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Amnnoranus. Vccnenyercsa cymecrBoBanue runepOoJInIecKuX, eBKINIOBBIX U cepute-
CKHX CTPYKTYD HA TPeXMepHOH cdepe, CHHIYISIPHBIM MHOXKECTBOM KOTOPBIX CJIY2KHUT
JBYMOCTOBBIH y3es1. [Ij1s IByMOCTOBBIX Y3JI0B C 8 IIepEeCeYeHUsIMU IIPEICTABIIAIOTCS TPU-
TOHOMeTPUYECKUe TOXKJIeCTBa, BKJIIOYAIOIINe JAJINHY CUHTYJISAPHBIX IeOJle3UYeCKUX U KO-
HAYECKUX YIVIOB TAKUX KOHHYECKMX MHOI0OOpa3wil. 3aTeM 3TH TOXKIECTBA HCIOJIb3Y-
IOTCS I TIOJIYI€HUSI TOYHBIX MHTETPAJIBHBIX DOPMYJT 1yt 00beMa COOTBETCTBYIOIIETO
KOHHMYECKOI'0 MHOI00Opa3usi, CMO/EIMPOBAHHOIO B TUIIEPOOIMIECKOM IIPOCTPAHCTBE.
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1. Introduction

In 1975 R.Riley found examples of hyperbolic structures on some knot
and link complements in the 3-sphere. Seven of them, so called excellent
knots, were described in [13]. One more, very important case of the figure
eight knot was investigated in his manuscript [3;14]. Later, in the spring
of 1977, W.P.Thurston announced an existence theorem for Riemannian
metrics of constant negative curvature on 3-manifolds. In particular, it
turned out that the knot complement of a simple knot (excepting for torus
and satellite) admits a complete hyperbolic structure. This fact allowed us
to consider knot theory as a part of the geometry and theory of discrete
groups.

Nssectusi IpKyTCKOTO TOCY/IapCTBEHHOTO yHUBEPCUTETA.
Cepusa «Maremarukas. 2025. T. 51. C. 21-33
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Starting from Alexander’s work [2], polynomial invariants became a con-
venient instrument for study of knots. A lot of different kinds of such poly-
nomials were discovered in the last two decades of the twentieth century.
Among them we mention the Jones, Kaufmann bracket and HOMFLY-PT
polynomials, complex distance polynomial, A-polynomial etc.; for more
information see [4;6;7;11;15]. This relates the knot theory with algebra
and algebraic geometry. The algebraic technique is used to find the most
important geometrical characteristics of knots such as the volume, length
of shortest geodesics and others.

The geometry of knots is completely defined by the geometry of their
fundamental polyhedra. The results related to the volume and other basic
geometric invariants of polyhedra in the spaces of constant curvature were
given in [1;16].

In this work, we investigate the existence of hyperbolic structure on
cone-manifolds whose underlying space is the 3-sphere and whose singular
set is a given knot with 8 crossings. We present trigonometrical identities
involving the lengths of singular geodesics and cone angles of such cone-
manifolds. These identities will be used to produce exact integral formulae
for volumes of the corresponding cone-manifolds. This type of results were
obtained by the first author in [9] for two-bridge knot cone manifolds with
not more than seven crossings.

2. Preliminaries

Let us present some basic concepts on the theory of manifolds from [5].

An n-dimensional cone-manifold is a manifold, M, which can be trian-
gulated so that the link of each simplex is piecewise linear homeomorphic
to a standard sphere and M is equipped with a complete path metric such
that the restriction of the metric to each simplex is isometric to a geodesic
simplex of constant curvature K. The cone-manifold is hyperbolic if K is
—1.

The singular locus ¥ of a cone-manifold M consists of the points with
no neighbourhood isometric to a ball in a Riemannian manifold. It follows
that

— X is a union of totally geodesic closed simplices of dimension n — 2.

— At each point of ¥ in an open (n — 2)-simplex, there is a cone angle
which is the sum of dihedral angles of n-simplices containing the point.

— M — ¥ has a smooth Riemannian metric of constant curvature K, but
this metric is incomplete if 3 # ().

In this paper, we will deal only with cone-manifolds whose underlying
space M is the 3-manifold sphere 52 and the singular set X is a knot.

The main tool for volume calculation is the following formula [10].
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Theorem 1 (Schlafli). Suppose that Cy is a smooth 1-parameter family
of (curvature K ) cone-manifold structures on a n—manifold, with singular
locus X of a fixed topological type. Then the derivative of the volume of C
satisfies

(n—1)KdV(C) = Vuoaf

where the sum is taken over all components o of the smgular locus ¥ and
0(o) is the cone angle along o, Vy,_o(-) stands for n — 2 — dimensional
volume.

Since we will deal only with 3-dimensional cone-manifolds of constant
curvature K, the Schlafli formula in this case reduces to

KdvV = % Z Lo, da,

where the sum is taken over all components of the singular set ¥ with
lengths [,, and cone angles «;.

Let M be a hyperbolic 3-dimensional cone-manifold whose singular set
Yo is a knot with cone angle a,0 < a < 27. Following [8], choose the
canonical longitude-meridian pair (I,m) in the fundamental group (M \
Yo) in such a way that m is an oriented boundary of meridian disc of ¥, and
a longitude curve [ is nullhomologous outside of ¥,. Let h: w1 (M \ X,) —
PSL(2,C) be the holonomy map of M \ X,. Then h admits two liftings to
SL(2,C). The image of [ in SL(2,C) under these two liftings is the same
since [ is nullhomologous outside the singular set. Thus up to conjugation
in SL(2,C),

el/2 eve/2 0
e N R R

where v, = lo + i¢q, o is the length of ¥, and ¢, —27 < ¢, < 27, is the
angle of the lifted holonomy of ¥. For the sake of simplicity, we will refer
t0 Yo = lo + 1o as a complex length of the singular geodesics 3,.

In the present paper, we make use of the notion of A-polynomial for a
manifold M introduced in [4]. An important property of this polynomial is
that cone angle o and complex length ~,, of the singular set 3, are related
by the equation

A(L, M) =0, where L = /2, M = /2, (2.1)

Also, by the basic properties of A-polynomial we easily obtain the equalities
A(L,M) = A(L7', M) and A(L,M) = A(L,—M).
3. The knot 8;

Knot 8; is a rational knot of a slope . It is shown in Figure 1 below.

Nssectusi IpKyTCKOTO TOCY/IapCTBEHHOTO yHUBEPCUTETA.
Cepusa «Maremarukas. 2025. T. 51. C. 21-33
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(S:

Figure 1. The knot 8;.

The following theorem describes the geometry of this knot.

Theorem 2. A cone-manifold 8(«) is hyperbolic for 0 < o < ag, Eu-
clidean for a = ag, and spherical for ay < a < 2w — ag, where oy =
2.75069... and Ag = cot G is a root of the algebraic equation

92051420 4+ 1408494 A8 — 386457 A6 — 159650441 + 28472022412 —
—38140844 A0 — 10238989848 + 10558173645 — 52317161 A%+
+11367278 4% — 371293 = 0.

The proof of the theorem will be done by repeating of the arguments for
the proof of theorem 4 given in the next section.

The volume of the cone-manifold 8; () modeled in the hyperbolic ge-
ometry is given by the following statement.

Theorem 3. Let 81 («) be a hyperbolic cone-manifold that is 0 < o < g =
2.75069.... Then the volume of 81(«) is given by the formula

Vol(81 () = 2 ! f(A)A,
Ao

where Ay = cot(ag/2), A = cot(a/2) and

A—izg
In| 722 |
1442 &
In| A—izy |
J(A) = e
14-A% >
In| A—izg |
A+tizg
1+A4%

where the points {1.3946...,2.38...,2.435...} form the intersection points of
the corresponding branches of the analytic functions, and z; are defined in
the program Wolfram Mathematica 13.2 [9] by the following command

z[i_] == Root [—1 + 4542 — 227 A" + 239.4% + #1(420.4° — 8364+
26847 — 12) + #1% (3954° — T67A* + 353A4% — 21) + #13(208.4°—
432A% — 80A% + 48) + #1* (69A4° — 97A4% — 8147 + 85) + #1°(12A4°—
124" — 604 — 36) + #1° (A + 34" + 347 +1) &, 4] .

if 1.3946 < A < 2.38,

if 0.597 < A < 1.3946, 2.38 < A < 2.435,

otherwise,
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Remark 1. The function f(A) constructed by the described way will be
continous [Figure 2]. Theorem 2 will be proved by the argument given in
the next section for the proof of a similar statement for the cone-manifold

82(04).

20r

15F

1.0+

0.5¢

0.0

Figure 2. Graph of f(A) in the Theorem 2.

4. The knot 8

Knot 85 is a rational knot of a slope 1767 shown in Figure 3 below.

£-

Figure 3. The knot 85.
The following theorem describes the geometry of this knot.

Theorem 4. A cone-manifold 83(«) is hyperbolic for 0 < o < ag, Eu-
clidean for a = ag, and spherical for ay < a < 27 — ag, where oy =
2.84713060... and Ay = cot % is a root of the algebraic equation

21309911 A4%* + 316656444422 + 1327148086 A%° + 892947801248 +

Useectuss MpKyTCKOro TOCyJapCTBEHHOIO YHUBEPCUTETA..
Cepusa «Maremarukas. 2025. T. 51. C. 21-33
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18155484113 A + 61695875128 A1 + 15967488340 A" + 30130064920 A0 —
208555548055 A48 + 167417176332A% — 116692367402A4* +
21144510444 A% — 410338673 = 0.

Proof. By J. Porti [12] there exists a unique positive ag such that cone-
manifold 82(«) is hyperbolic for 0 < a < «g, Euclidean for o = ag, and
spherical for ag < o < 2 — . Therefore, to prove the theorem it is enough
to find ap. Consider A-polynomial Aga(L, M) presented in [15]:

Ago(L, M) =

LM* + L7 (=5M"0 + 9M™ + 7M™ — 3M™°0 — M* +2M7% — 1) +

LO(10M?8 — 32M26 — M2 +56M%2 + 17TM?° — 28 M8 — M0+

14MM™ — 412 —8 M0 + 7TMB + 2MC) + L5 (—10M*° 4 42038 — 24036 —
8TM3 +29M32 4143030 +-33M 28 — 77M>6 — 17M%** 4+ 29M*2 — 2?0+

MY — MY 4 50— M%)+ LA (5MP? — 24M%° + 26 M8 4 3615~
A3M™ — 108 M2 4 47M ™0 + 192038 + 47M36 — 108 M3 — 43M3% +
36M30 4 26 M — 24M*0 4+ 5M?* + L3(—M®* + 5M5% — MO MO8
M5 4+ 2005 — 17M5% — T7MP0 4 33M* 4 143046 4+ 20044 —

8TM™2 — 24M™0 4 42038 — 10M30) + L2 (—2M ™ + 7M5® — 80156 —
AMO* 4 14M0% — MO0 — 28058 + 17M°0 + 5605 — MP? — 32M°0+

1OM*8) 4+ L(=M ™4 2M™ — M™ —3M5C + 7054 + 9052 — 5050) 4 M2
Denote by v, = lo + i, the complex length of the longitude for the
hyperbolic cone-manifold 89(a) chosen in such a way that [, > 0 and
=21 < o < 2.

We set L = ¢%/2 and M = €!*/2. Then, by definition of A-polynomial

(see [4]), we have Ago(L, M) = 0. Next we will use the following statement,
the so called cotangent rule.

Theorem 5. Let v, = Iy + ipa be the complex length of the longitude for
the hyperbolic cone-manifold 82(a) and 7., = Yo + 12icv. Then

/

coth Ja cot & 12,
4 2

where z,3z < 0 is a root of the equation

— 146942 — 627A* + 1351 A% — 142 + 542A4%2 — 2970A% 2 + 2618 A% 2—
2222+ TTAA% 2% —2482A% 2% + 2866 A%2% + 17823 — 11224%2% — 12424423+
2106A%23 + 4002* — 952422% — 288 4% 2% + 1064A4%2* — 15425 — 4384225+
98A4%25 + 3824525 — 12225 — 1504220 + 664425 + 944526 —1027—

6A227 + 18A4%27 + 144527 + 28 434228 434428 4 A58 =0
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and A = cot %

Proof. Note that

o, Yo LMY +1 L M2 +1
CO _— = cot — =9—
4 LM2-71 2~ 'M2—1
where L = €72/2 and M = /2. We put
/ 12 2 2
. v a (L+ M=) (M+1) a M +1
z:zcothzo‘cot§: L= M —1)’ A:COtEZZm'

Then

A+i gA+iz A+1
(A—i)A—iz’ VA—i

Substituting these identities into equation Aga(L, M) = 0 we get the equa-
tion in the theorem in A and z.
Since R(7,) > 0 we have Sz < 0. O

The value of ag that we call a limit of hyperbolicity is a positive root of
discriminant of the equation in Theorem 4. Therefore we have

— 410338673 + 21144510444 A% — 116692367402A% + 167417176332A° —
208555548055 A% 430130064920 A0 +15967488340A'2 +61695875128 A1 +
18155484113 A + 8920478012 A + 1327148086 A42° +

316656444A% + 213099114%* = 0.

The latest has three positive roots {0.148304...,0.461826...,1.00073...}. The
smallest of them Ay = 0.148304 ... (corresponding the highest

ag = 2arccotAg = 2.84713060. . .)
is the limit of hyperbolicity. O
The volume of the cone-manifold 82(c) modeled in the hyperbolic ge-
ometry is given by the following statement.

Theorem 6. Let 83(«) be a hyperbolic cone-manifold that is 0 < o < g =
2.84713060.... Then the volume of 83(«) is given by the formula

A
Vol(82(cx)) =2 . F(A)A,

where Ay = cot(ag/2) = 0.148304..., A = cot(a/2) and

A—izy

( In|

A+iz .

| 1+A24A—71’z s if A <1,

max‘ln|74+¢zg’|’ ‘ln\A+¢z;| ’ifl < A <1589
f(A): P ’1+‘A2 9 1+A2 9 -~ >~ 1. 5

In |75 | .

\71;‘;;5 : if1.580 < A < 1.7,

ln|A;Z‘ .

‘ 1+.A42 ) ZfA Z 1.7

NsBectusi IpKyTCKOTO TOCY/IapCTBEHHOTO yHUBEPCUTETA.
Cepusa «Maremarukas. 2025. T. 51. C. 21-33
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where the points {1.00...,1.589...,1.7...} form the intersection points of the
corresponding branches of the analytic functions, and z; are defined in the
programm Wolfram Mathematica 13.2 by the following command

zli—,A_] := Root [—1 4 69A% — 627A* + 135145 + (—14 + 5424 —
2970A% + 2618 A%)#1 + (—22 + T74A% — 2482A% + 2866 A°%) #1% + (178—
112242 —1242A% +2106A%)#1° + (400 — 952A4% — 288A% + 1064A°) #1"+
(—154—438A% +98A" +382A°%) #1°+ (—122—150A4%+66 A" + 94A°) #1°
+ (—10 — 6A% + 18A" + 14A4°) #17 + (14 3A4% + 3A% + A%) #18¢&,1] .
Proof. Let V = V(83(c)) and I, = R(v,,) be a real length of the longitude
of 83(a). By the Schléfli formula we have dV/da = —l,/2. Since the cone-

manifold 82(«) is Euclidean for v = g, we get V' — 0 as @ — . Thus, V
is a unique solution of the following differential problem
dVv la
— =——, V(ag)=0.
da 2 (o)
We show that the function in the theorem satisfies these conditions.
Note that z; are the roots of the equivalent equation to the A—poly-
nomial equation. Hence, by the Cotangent rule (Theorem 5), we have

Acothv(;/ll = iz;. Since % = —1+—2’42 we get
W _ppaid — oAl 1Ay A
da da 14 A2 A+iz'"
i ‘A—Acoth’y:l/élH 1 ‘1—coth’y(/l/4H
— n = — n|l— ———— g
A+ Acoth~, /4 1 + coth~, /4
! l
2] = —[1n]ele/2] = ~2.
Moreover, it is obvious that V(ag) = 0. O

Remark 2. The function f(.A) constructed by this way will be continuous
[Figure 4].

5. The knot 83

Knot 83 is a rational knot of slope . See Figure 5 below.

One can obtain similar statements on existence of hyperbolic, Euclidean
and spherical structures and on the hyperbolic volume of the cone-manifold
83(cv). The proof of next two theorems are similar to the proofs of Theorems
of 4 and 6.
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2.0F

0.5

Figure 4. The graph of the function f(A).

Theorem 7. A cone-manifold 83(«) is hyperbolic for 0 < o < ag, Eu-
clidean for a = «g, and spherical for oy < a < 27 — ag, where oy =
2.84764... and Ay = cot % is the smallest positive root of the algebraic
equation

17A* —46A% +1 =0,

Figure 5. The knot 83.

Theorem 8. Let 83(«) be a hyperbolic cone-manifold that is 0 < o < g =
2.84764.... Then the volume of 83(«) is given by the formula
A
Vol(ss(@)) =2 [ F(A)A,
Ao

where Ay = cot(ag/2), A= cot(a/2) and

In|[A=izs| - if A< 1.638,

A+tizs
f(A) ={In |j;gg|, if 1.638 < A < 2.33,
In ’ﬁlﬁiﬁi , otherwise,

Nssectusi IpKyTCKOTO TOCY/IapCTBEHHOTO yHUBEPCUTETA.
Cepusa «Maremarukas. 2025. T. 51. C. 21-33
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where z; are defined in the program Wolfram Mathematica 13.2 by the
following command

z[i—] == z/.Solve [1 — 6047 + 710A" — 2492.4° + 83345 — 682%+
1600.422% — 54164122 + 1504.4%22 + 3964522 + 91821 — 34804224+
564A% 2% + 9044521 4+ 384824 — 61228 — 160.4%2° 4 5044425 + 64425+
124825 + 1728 + 524228 4 544428 4+ 204528 + A828 == 0, 2][[1]],

and the points {1.638...,2.33...} are the intersection points of the corre-
sponding branches of the analytic functions.

6. Example

Let « € (0,2.84764...) be the cone-angle of the hyperbolic cone-manifold
83(cr). We calculate the volume of this cone-manifold by the formula in the
Theorem 8, whenever o = = (n is a positive integer) :

! Vol(83(a)) ! Vol(83(a))

% 1.7623439357427506° % 4.608302118127839¢
% 3.244234492108506¢ % 4.759000441173507°
% 3.977450213471493¢ % 4.861339692093855°
% 4.373182985780311°¢ 1L0 4.934022452788975°

The latter numerical results coincide with the results in the program
SnapPy, originally written by Jeffrey Weeks and further modified by Marc
Culler, Nathan Dunfield and others.

7. Conclusion

The cone-manifolds whose singular set is a given two bridge knot with 8
crossings and whose underlying space is the 3-sphere are investigated. The
existence conditions of these cone-manifolds in hyperbolic, Euclidean and
spherical spaces are obtained. Moreover, exact integral volume formulae of
corresponding cone-manifold modeled in hyperbolic space are presented.
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