)Γ (µ+ τk) k!

∣
∣
∣
∣

2 1

(2 (µ+ k)− 1)

∞∑

m=0

(2 (µ+ η + k))m(1)m
c2m(2 (µ+ k))mm!

c∫

0

|(c− t)|2(µ+k+m)dt





1
2




c∫

0

|ξ (t)|2dt





1
2

≤

(∣
∣
∣
∣

1

Γ (µ+ η)

∣
∣
∣
∣

2 ∞∑

k=0

(∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

2 (µ+ k) Γ (µ+ τk) k!

∣
∣
∣
∣

2

c1−2η

(2 (µ+ k)− 1)
2F1 (2 (µ+ η + k) , 1; 2 (µ+ k) ; 1)

)) 1
2





c∫

0

|ξ (t)|2dt





1
2

.

Using the Gauss summation theorem [14]; 2F1 (s, b; r; 1) =
Γ(r)Γ(r−s−b)
Γ(r−s)Γ(r−b) , and

further simplifications, the above expression reduces to




c
∫

0

|ξ (t)|2dt





1

2 ∣

∣

∣

∣

1

Γ (µ+ η)

∣

∣

∣

∣

(

c1−2η

(Γ (−λ))2 (−2η − 1)

∞
∑

k=0

Γ (−λ+ k) Γ (−λ+ k) Γ (µ+ η + τk) Γ (µ+ η + τk)

Γ (µ+ τk) Γ (µ+ τk) Γ (1 + k)

1k

k!

) 1

2

.

Which completes the proof.

Theorem 2. If µ, η, λ ∈ R with λ < 0, µ > 0, η ≤ 0 such that µ + η >
0, λ > η − 1

4 , |ω| < 4 and ξ ∈ L2 [0,∞), then

∥
∥
∥J µ,η,λ

τ ξ
∥
∥
∥
2
≤





∞∫

0

|ξ (t)|2dt





1
2

G, (3.5)

where G =
∣
∣
∣

1
Γ(µ+η)

∣
∣
∣

(
ω2(µ−η)−1

Γ(−λ)Γ(−λ)

6Ψ4

[

(−λ, 1) , (−λ, 1) , (µ+ η, τ) , (µ+η, τ ) , (2µ, 2) , (2 (µ− η) + 1, 2)
(µ, τ ) , (µ, τ) , (1, 1) , (4µ− 2η + 1, 4)

;ω2

]) 1

2

.
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Proof. Let us begin with

(‖J µ,η,λ
τ ξ‖2)

2

=

∞∫

ω

∣
∣
∣
∣
∣
∣

1

Γ (µ)

∞∫

y

(t− y)µ−1t−µ−η
2R1

(

−λ, µ+ η;µ; τ ;
(

1−
y

t

))

ξ (t) dt

∣
∣
∣
∣
∣
∣

2

dy

≤
∞∑

k=0

∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

Γ (µ+ η)Γ (µ+ τk) k!

∣
∣
∣
∣

2
∞∫

ω

∣
∣
∣
∣
∣

ξ (t)

|tµ+η+k|
2

∣
∣
∣
∣
∣

2 t∫

ω

∣
∣
∣(t− y)µ+k−1

∣
∣
∣

2
dydt

≤

∣
∣
∣
∣

1

Γ (µ+ η)

∣
∣
∣
∣

2 ∞∑

k=0

∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!

∣
∣
∣
∣

2 1

(2 (µ+ k)− 1)

∞∫

ω

|ξ (t)|2
∣
∣
∣t−1−2η(t− ω)2(µ+k)−1

∣
∣
∣ dt

≤

(∣
∣
∣
∣

1

Γ (µ+ η)

∣
∣
∣
∣

2 ∞∑

k=0

∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!

∣
∣
∣
∣

2

1

(2 (µ+ k)− 1)

∞∫

ω

|ξ (t)|2
∣
∣
∣t−

1
2
−η(t− ω)(µ+k)− 1

2

∣
∣
∣

2
dt





1
2

≤





∞∫

0

|ξ (t)|2dt





1
2 (∣
∣
∣
∣

1

Γ (µ+ η)

∣
∣
∣
∣

2 ∞∑

k=0

∣
∣
∣
∣

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!

∣
∣
∣
∣

2

1

(2 (µ+ k)− 1)

∞∫

ω

∣
∣
∣t−

1
2
−η(t− ω)(µ+k)− 1

2

∣
∣
∣

2
dt





1
2

Using the integral representation of beta function and further simplifica-
tions leads us to (3.5).

Theorem 3. For µ, η, λ ∈ R with λ < 0, µ > 0, η ≤ 0 such that µ + η >
0, λ > η − 1

4 ,ℜ (σ) > −1 and y > α > 0, we have

Iµ,η,λ
τ (y − α)σ =

y−µ−η

Γ (µ+ η)

∞∑

k=0

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!

(y − α)σ+µ+k

yk
β

(
y

y − α
;µ+ k, σ + 1

)

. (3.6)
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Proof. By taking ξ (y) = (y − α)σ in (3.1), we get

Iµ,η,λ
τ (y − α)σ

=
y−µ−η

Γ (µ)

y∫

0

(y − t)µ−1
2R1

(

−λ, µ+ η;µ; τ ;

(

1−
t

y

))

(t− α)σdt

=
y−µ−η

Γ (µ+ η)

∞∑

k=0

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!

(
1

y

)k
y∫

0

(y − t)µ+k−1(t− α)σdt

=
y−µ−η

Γ (µ+ η)

∞∑

k=0

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!

(
1

y

)k
y∫

0

(t)µ+k−1(y − t− α)σdt

Taking t = (y − α)u and further simplification leads us to

y−µ−η

Γ (µ+ η)

∞∑

k=0

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!

(y − α)σ+µ+k

yk
β

(
y

y − α
;µ + k, σ + 1

)

,

where β (z; a, b) is incomplete beta function and is given by [12]

β (z; a, b) =
z∫

0

ua−1(1− u)b−1du.

Theorem 4. For µ, η, λ ∈ R with λ < 0, µ > 0, η ≤ 0 such that µ + η >
0, λ > η − 1

4 ; ℜ (σ) < 0 such that η > ℜ (σ) and y > α, we have

(

J µ,η,λ
τ (y − α)σ

)

=
1

Γ (µ+ η)

∞∑

k=0

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!
I, (3.7)

where, I = (y−α)σ

yη β (µ+ k, η − σ) 2F1

(

−σ, µ+ k;µ + η + k − σ;
(

−α
y−α

))

.

Proof. Let us consider,

J µ,η,λ
τ (y − α)σ

=
1

Γ (µ)

∞∫

y

(t− y)µ−1t−µ−η
2R1

(

−λ, µ+ η;µ; τ ;
(

1−
y

t

))

(t− α)σdt

=
1

Γ (µ+ η)

∞∑

k=0

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!

∞∫

y

(t− y)µ+k−1t−µ−η−k(t− α)σdt

=
1

Γ (µ+ η)

∞∑

k=0

(−λ)kΓ (µ+ η + τk)

Γ (µ+ τk) k!
I.
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The integral, I =
∞∫

y
(t− y)µ+k−1t−µ−η−k(t− α)σdt, in above term can be

rewritten as I =
∞∫

y

( t−y
t

)µ+k−1
t−η−1(t− α)σdt. Now, taking t = y

1−u and

by further simplification, we have the proof.

Theorem 5. For µ, η, λ ∈ R with λ < 0, µ > 0, η ≤ 0 such that µ + η >
0, λ > η − 1

4 ,ℜ (σ) > −1; τ > 0, and, x > 0, we have

∞∫

0

φ (x)
[

Iµ,η,λ
τ ξ (x)

]

dx =

∞∫

0

ξ (x)
[

J µ,η,λ
τ φ (x)

]

dx. (3.8)

Proof. Consider the left hand side of (3.8),

∞∫

0

φ (x)
[

Iµ,η,λ
τ ξ (x)

]

dx

=

∞∫

0

φ (x)

xµ+ηΓ (µ)

x∫

0

(x− t)µ−1
2R1

(

−λ, µ+ η;µ; τ ;

(

1−
t

x

))

ξ (t) dtdx

=
1

Γ (µ)

∞∫

0

φ (x)

xµ+η

x∫

0

(x− t)µ−1
2R1

(

−λ, µ+ η;µ; τ ;

(

1−
t

x

))

ξ (t) dtdx

=
1

Γ (µ)

∞∫

0

ξ (t)

∞∫

t

(x− t)µ−1

xµ+η 2R1

(

−λ, µ+ η;µ; τ ;

(

1−
t

x

))

φ (x) dxdt.

Which is equal to right side of (3.8).

3.3. Extended Saigo q-integral operators

In this section, we define q-analogues of (3.1) and (3.2) as below;

Iµ,η,λ
τ,q ξ (y) =

y−η−1

Γq (µ)

y∫

0

(
tq

y
; q

)

µ−1

∞∑

m=0

(
q−λ; q

)

m
(qµ+η; q)τm

(qµ; q)τm(q; q)m

(−1)mq
−

(

m
2

)

q(η−λ)m

(
t

y
− 1

)

m

ξ (t) dqt, (3.9)
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and, J µ,η,λ
τ,q ξ (y) =

q
−µ(µ+1)

2−η

Γq (µ)

∞∫

y

(y

t
; q
)

µ−1
t−η−1

∞∑

m=0

(
q−λ; q

)

m
(qµ+η; q)τm

(qµ; q)τm(q; q)m

(−1)mq
−

(

m
2

)

q(η−λ)m

(
t

y
− 1

)

m

ξ
(
tq1−µ

)
dqt, (3.10)

where µ, η, λ ∈ R with λ < 0, µ > 0and η ≤ 0 such that µ + η > 0, λ >
η − 1

4 ; τ > 0 and 0 < |q| < 1.

Remark 2. Special cases

1) Letting q → 1 in (3.9) and (3.10), we get (3.1) and (3.2), respectively.

2) Clearly, q-Riemann-Liouville and q-Weyl operators [2] are special cases
of (3.9) and (3.10), respectively, when η = −µ.

3) Taking τ = 1 in (3.9) and (3.10), we get left and right sided Saigo
fractional integral operators [16], respectively.

3.4. Some results on extended Saigo q-integral operators

Lemma 1. The summation formulas of (3.9) and (3.10) are given as

Iµ,η,λ
τ,q ξ (y) = y−η(1− q)µ ×

∞∑

m=0

((
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m

q(λ−η+1)m
∞∑

k=0

qk
(qµ+m; q)k
(q; q)k

ξ
(

yqk+m
)
)

, (3.11)

and, J µ,η,λ
τ,q ξ (y) =

(1− q)µ

q
µ(µ+1)

2 yη

∞∑

m=0

((
q−λ; q

)

m
(qµ+η ; q)τm(qµ; q)m

(qµ; q)τm(q; q)m

qλm
∞∑

k=0

qηk
(qµ+m; q)k
(q; q)k

ξ
(

yq−µ−k−m
)
)

. (3.12)
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Proof. By using (2.4) and (2.7) in (3.9), we get

Iµ,η,λ
τ,q ξ (y) =

y−η−1(1− q)µ−1

(q; q)µ−1

×
∞∑

m=0

(qµ+η ; q)τm
(
q−λ; q

)

m

(qµ; q)τm(q; q)m

q(λ−η)m(−1)m

q−
m(m−1)

2

y (1− q)

∞∑

j=0

qj
(
yqjq/y; q

)

µ−1

(
yqj

y
− 1

)

m

ξ
(
yqj
)

=
y−η(1− q)µ

(q; q)µ−1

×
∞∑

m=0

(

(qµ+η; q)τm
(
q−λ; q

)

m

(qµ; q)τm(q; q)m

q(λ−η)m(−1)m

q−
m(m−1)

2

∞∑

j=0

qj
(
qj+1; q

)

µ−1

(
qj − 1

)

m
ξ
(
yqj
)



 .

Applying (2.2) in above expression, we get

Iµ,η,λ
τ,q ξ (y) = y−η(1− q)µ ×

∞∑

m=0

(

(qµ+η; q)τm
(
q−λ; q

)

m

(qµ; q)τm(q; q)m

q(λ−η)m(−1)m

q−
m(m−1)

2

∞∑

j=0

qj

(
qj+1; q

)

µ−1

(q; q)µ−1

[(
q−j ; q

)

m

(
−qj

)m
q−

m(m−1)
2

]

ξ
(
yqj
)



 .

Using the identity (see [8]) (a; q)m
(
−a−1

)m
q−

m(m−1)
2 =

(
a−1q1−m; q

)

m
and

further simplifications leads us to

Iµ,η,λ
τ,q ξ (y) = y−η(1− q)µ ×

∞∑

m=0

(

(qµ+η; q)τm
(
q−λ; q

)

m

(qµ; q)τm(q; q)m
q(λ−η)m

∞∑

k=0

qm+k

(
qm+k+1; q

)

µ−1

(q; q)µ−1

(

qk+1; q
)

m
ξ
(

yqm+k
)
)

.

Finally, by using (a; q)α =
(a;q)∞

(aqα;q)∞
, and, (a; q)m+k = (a; q)m(aqm; q)k, we

get the right hand side of (3.11). With the help of same identity operations
in (3.10), we can prove (3.12).

Theorem 6. For µ, η, λ ∈ R with λ < 0, µ > 0and η ≤ 0 such that
µ+ η > 0, λ > η − 1

4 ; τ > 0 and 0 < |q| < 1;

Iµ,η,λ
τ,q yσ =

(1− q)µ

yη−σ

∞∑

m=0

(
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m(q1+σ; q)µ+m

q(λ−η+σ+1)m, (3.13)

and, J µ,η,λ
τ,q yσ =

yσ−η(1− q)µ

q
µ(µ+1)

2
+µσ

∞∑

m=0

(
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m(qη−σ; q)µ+m

q(λ−σ)m.

(3.14)
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Proof. To prove (3.13), let us begin by taking ξ (y) = yσ in (3.11), we get

Iµ,η,λ
τ,q yσ =yσ−η(1− q)µ ×

(
∞∑

m=0

(
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m

q(λ−η+σ+1)m
∞∑

k=0

qk(1+σ) (q
µ+m; q)k
(q; q)k

)

.

Using q-binomial identity (refer [6;8]), we get the right hand side of (3.13).
In the same manner, we can prove (3.14).

Theorem 7. If f(x) and g(x) are functions expressible in power series
with radii of convergence R1 and R2 respectively, then for µ, η, λ ∈ R with
λ < 0, µ > 0and η ≤ 0 such that µ+ η > 0; τ > 0; 0 < |q| < 1, we have the
following result

∞∫

0

f (y)J µ,η,λ
τ,q g (y) dqy = q−

µ(µ+1)
2

∞∫

0

g
(
yq−µ

)
Iµ,η,λ
τ,q f (y) dqy, (3.15)

provided the q-integrals exist.

Proof. Using (3.12) in the left hand side of (3.15), we have

∞∫

0

f (y)J µ,η,λ
τ,q g (y) dqy =

(1− q)µ

q
µ(µ+1)

2

∞∑

m=0

((
q−λ; q

)

m
(qµ+η ; q)τm(qµ; q)m

(qµ; q)τm(q; q)m
qλm

∞∑

k=0

qηk
(qµ+m; q)k
(q; q)k

∞∫

0

f (y) y−ηg
(

yq−µ−k−m
)

dqy



 dqx.

On interchanging the order of integration and summations and applying
the formula (2.5), the above expression is equal to

(1− q)µ

q
µ(µ+1)

2

× (1− q)
∞∑

r=−∞

(
∞∑

m=0

((
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m
q(λ−η+1)m

∞∑

k=0

qk
(qµ+m; q)k
(q; q)k

qrq−ηrf
(

qr+m+k
)

g
(
qr−µ

)

))

.

Again, by using (2.5) and thanks to (3.11), we get the right hand side of
(3.15).

Theorem 8. For µ, η, λ ∈ R with λ < 0, µ > 0 and η ≤ 0 such that
µ + η > 0; τ > 0; 0 < |q| < 1;

∣
∣qλ (1− q)

∣
∣ < 1 and ξ (y) is defined on
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L1
q [0, a]; we have

a∫

0

∣
∣
∣Iµ,η,λ

τ,q ξ (y)
∣
∣
∣ dqy ≤ B

a∫

0

|ξ (y)| dqy, (3.16)

where B=
a−η(1−q)1−η(q;q)∞

(qη ;q)∞Γq(−λ)Γq(µ+η) 3ψ2

[
(−λ, 1) , (µ+η, τ ) , (µ, 1)

(µ, τ ) (µ+ η, 1)

∣
∣
∣
∣
q,
(

qλ

(1−q)−1

)]

.

Proof. Consider,
a∫

0

|I µ,η,λ
τ,q ξ (y)| dqy

= (1− q)µ ×
∞∑

m=0

(∣
∣
∣
∣
∣

(
q−λ; q

)

m
(qµ+η ; q)τm(qµ; q)m

(qµ; q)τm(q; q)m
q(λ−η+1)m

∣
∣
∣
∣
∣

∞∑

k=0

∣
∣
∣
∣
qk

(qµ+m; q)k
(q; q)k

∣
∣
∣
∣
× a (1− q)

∞∑

r=0

qr
∣
∣
∣q−rηa−ηξ

(

aqr+k+m
)∣
∣
∣

)

.

On series rearrangement techniques and using (2.4), we get the inequality

a∫

0

|I µ,η,λ
τ,q ξ (y)| dqy

≤a1−η(1− q)µ+1
∞∑

r=0

(

qr(1−η) |ξ (aqr)|
∞∑

m=0

((
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m

qλm
r∑

k=0

∣
∣
∣
∣
qkη

(qµ+m; q)k
(q; q)k

∣
∣
∣
∣

))

≤ a1−η(1− q)µ+1
∞∑

r=0

(

qr |ξ (aqr)|
∞∑

m=0

((
q−λ; q

)

m
(qµ+η ; q)τm(qµ; q)m

(qµ; q)τm(q; q)m

qλm
∞∑

k=0

(

qkη
(qµ+m; q)k
(q; q)k

)))

,

which reduces to the right hand side of (3.16).

Theorem 9. For µ, η, λ ∈ R with λ < 0, µ > 0and η ≤ 0 such that
µ+ η > 0; τ > 0; 0 < |q| < 1 and ξ ∈ Sq,κ, we have

∣
∣
∣J µ,η,λ

τ,q ξ (y)
∣
∣
∣ ≤

C(q; q)∞(1− q)1−η−ℜ(υ)y−η

q
µ(µ+1)

2

(
qη+ℜ(υ); q

)

∞
Γq (−λ) Γq (µ+ η)

3ψ2

[

(−λ, 1) , (µ+ η, τ) , (µ, 1)
(µ, τ) , (µ+ η + ℜ (υ) , 1)

∣
∣
∣
∣
q,
q(λ+ℜ(υ))

(1− q)

]

. (3.17)
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Proof. Let us begin us left hand side of (3.17).

∣
∣
∣J µ,η,λ

τ,q ξ (y)
∣
∣
∣=q−

µ(µ+1)
2 (1− q)µ

∣
∣
∣
∣
∣
y−η ×

∞∑

m=0

((
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m

qλm
∞∑

k=0

qηk
(qµ+m; q)k
(q; q)k

ξ
(

yq−µ−k−m
)
)∣
∣
∣
∣
∣

≤
(1− q)µy−η

q
µ(µ+1)

2

×
∞∑

m=0

(∣
∣
∣
∣
∣

(
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m
qλm

∣
∣
∣
∣
∣

∞∑

k=0

qηk
∣
∣
∣
∣

(qµ+m; q)k
(q; q)k

∣
∣
∣
∣

∣
∣
∣ξ
(

yq−µ−(k+m)
)∣
∣
∣

)

.

Due to the beautiful proposition 1, we can rewrite the above expression as

∣
∣
∣J µ,η,λ

τ,q ξ (y)
∣
∣
∣ ≤

(1− q)µy−η

q
µ(µ+1)

2

×
∞∑

m=0

(∣
∣
∣
∣
∣

(
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m
qλm

∣
∣
∣
∣
∣

∞∑

k=0

qηk
∣
∣
∣
∣

(qµ+m; q)k
(q; q)k

∣
∣
∣
∣

∣
∣
∣Cq(k+m)υ

∣
∣
∣

≤ C
(1− q)µy−η

q
µ(µ+1)

2

×
∞∑

m=0

(∣
∣
∣
∣
∣

(
q−λ; q

)

m
(qµ+η; q)τm(qµ; q)m

(qµ; q)τm(q; q)m

∣
∣
∣
∣
∣

∣
∣
∣q(λ+ℜ(υ))m

∣
∣
∣

(
qµ+m+η+ℜ(υ); q

)

∞(
qη+ℜ(υ); q

)

∞

)

.

Which reduces to (3.17).

4. Conclusion

The present research work aims to study properties of extension of left
and right Saigo fractional integral operators [16]; which includes bounded-
ness of these operators and other results inspired from Garg and Chanchlani
[7], also authors elegantly and successfully have established in the Theorem-
3.5 about the relationships between both the left and right type extended
Saigo integral operators. Q-analogues of these operators have been invented
in terms of new definitions and analysed, which along with other observa-
tions, adds flavour by obtaining summation formulae for these q-analogues.
Finally relations between these q-analogues of extended Saigo operators
have been obtained along with results relating to their boundedness.

Significance of the present study lies in the fact that, in the era where
people are working on new techniques with sophisticated mathematics,
authors here tried to highlight the theoretical beauty of relatively old
definitions to the mathematical community, appealing mathematicians to
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explore such historical ideas in applications. As an aesthetical point of
view also, the present work serves the purpose of torch-bearer again about
intersection of traditional fractional calculus and q-calculus.
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