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Abstract. The paper investigates a hybrid system consisting of Lur’e subsystems with
constant delays and time-dependent switching. It is assumed that nonlinearities from the
right side of the systems have degrees less than unity. An analysis of such a property of the
system as the uniform ultimate boundedness of all its solutions is conducted. The linear
part of the system is supposed to be asymptotically stable. As is known, this means that
there is a correspondent homogeneous Lyapunov function. Using this function, a common
Lyapunov—Krasovskii functional is constructed which makes it possible to find sufficient
conditions for the uniform ultimate boundedness with arbitrary choices of positive delays
and switching laws. Moreover, delays can occur during switching, for example, when
generating feedback. The derived conditions are found to be less conservative in the case
of asynchronous switching compared to synchronous ones. The validity of the theoretical
results is confirmed through numerical modeling,.
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Hayunas cratbs

PaBaHomMmepHas 1nipejiejibHast OTPAaHUYEHHOCTh PENIEHU CUCTEM
JIypbe c nepeksoYeHusiIMA 1 3ara3AbIBAHUSIMU
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Awnnoranusi. Vccienyorcs rubpumable CHCTEMBI, COCTOSINNE U3 MOACUCTEM JIypbe ¢
MIOCTOSTHHBIMU 3aIa3/IbIBAHUSMHI U MEPEKII0YeHnsAMI BO BpeMmenu. llpeanonaraercs, 1ro
HEJIMHEIHOCTH U3 MPABBIX YaCTel CUCTEM UMEIOT CTEIIeH! MEHbIINe e TuHuIbL. [IpoBoguT-
Csl aHAJIN3 TAKOr'O CBOMCTBA CHCTEMBI, KAK OIPAHMYEHHOCTH BCEX €€ pelrenunii. JluneitHas
9acTh CHUCTEMbI SIBJISIETCSI OOINEe JJIsi BCeX MOJCUCTEM U IPEIIOJIaraeTcss aCUMIITOTH-
qeckn ycToiumBoil. Kak m3BeCcTHO, 9TO O3HAYAET, UTO CYIIECTBYET COOTBETCTBYIOIIAS
onHOpomHasi GyHKIMs JlsmyHoBa. C MOMONIBI0 3TON (DYHKIUU CTPOUTCS OOIIUN JIJTsT
Bcex mozcucTeM dyHKImoHAI JIanynosa — KpacoBckoro, mo3Bossiionuit HaifiTu mocTa-
TOYHBIE YCJIOBUsI PABHOMEPHOM MpeIebHON OrPaHUYeHHOCTH PEIIeHN TPU TPOU3BOJIb-
HOM BBIOODE ITOJIOXKUTE/IHHBIX 3alla3/IbIBAaHUN U 3aKOHe mepeksodennii. bosiee Toro, mpu
dopmupoBaHuE OOGPATHOM CBSI3M MOTYT BO3HHMKATH 33JE€PXKKH, BeIyIlne K BO3HUKHOBE-
HUIO 3ala3/IbIBAHNAS B 3aKOHE MEPEKJ/IOYEHNil. YCTAHOBIEHO, UTO IOJIYYEeHHBIE YCIOBUS
B CJIy4ae TAKUX ACHHXPOHHBIX MTEPEKJIIOYEHUN OKA3BIBAIOTCS MEHee YKECTKUMH, YeM IpU
CHHXPOHHBIX. J[0CTOBEPHOCTH TEOPETUUIECKUX PE3YJIBTATOB MOATBEPKIEHA MTOCPEICTBOM
YHICJIEHHOTO MOJETHPOBAHMUSI.

KuaroueBrble cjioBa: paBHOMEDHAs MPE/IEIbHAs OTPAHUYEHHOCTD DEIIeHMH, 3ama3/IbIBa~
HUE, CHHXPOHHOE M aCUHXPOHHOE IEPEKJIIOUEHUST

BaarogapaocTu: ABTOp BbIparkaeT 6JAroAapHOCTh HAYy YHOMY PYKOBOJUTEIO, Tpodec-
copy Anekcanapy AJeKCaHIpOBY 3a MOMLIEPIKKY.

Ccbuika gusi qurupoBanusi: Anppusinosa H. P. PaBHoMepHasi mpejenbHasi orpaHu-
YEHHOCTH pemeHnii cucreM JIypbe ¢ nepekJioYeHnsMu 1 3ana3apiBaduamvu // Vssectus
Wpkyrckoro rocymapcreerroro yausepcurera. Cepus Maremaruka. 2024. T. 49. C. 63—
7.

https://doi.org/10.26516,/1997-7670.2024.49.63

1. Introduction and problem statement

Consider a hybrid system with positive delays r and h

i(t) = By(t) + AT f(a(0)) + A5 f(a(t — 1), 1)
. t t :
§(t) = Dy(t) + C7 " f (1) + €5 f(a(t — b)),

where x(t) is an n-dimensional and y(t) is v-dimensional vectors, matrix
parameters have the corresponding dimensions. Vector function f(z) =
(2%, ...,zh™)T has positive rational degrees with odd denominators and
numerators. Without loss of generality, assume that u; < ... < p,. The
matrix coefficients preceding the nonlinearities change over time. This
alteration is governed by a switching law o(t) — a piecewise-constant

right continuous function which maps the time interval [0,+o0) into the
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UNIFORM ULTIMATE BOUNDEDNESS OF IUR’E SYSTEMS 65

set {1,..., N} of subsystems’ numbers. Moreover, within each finite time
period no more than a finite number of switchings can occur.

At each moment a subsystem of Lur’e-type is obtained [5;7]. Such
systems are particularly used in the theory of automatic system control
and neural networks [10].

To get a solution (:cT(t, to,@); yT (t,to, yo))T of the system (1.1) we must
specify an initial moment ¢, value yo = y(to), and function ¢ from a set
of piece-wise continuous on [—7;0], 7 = max{r, h} functions with values in
R™. For the differential-difference systems the state is denoted by z4(0) =
x(t + 0), where § € [—7;0]. The uniform norm of some state ¢ is defined
with the aid of euclidean one as follows: |¢l||l; = supge—r,g ¢ (0)]]-

The purpose of this work is to find the conditions for the system (1.1)
to be uniformly ultimately bounded.

Definition 1. [8] The system is uniformly ultimately bounded when there
is R>0 such that for any q>0 there exists T(q) > 0 for which ||z(t, to, ©)||?
+ly(t, to, yo)||? < R? will hold whenever ||p||2+|yol|* < ¢* for allt > to+T,
to > 0.

Notice that delays in the system can occur both in nonlinear functions
and switching law, e.g., while generating feedback or receiving information
about the moment, when the current subsystem was changed. Therefore
along with the system (1.1), a system with asynchronous switching [11-13]

{s‘c(t) = By(t) + A7V f(a(t)) + A3 fla(t —r))
§(t) = Dy(t) + €7V f(a(t)) + O3 f(a(t — n))

will also be investigated. Here o(t) must be defined on [—7, +00).

(1.2)

2. Analysis of the system with synchronous switching

In [1] a Lur’e system with homogeneous nonlinearities, delays, and asyn-
chronous switching is studied via Lyapunov—Krasovskii approach. The
found conditions of stability and ultimate boundedness are independent of
the delay and the switching law. In this paper similar results are extended
to the case of multiple homogeneous nonlinearities.

Assumption 1. Let u, < 1. Suppose also that there is a positive definite
diagonal matrix A such that for all s,p,q =1,..., N the inequalities

(2

FEAAY + AP — BD P + o) < =3 plalt ™Y (2)
=1

1
are valid; here vector f = (mlf“l,...,fo”")T, rational k > — has odd

H1
numerator and denominator, and ﬁéz) >0,i=1,...,n.
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Remark 1. For condition (2.1) to be satisfied it is enough to require for
the matrix in its left side to be Hurwitz and Metzler [2].

Theorem 1. If assumption 1 is fulfilled and D is Hurwitz matriz, when the
system (1.1) with any positive fized delays is uniformly ultimately bounded.

Proof. Since the system g(t) = Dy(t) is asymptotically stable, a homo-
geneous Lyapunov function Vp(y) of order my > 1 exists [14]. With a
matrix A = diag(Aq, ..., \,) from Assumption 1, the Lyapunov—Krasovsky
functional can be chosen:

V(s y Z)\/ gride — fTABD™ /C (0D £ (2(t + 0))dO+

“Vily) — STABD 1y + / (B1 + 7 (r + 0) [ fa(t + 0)) ™ o+

T
0 0
+fEA [ AT pat + 9))d9+/ (B2 +y2(h + 0))[1f (2(t + 6))]™ db,
—r —h
(2.2)
where m1, 81, B2,71,72 are any positive numbers. Some approaches to
constructing this type of functionals can be found in [3;4].
We denote (7,7) element of matrix M by (M);;, and its i-th row by
(M);.
To check whether (2.2) is positive, one can write down its lower bound
using Holder’s inequality for the second and third integrals. This yields

ku; 1 i
Vizy Za 2" ) + an|ly()] ™ - Zan+z+1|$1( )" ly ()] —
=1

ml—l 0 i
—r Zaﬂxi(tnkw( / IIf(w(t+9))llmld9) -
i—1 -
mp—1 n 0 le
— Za;’mw’%( / Hf(:v(H@))Hmld@) i
i=1 —h

0 0
+51/ [f (@ (t + )™ db + 52 /h\lf(fﬂ(tJr@))llmld@,

where

Ai
— « = min V| >0, o —max‘g (ABD™
R+ 1 O = i, o) T =1 Dot

Q; =

a;: max H(AAgj))i,

max o = — max H(ABDilCéj))i ,
J=L50

j=1,.,N

1=1,...,n.
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UNIFORM ULTIMATE BOUNDEDNESS OF IUR’E SYSTEMS 67
Now introduce the vector
Y S 1 1 1 1
s = kpi+12 " kup+1’ mo’ mi’ my

and define a generalized homogeneous norm |[z[, = S \zl\Sz [6] for
vector

zT:<x1,...,xn, ™ [ jf(x(tw))umldeﬁ, [/jlf(x(t—i—@))\\mldﬁ] _)

Hence, the latest functional assessment can be expressed in terms of vector
s:

n+1 1 1 1
+2 Sn+3
V> E Q2 E an+z+1|zz| Zn+1 + Blzn12 + B2z Z,5 —

mq—1

mq—1 n L—l
—r ™ Za ]z,] zn+2 —h ™ Za;']zi\%‘ Zn+3-
i=1

Here nonnegative terms can be estimated as follows:

n+1 1 1 1

Z aiz] + A1z, 15 + Bz > o]y, o = min {oi, 61, B}

Applying the property of homogeneous functions to the remaining terms
and using the homogeneous norm of the (s;, s,+;) class, we obtain

11 1N2-28i /3o 28n4g 1— ;48,1
5% s = (150%0) (e ) < aullzn 2l

1
1 . .
Q= max |zi] % Znag, i=1,...,n, ji=1,2,3.
26,2045l (s5,5, 4 ) =1

The last inequality can be enhanced:
11 1—s;+sn . .
|zil 5 2ngy < aujll2ls . i=1,...,n, ji=1,2,3.

Consequently, the assessment of the functional (2.2) can be written as:
i n
Viwny) > o™ zlls = ansipron 2]l -

n n
_ m#zl ! v 1=si+snt2 7hmr}¢—;1 " 1—si+sn+3
r ZazaZQH’ZHs Zazal3”’z||s N
i=1 =1
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Taking into account s,42 = Sp+3, denote

mq—1 , mq—1 I
Qi1 = O gi+1Q%.1, Qo =1 ™ oo +h ™ o3

and get
. n n
Viwey) = |zl (al = 3 @zl =5 = 3 @),
=1 i=1

It is necessary to satisfy s,4; < s;, ¢ =1,...,n, j = 1,2 for the func-
tional to be positive within some region ||z||s > H which will be specified
further. That is

mj > kpi+1, i=1,...,n, j=0,1 (2.3)

Note that situations may arise when conditions (2.3) turn into equalities
for some (i, 7) from a set I. To ensure the positivity of the functional in an
arbitrary domain, we need to check additional conditions on the parameters:

a(mm) > Z Qe
(3,9)€l

In case when the inequalities (2.3) are strict, the conditions

1
. 2n 5§~ Sntj ..
[2]ls > <az‘jm) = Hy, (i,7) ¢ 1

entail that the general value Hy = max; ; H;; defines the domain ||z||s > Hy
of the functionals positivity. Therefore, the right side of the estimate

Vize,y) = o zlls (2.4)
has a positive coefficient
n
o = a(mln) _ Z aingn-H'_Si.
j=1i=1

In a similar way an upper bound for (2.2)

Vi, y) < 7l=ls (2.5)

can be obtained in the region ||z||s > Hp; here

2 n
= qlman) 4 Zzaingnﬂ—si’ a(ma) — max+1{ai,ﬁ1,ﬁ2}-

i=1,....,n
j=11i=1

Nssectusi IpKyTCKOTO TOCY/IapCTBEHHOTO yHUBEPCUTETA.
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UNIFORM ULTIMATE BOUNDEDNESS OF IUR’E SYSTEMS 69

Derivative of the functional (2.2) along the solution of system (1.1) can
be represented as

V = L a)AATY + 454 — BDYOTY 4 o f(a()) + Vo —

~By(1) + A7 1) + 450 11 PO N B Dty 1)+ (Bytr) +
+AT0 1ot + 3051 200N d AT (ot +0))d0 —
0
50 [ 0;’(”9*h>f<x<t+e>>de} B+
—h
B+ r + 82+ 2ah O™ - Bl -
0 0
> / 1 (a(t -+ 0))[™ d6 — / i ale+ o)™ o,

where f, = f(xz(t —r)), fn = f(z(t — h)), Jacobian matrix

Of(=(t)  Of(a(t)
of ) _ [ O O

O Of(x(t)  Ofala(®)
o1 Oxn

Let us separately evaluate the following terms of the derivative:

(By + A7 5 + 439 1,)" kaBD y > - Zﬁ() By 12—
i=1

kg kp;—1
—Z!w llzazzw Tyl - Zﬁf 2"yl

where
=1a8 B, o =y e ZABD )i
=1
51 = log max (A5}l oy = max|(47)alog.
Likewise,

O [* g stata+ opan < (305 o+

ox ;
=1

0
+Z!wé”!2a" ki +Zﬁ” f“l‘lufru) [ rtete +oplas,
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: @ _ g g (i) (). i _ (@) ‘
with parameters oy’ = ko, B3” = ay” maxg ||(As))ill, 8y = a3’ |[(B)ill,
and o, = max, |(Ags))il|a:(;). As above,

0 _
T ‘Z“ABD / CSUTM f(2(t + 0))do > — (ZBG 7"yl +

1)
PSS ol Zﬂ;’wf“ilufw) / 1 Gala+ 0
=1 =1 =1 -
wherea?—kuz o, B9 = 1a1(BYill, B = o8| max, (ALY, o =
max, |(A);]al?.

Takmg into account the assessment of homogeneous function: H Vo H

Yo llyl™o~ 1 where 7/, 41 1s a positive constant, we have

VoL / Y .
Vo =Vo|,_ Dy+(a—;) (707 + 5O p(at = 1)) < ~Busllyll™+

g 0™ (mae O£+ masx [ S 1 (e = )IT).

Now we can continue estimating the derivative of the functional:

1

v < — Z'B(Z pi(k+1) +’7n+1\|y||m° 1max HC(S H(Z$2M)

=1

= BullF ™ + e Iyl ™o~ masc [ 5N nll = 1 / £ ((t + 0))||™ do —

kp;—1 ki
= B llyll™ + Zﬁzz 2"yl + Z |27 Z%zw My +
=1
kpi—1 ku;—1 k 1—1
+Zﬁl " I+ (254 x|yl +Z!w$‘llza§€ i

+Zﬁ§%§“““||frn) / e <t+0>>||d9+<2ﬁ5 25y +
=1

=1
>l > gkt 4 Zﬁé”wf““ufru) / 1fGalo+ 0o +
=1 =1 =1 -

0
+ [Br+mr 4 Ba A bl | FI™ = Ball fall™ — 2 /h |f(x(t+0))[" do.
We introduce new variables

2= (= 7l =L Irat =) S 5= (5 & ),

Nssectusi pKyTCKOTO TOCY/IapCTBEHHOTO yHUBEPCUTETA.
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where

r_ 1 1 111
S =\ mGkr) 0 un(k+1)’ mo’ mi’ my ) -
Accordlng to the properties of homogeneous functions, there are con-

stants By > 0, 502 > 0,7 = ,5 and BOJ) > 0, j = 6,7,8 such
that

ot
V< ﬂOH Hs//—|-250 IE ’:,,,(k-kl) mo "‘Zﬂo E Hu(k+1) mo TR

S”
=1

1

m m er
+Zﬁo 12 H‘”(’“+1 ‘ 1+Zﬁo 12 H‘”(’“+1 BT B3+

2mg+mpok—k—1 1

2 1
- &) 1~ Ty ~ e
+Zﬂ [E |“*’““> O - L . Ol T R

We can find conditions for the parameters k, mg, mq to ensure that in

the last estimate of the derivative of the functional the norms’ degrees do
not exceed 1. Hence,

kp; — 1 2 2u;(k+1

L-F <1<:>mJZM7 j=0,1;

1 kep; — 1 1 .
+ +—<1<:>m > ui(k+1 =0,1;

K+l mk+1)  my gz mlk+1),

kup; — 1 1 1 1 1 i+ 1

RHi L _+_§1<:>—+__L;

pi(k+1)  mo — my mo  m1 ~ p(k+1)

mog<mp <k+ 1.

Combining the obtained inequalities with the conditions for V' to be
positive: m; > kp; + 1, j = 0,1, the total result is

2u;(k +1)

it 1 <mog<my <k+1
(A

Under such conditions there is a region ||Z||s» > H{,, where

V(ze,y) < =B12]s

is valid for some positive constant 3. Moreover, the estimation

V(x,y) < —Blzlly (2.6)
will work in the region ||z||y > H].

The previously obtained regions ||z||s > Hy of functional positivity and
|z|ls+ > H{ of its derivative’s negativity follow from the common region

|z|| > H, where H = v/n + 3max; {Hsj;Hész‘}_
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Then, differential inequality

V(‘Tt) y) S *CVp(fEt, y) (27)
could be obtained in the found unified region. Constant ¢ is positive and
p = minj=1,_ n+3 3 less then 1. The (2.7) follows from the fact that in

-----

Izl > H
S .
ol = 322" = > ai(z)" = ezl
=1 =1

where co >0 and a; >0 foralli=1,...,n+ 3.

Further we will use the approach from [1] for proving the boundedness
of a solution (z7(t,t9, ¢); yT(t,to,yo))T. Differential inequality (2.7) works
when ||z|| > H. Then it works all the more in

H wws;  H  wees
Vn+3 " Vn+3 }

Using the assessment (2.4) value A = oH is chosen so that for V (z;,y) > A
the inequality (2.7) is still valid.

If at the initial moment the functional V' (¢, y0) < A, then it will remain
in the domain V' (z¢,y) < A because of its decreasing outside. In the case
when V' (¢, y0) > A the moment 7' can be found when V(z,y) < A for all
t > to+T. For this purpose, we integrate the inequality (2.7) for t € [to; 1]
while V' (z¢,y) > A:

|2]ls > H, fI:max{

1

Vieny) < (VI (em0) = el = p)(t = t0)) .

Now it can be noticed that the inequality V (z¢,y) > A will be broken for
t >ty + T, where

T e (Ve - A1),

From (2.4) the region of ultimate boundedness for system (1.1) can be

derived:
- . A
ks m
> ) + ) < 2. (28)
i=1

Let A be any positive quantity and w = SUD )12 4 1|2 < A2 V(v,n). Then

for [Jb]|2 + [In||* < A2 the solution (mT(t,to,Lp);yT(t,to,yo))T of system
(1.1) belongs to (2.8) for any ¢ > max{0,#}, where

This completes the proof of Theorem 1. O
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3. Analysis of a system with asynchronous switching

The subject of this section is the system with asynchronous switching
(1.2).

Assumption 2. Let u, < 1 and suppose that there is a positive definite
diagonal matrix A such that for every s = 1,..., N the inequalities

fkTA[A%) + Aés) _ BDfl(Cfs) 1 C’és))]f < 72&()1‘)90?(“1)

=1
hold, where B > 0.

Theorem 2. If assumption 2 is fulfilled and D is Hurwitz matriz, when the
system (1.2) with any positive fized delays is uniformly ultimately bounded.

Proof. Based on (2.2) a modified functional can be constructed

0
Viwny Z)‘ / §Mdg + Voly) — ff ABD 'y + fkTA/ A+

< f( 4T -1 0 o (t+0) ‘
x(t+6))dd — fi. ABD . 5 flz(t+0))do + | (B1+

T

0
+71(7“+9))Hf(w(t+9))Hm1d0+/h(ﬁz+72(h+9))Hf(w(t+9))Hmld9,

(3.1)
here \; are components of matrix A from Assumption 2.
The derivative of the functional (3.1) along the solution of system (1.2)
takes the form

V = [ (@(t)AAT + 459 — BDTNCTY + C5 V) fla(t) + Vo —
~[By(t) + 450 fa(e)) + A3 st - )P LD N ppty ) 4
HB() + AT F(a(0) + AT f e - r>>1T‘9J;L;)Ax

0 0
X [ / r A5 f(a(t + 6))dd — BD™! / ) g pla(t + 0))d0] + [ﬁﬁr
far o By b @)™ = Bl Flalt — )™ — Ball Fla(t — W)™ —
0 0
1 [ fale+ O™ as e [ (e -+ 0™

In the same way as it was obtained for assessments (2.4), (2.5) and (2.6)
one can show the existence of positive values Hy, H{ «, /3, and «y such that

allzlls <V(ze,y) <Allzlls,  for [|zlls > Ho
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Figure 1. Solution of (1.1) in phase space.
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Figure 2. Solution of (1.2) in phase space.
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and .
V(eey) < —Bllzlls,  for 2]y > Hy.
Hence, the subsequent proof follows the same logical reasoning as presented
in Theorem 1. O
4. Example

To illustrate the obtained results, consider an example. Suppose the
systems (1.1) and (1.2) consist of two subsystems with scalar parameters

B=-1,D=-2 AY=_1 4V =_5 cV=_3 ¢V =5,

1
r=5h=3 p=; AP =3 AP =5 Y = 2 ¢ =3

It can easily be checked that Assumptions 1 and 2 are valid. Initial data:
to =0, xy, = 100 for [—5;0], y(tp) = 160. The switching law is given by

o(t)=1for t € [-5;1) U [i(i21);i(i2+1)>, i=3,5,...

N
J(t):2fort€[2(22 );1(1; )>, i=2.4. ..

The Runge-Kutta method of fourth-order with accuracy 0.01 is ap-
plied for solving the systems. Charts are plotted in phase spaces. Figure
1 presents the solution of the system (1.1) with synchronous switching
and Figure 2 corresponds to the case of system (1.2) with asynchronous
switching.
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