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1 VYuusepcurer Maxapaka Casmzkupao B Bapona, ['ymxkapar, Vugus
= snehal.b.rao-appmath@msubaroda.ac.in

Annoranus. B 2001 r. Bupuenko u coaBropaMu Obliia OIyOJIMKOBaHA CTaTbs O HOBOM
00001TIeHHOI TrnepreoMeTpudeckoi byHukiun [aycca, a nMeHHO 0OOOIIEHHOI rUIepreo-
Merpudeckoit dyuknuu tuna Paiita. [lesp HacTosimeit pabOThl 3aKII0YAETCS B OIpe-
JleJIEHUU (-aHaJiora OOOOIIEHHO TUIIEPreOMEeTPUYIECKON (DYHKIMHA, KOTOPas CBOIUTCA K
00O0OIIEHHOM TUIIEPTeOMETPUYIECKON (DYHKINY, KOTAa ( CTPEMHUTCH K €IUHUIE, & TAKKe
B M3YYEHUU HEKOTOPBIX HOBBIX CBONCTB. BBIBOIAMTCS CXOHMMOCTD psijia, OIPEIeJIsIoNe-
10 0OODIIEHHYIO (-THIIEPreOMETPUIECKYI0 (DYHKITUIO, U HEKOTOPBIE CBOMCTBA, BKJIIOYAST
onpeiesieHHble (hopMyIibl Aud depeHIpOBaHisl U UHTErPAJIbHbIE IPEJICTaBICHUSI.

KuroueBsbie ciioBa: 6a30Bble THIIEPTeOMETPUYECKUE (DYHKIMKU OIHON MEPEMEHHON s,
g-ramma yskmn, q-6eta OYHKIUNA U UHTETPAJIBI, (- UCIUCIEHNE U CBI3AHHBIE TEMbBI
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1. Introduction

The hypergeometric function o F (s, b; v;3), represented by hypergeomet-
ric series is a well-celebrated and historical one, amongst one of the most
important special functions, that includes many other special functions as
its specific or limiting cases. The hypergeometric function is also observed
in various applications within the fields of physics and statistics [6].

Seeing the historical development, the nomenclature “hypergeometric
series” was initially employed by Wallis within his literary work titled
“Arithmetica Infinitorum” [15]. As a pioneer, these series were studied
by Euler (1707-1783), but the first full systematic treatment was given by
Gauss [8]. It can be easily seen in [11] that the function y = 2F (s, b;t;3)
represents a solution to a linear differential equation of the second order

5(1—-3)y" +t—(s+b+1)z]y —sby =0;

Riemann [11] demonstrated that, the differential equation for 97 (3) hy-
pergeometric function could be delineated by its three regular singularities.

Several mathematicians in a numerous manner have contributed to the
study of the rich theory on hypergeometric functions. And in the sequel to
study further, Virchenko et al. [14] have introduced the generalization of
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oF1 (8,b;t;3) in terms of 9R (s, b;t;7;3) = 2R (3), whose special case is
2]:1 (3), for 7 = 1.

It should be noted that while taking a limit ¢ — 1 in the basic hyper-
geometric series 2¢1 (3), one gets Gauss hypergeometric series 2 F7 (3), and
that is the reason why 2¢; (3) is known as the g-analogue of hypergeometric
function 977 (3). In this sequel of study the present work aims to define the
g-analogue 9 R7? (3) of 2R (3) and to study its various properties.

1.1. PRELIMINARIES

The following definitions are used to carry out the present research article.
Definition 1. For 3 € C, the g-shifted factorial is given by [7;10]

=0

G00=1 T q_sgmeen O<ll<n @D

m=0

1
4

Ernst [6] reintroduced the g-extension of rising factorial for 3 € C as below:

1,0=0
<3’Q>£ = 61:[1 (1 _ q3+m)’£ c N ’ (0 < |Q‘ < 1) (12)
m=0

Here, observe that, (3:q), = (¢% ), For [3],-[3+1], .- [3+£—1],, here
we adopt the notation [3]2 (namely KS-q-pochhammer symbol), thus

By = Blg - b+ Uy 5+ €= 1y, where [l = ———. (1.3)

Definition 2. For R(s),R(b),R(x) > 0,5 € C;0 < |¢| <1 and [3| < 1, the
basic hypergeometric function is expressed as [6]

201 (5,0;1;¢,3) = 201 [5’ ° ;q,a] => W ‘. (1.4)

T
Definition 3. For |3| < 1, the g-binomial series is stated as [6;7]

(50 ¢ (€30

1
a;q,z) = = = , (0<|gq| <1). 1.5
190 (44 = La) ~ (@0s G0 O<la<h.19)
Definition 4. The g¢-differentiation operator Dy is defined by [4;10]
d f ) — f(a3)
D =47 =2 % (0<|ql<1 1.6
aof (2) dq;,f(z’) p—— (0<ql <1) (1.6)

and f'(3) can be retrieved by taking ¢ — 1.
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Definition 5. For 0 < |q| < 1, the g-integral is established by [7; 10]

b

[ #6) dis = /b 1) dos / 7 G) dos, (1.7)
0 0

a

where

/f dgs = o 1—q§:f( ) (1.8)
0 (=0

Definition 6. For R(3) > 0, the g-gamma function is defined as [6;7]

L I T (1)
Tq(a)—<3;q>oo(1 q) 3_(613;61)00(1 q9) % (0<l|qgl<1) (1.9

Iy (3) has poles at 3 =0,—1,—2,... Andrews [2] derived that 'y (3) — I'(3)
as q — 1.

Definition 7. The g-beta function is defined by [6;7]

o.9]

: 1- : 1.10
Bq (31:32) = (1 —q) 2 It i) (1.10)
where 0 < |g| <1 and 31,32 € C with R (31),R (32) > 0.
Definition 8. The ¢-Stirling’s asymptotic formula is given as [9]
1 1 1
46~ (0 0 (5) (1= F et (111)

where 0 < |g| <1 and 1q () = % (0 < 6 < 1).

2. Methodology

We show the convergence of our newly introduced generalized basic (q-)
hypergeometric function using g-stirling’s formula and Cauchy’s nth root
test. In addition, we derived some results using g-pochhammer symbol,
g-binomial series, g-differentiation, g-integration, g-gamma function and
below mentioned results;

1) For 31,32 € Cand 0 < |¢| < 1 [5];

31 +32], = 1), + @ [32], = ¢ [31], + [32],- (2.1)
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2) If 3 Cand 0 < |¢| < 1 then [5]
[_5]q = _q_3 [3](] (22)

3) The relation between g-gamma and g-beta function is given by [7]

L'y (31) Tg (32)

T, Gt 1) (0< gl <1). (2.3)

By (31,32) =

3. Main Results

3.1. WRIGHT-TYPE GENERALIZED Q-HYPERGEOMETRIC FUNCTION AND
ITS CONVERGENCE

Within this section, we present the g-version of the Wright-type gener-
alized hypergeometric function (2RR7 (3)) as

2R171(3) = 2R1 (s,b;1;75¢,3) =

where R (s) , R (b), R (r);0 < |¢| < 1,7 € RT and [3] < 1.
SPECIAL CASES

1) Clearly, (3.1) is special case of 9R; (s, b;t;7;3) as ¢ — 1.

)
2) By taking 7 = 1, the g-analogue of 9R](3) reduces to (1.4).
3) If v = b then 9Rq (s, b;t;7; ¢, 3) reduces to the g-binomial series (1.5).
4) If s = 1 and v = b then (3.1) reduces to the geometric series.

In this section, there discussed a convergence of (3.1) for |3| < 1.
To show the convergence,let us begin with

> b + 7‘6)
2R1(s,b;%7;4,3) = La(o
q g q + 7—6)

o Tq(r) Tg(s+0)T4(b4+7¢) ¢
Now, let ve = i m) FZ(1+£)FZ(r+:£)
By g-stirling formula (1.11), we have

N

(1—4q) exp (Kq (5 +£) + pg (b + 7L) + g (v)) 5
(1+q)2T, (3) &P (g (c+ 70) + g (1+0) + p1q (8) + 14 (b))

Vg ~ 4,
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Hence,

[N
[

(1—9q) exp (g (5 + 0) + p1g (b + 70) + p1g (v))3"
(1+ Q)%FqQ (%) exp (g (v + 7€) + g (1 +£) + p1g (8) + p1q (b))

Z"Ug’\-’

Now, taking limit £ — oo, we get % = elim Yoy ~ 3]
—00
Therefore, we can conclude that v, converges when [3| < 1.

3.2. SOME IMPORTANT RESULTS ON oR7? (3)

Theorem 1. If s,b;t € C,R(s), R(b),R(x) > 0;7 € RT,0 < |q| < 1 and
3] < 1 then

Ly (v) i (8:9), Tq (b+70) [ 31 (3.2)

dq
Ri(s,biv7359,3) =
alebinTiad) (L), Ty (v + 70)

dg3

041 041
Ko = — Ky )

T Ty(0) = (L), Tye+70)  [+1],

(3.3)
Proof. To prove (3.2), let us consider
dq o dy (Tq(r) — q (b + re)
diqﬁZRl (57 b7t7T7QJ3) d ( b) Z; t_f_'rf)
— Fq( ) <57 >£ (b + Tﬂ) [f] ZZ—I
l“q()g1 Lg),Ty(x+70) "7 7
which is (3.2).
By using g-integral formula (1.7), we can prove (3.3) as follows:
Ko o
/2721 (5,655 73¢,3) dgs = ko (1—q) > _ 2R (s, b;v; 73 q, qu) ¢
K1 /=0
k1 (1=q)> 2R (5, b;v; 75, fﬂqZ) ¢
=0
0 eSS}
which on further simplification reduces to 11:;’((;)) > (s10), Do(br) (3 i)

= L@ aletrl) — [E41]

O]
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Remark 1. By taking k1 =0 and k2 = 3 in (3.3), we get the integral as
below:

3
or= b+r€) (“1)

. 4

/2R1(sbtr,q3 ) ; L), Ty(e 70 1 1, (3.4)

0

Theorem 2. Ifs,b,t € C,R(s),R(b),R(x) > 0;7 € R",0 < |¢| < 1 and
|31 < 1 then
<qb[t -1], - qt_l[b]q) 2R1(s,b5t573q,53) = [t — b] 2R (8, b5t + 1575¢,5)
+4¢ 0] 2R (5,0 + 1,0+ 1,759, 2), (3.5)

[f]2R1 (5,0;15 73 ¢,3) = ¢°[¢ — b] 2Ra (5, b5¢ — 1,750, 3)
+¢ 0] 2R (5,6 + 1+ 157350,3),  (3.6)

and

oR1 (8,b;v;759,3 1(s+1,b;v5759,3)

) =2R
Q?’F( (;)Fq?t(w;)gnl (s+1Lb+mrtrmrigs). (3.7

Proof. To prove (3.5), let us begin with
¢°le = 1], 2R (5,050 — 15730,3) — ¢ 1[[’] 2R1 (s, b+ 1515739, 3)
L, (r—1) < (s (b +70)
o 1 q ' d l
i, (S e et )

‘1 1= V4
q (t+70) 3

[e.o]

t— Pq (t) <5; Q> Fq
— a1l (rq(bﬂ)%u e

(b
7Q>€ r
.0 Lg(b+70) <qb

Ty () & (s59) (647,

" E, () 2 o Tyl 10 (7 [—1+a>
Ty (v) o= (5:9)¢ oLy (b + 70) .

- Lq (b) Z (1;Q>i5£ Ly (e +70) <qb[t — 1, —a l[b]q)’
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which leads us to (3.5).
To prove (3.6), considering the right hand side using (2.1), we get

[t —b],oR1 (5,65t +1;735¢,3) +q° b[b]qul(s,b+1;c—|—1;7;q,3)

IVIORS Z (5:q), Ty (b+70) , [ [e—0l[], —a°b][t], [b+77],
L'y (b) =0 (1;q), Ty (v +7£) [t+7'€]q [b]q [t+7g]q
T, (t) = (5;9), Ty (b4 70) [t], "

L'y (b) gz:; (1; >i Ly (e+70) ¥ [t + Tﬁ]q <[t N b]q +q "o+ Tf]q)
Ly (v) o= (5:0), Ty (0 +70) , [t]

g (b) ;:% (1 >i FZ (t+72) ¥ [t + iﬁ]q [+ 78],

which coincides with left hand side of (3.6).
Identity (3.7) is obtained by considering

1
N (eR1 (s 4+ 1,b;v57;4,3) — 2R (5,651,754, 3))

~ Ty(v) = (s+1q), 1 Tg(b+70) 1 (1 st 4 s
_Fq(b)ézl<17Q>£—1 (1_C_I)Fq( —|—7'£)3 (1 q (1 Q)>
~ Ty(v) . (s+1;q) JO+T+T0—T) L

_Fq(b)z<1,Q>e—1(1e—1q)Fq(t—l-T%—TE—T)éé K (1_(14)’

Which reduces to (3.7).

Moreover, In (3.5), (3.6), (3.7), letting ¢ — 1 we have the well known prop-
erties of Generalized Hypergeometric function, established by Virchenko
[14] as shown in (3.8), (3.9), (3.10) respectively.

For s,b,t € C;R(s), R(b); R(x) > 0;7 € RT and |3 < 1 [14]

(t—b—1)2Rq (s,b;t;7;3)
(‘C*l)le( b;v—1; TZ)+[12R1(5 b+ 1; l‘Tg) (3.8)

t- 2R1(5,b,t; 7-’5)
= (t—0)2Ri (s, b, +1;753) +b- 2R (5,0 + e+ 157353), (3.9)

and

L®)T (v +7)2Ra(s, bir;733) =T(0) I' (v +7) 2R (s 4 1, b5 1573 3)
— 3T ()T (b+7)oaR1(s+ 1,6+ 7;v+757;3). (3.10)

O]
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Theorem 3. Ifs,b,t € C,R(s),R(x) > 0,R(b) > 1;0 < |¢| < 1,7 € RT
and |3 <1 then

9R1 (5,b;v;75¢,37) =2Rq (8,6 — 1;5735¢,37)
q(b_l)Zj &
[b—1], dg3

(eR1(s,b—13v3739,57)) . (3.11)
Proof. To obtain the result, clearly

1
S (2R1 (8,b5v5754,37) — 2R (5,0 — L;v5754,37))

_ Ty(v) — (s; QeLqg(b—1+70) 4y [b—1+ Tg]q —[b- 1]q
- 2 (Lig), Tq(c+70) [b—1],

which leads us to (3.11). Observe that taking ¢ — 1 in (3.11), it reduces
to the new identity involving derivative of s R7(3) as below.

d
oR1 (5,b;1;7557) = 2R (5,0 — L157337) + ﬁd} (21 (s,b — 1;1;73537)).

Which is a particular case of (3.11). One can verify that above expression
has the similar proof as (3.11). O

Theorem 4. For R(s),R(b) > 0;0 < |¢| < 1,7 € RT;
1) If R(r) > 0 and |3| <1 then

q [t], 2R (5,b;v75¢,57) = ¢ “[t], - 2R (5,650 + 1575¢,57)
d

L (GR1 (s, b0+ 1;73¢,37)) . (3.12)

dg3

2) If R(x) > m and |w3"| < 1 then

d, \™. .
(q> 3" aRa(s, byt 75 g, w3
dg3
L Ly (v)
= T— M TS . 1
Fq (t—m) 2R1 (57b7t m;T;q,W3 ) (3 3)
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Proof. Let us start with

d
I di(QRl (57 b;t + 17 ) qvéT))
q

= (b+ 74 ro—
E_: t+1+T)£)W]Z’“
s R

Using the result (2.2), we have

d
5 == (oR1 (s, b5e+ 1;734,37))
dg3
=q [t 2R (8, b:5730,57) — ¢ *[t] 2R (s, biv + 15739,57)

which leads us to (3.12).
To prove (3.13), let us begin with

(dq> 3 19R (5,515 75 ¢, w37)]

dg3

Ly (6) o~ (5500, D (04+76) 4 pie i1 T - _,
=Ty (6) 2 (1), Ty (e 1 ) [Lrtee=d,
_ t—m— q(t) G (s;q) Fq(b'i‘Tg) T

3 lfq(b)z<1;q>ifq(t+7f—m) E

Further simplification of above expression immediately reduces to (3.13).
In particular, letting ¢ — 1 in (3.12), (3.13), we get the well known prop-
erties (3.14), (3.15) of the generalized hypergeometric function as in [12].
For s,b,t € C; R(s), R(b), R(r) > 0, and 7 € N [12];

1) If |3] < 1 then

d
— (2R1(s,b;t 4+ 15753)) .

9R1(s,b;t;7;3) = 2Ra(s, byt + 1;753) + Lj 0
(3.14)

2) If |w3™| < 1 then

A\™ . . T
(d3> 3 '9R1 (5, b5 75 w37)]
(t) t—m—1

S /A - ct—miTwT). (3.1
T (c —m) oR1 (5,05t —m; T w37) (3.15)

O]
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Theorem 5. Ifs,b,t € C,R(s),R(b) > 0,R(r) > 1;0 < |¢| < 1,7 € RT
and |ax™| < 1 then

dq

(b—1) e T
dq; (; 2R1 (5ubata T;4,Qr ))
= [qb_t[c — 1] 2R (s,b5¢ — 1; 73 ¢, ax)+[b — t] 2R (5, b5 575 g, aﬂ)}
(3.16)

Proof. To prove this, consider the left hand side of (3.16) as

dg ( (b-1) S
fq; (P 2R1 (57 b,t,T,q7OéP ))
Ty (t) o= (50, Tq(b+70) (462
= ot [rl+b—1] ™
T, () 2 (), Ty (470 | l
T (v) o (539) ¢" e —1+7(, +[b—1]
b—2"4¢q J4 ¢ q q.1¢
=1 I, (64 70) r
g (b) g (L), o ) Lq (v+70)
Using the result (2.1), we have
d
L (D3R (5, b5% 75 g, 7))
dqx
o b L (8) o= (550) Tg (b+70)
b—2 b—t1q ¢ _1qg 07t
= (8% x
T 6) 2 {1:)y Ty (e £ 70— 1)
_ — (5:0), Dy (b+70) 4
b 2p ¢ g (v) (5:9), Tq ot
E T () 2 (1), Ty (e 70
Which is the required proof. O

Remark 2. Taking limit ¢ — 1 in above expression, we get a known
identity as (3.17).
If s,b,v € C;R(s),R(b) >0,R(r) > 1,7 >0 and |ar”| < 1 then [13]
d
& (x(b*1)2R1 (s,b,1;7; axT))
=" 2[(t—1)aRi(s,b;t — 1;7;007) + (b —t) oRy (5, b5 t;75027)] (3.17)
Lemma 1. If3€ C and 0 < |q| <1 then (3;9), = (1 —¢*) 3+ 1;q),_4-

Proof. We can prove this Lemma by considering
BGay=0-¢)(1-¢") .. (1 - q““)
—(1-¢) Kl _ q(3+1)> (1 _ q(z+1)+1> (1 _ q<z+1>+(efz>)} 7
which completes the proof of above Lemma, 1. O

Ussectust IpkyTCKOro rocyIapCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukay. 2024. T. 48. C. 80-94



A NOTE ON WRIGHT-TYPE GENERALIZED Q-HYPERGEOMETRIC FUNCTION 91
Theorem 6. For m € Z* and n € Z, if R(s) > 0,R(b), R(x) > n7;0 <
lgf < 1,7 € RT and |3/ < 1 then

dy’ Fy(e—=nr)Ty(b—(n—m)T)

q m g q
Ri(s, b—n7;v —n7;7;4,3) =
g2 S 0TI T8 =Bl G T e () 7)
QRi(s+m,b—(n—m)T;t—(n—m)7T;7;¢,3). (3.18)

Proof. We will prove this theorem by using mathematical induction. Let
us begin by considering

T (t—nr) S (s _ ’
oR1 (5,0 —nTiv —nT;75q,3) = (¥ nT)Z%? (b—nr+7L),

0Ty 50
1)y g (v —n7 + 70)
By taking g-derivative of the above equation with respect to 3, we get

d
—L9Ri(s,b — nT5e — n7; 730, 3)
qu’

(b —nt + 70)
(v —=n7 4+ 7L)

10,5

[o.¢]
q(t—n7) Z (550),
q(b—n7) — (1;9),
Thanks to the Lemma 1, we obtain the above expression in the form of

G Ry(s, bonmie —nrivig) = ], ?Z 521’;11?1?1: EZ - 3 3

dg3
QRi(s+Lb—(n—1)7me—(n—-1)7;7;¢,3).  (3.19)

Iy
Iy

Thus, (3.18) is true for m = 1. Following the similar arguments and by
taking g-derivative of (3.19) with respect to 3, we get

dg’ o Lg(t—n7)lg(b—(n—1)7)
——oRi(s,b—nr;v —n1;7;0,3) = |s
4221 2 =BT o) Ty (- 2)7)
R1(s+2,b—(n—2)T;t —(n—2)7;7;4,3) -
Thus, (3.18) holds valid for m = 2.

Now, let us assume that (3.18) is true when m = j,j € N. Therefore, we
can write that,

& Ty(c—nm)Ty(b—(n—j)7)
4 oR(s,b —nTiv —nT;750,3) = [5)) =2 d :
2 21 ¢3) =l e ) Ty (c— (0= )7)

2R1(s+7,b—(n—j)me—(n=4)T3754,3) -
Now, consider the (j + 1) derivative as follows:
41
dy
d'¢71+15

Ri(s,b—nrv—nri7iq,3) = i [s)] Lol =)Ly (b= (n = j)7)

" dgz Tg(b—n7)Ty(v— (n—j)7)
OR1(s+j,b—(n—j)mv—(n—3)7:750,3) -
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Use of Lemma 1, yields,

d]+1
dJ“;,QRl( b —nTiv—nTi719,3)

:[s]JF t—n1) [\ ) s+ +1)30)
1T, (b —nT) — 1—q)<1;q>£71

Lo (- G+ tr (-1
T, (= G+ ) rar—1) s )
:[5]j+1fq(t—n) Ly (6~ (n— (G +1))7)
" T, (o) Ty (e~ (n— G+ )7
GRiG+G 1) b—(n— (4 D) e (n—( + 1) 1i7i0,3).

As a result, (3.18) holds true for m = j + 1, whenever it is true for m = j.

Thus by principle of mathematical induction we can say that, (3.18) is true
Vm e Z*. O

Theorem 7. If R(s) > 1,R(b—7),R(t—7) >0;0< |g| < 1,7 € RT and
I3 < 1 then

3
/le (s5,b5v73q,3)dg3
0

_ 1 TmL (-1
s =1 T (0)Tg (v —7)

QRi1(s—1,b—T7;v—7;7;q,3) —1). (3.20)

Proof. To prove this theorem, let us begin by considering the integral as in
(3.4):

3

N _ Dg(t) o (550) Ta(0 +70) 57
/2R1 (57 b7t77—7q73) dq?? - Z <1aQ>€ Fq(t+ TE) [£+ 1]q

which completes the proof of this theorem. O

Ussectust IpkyTCKOro rocyIapCTBEHHOTO YHUBEPCUTETA.
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Theorem 8 (Integral Representation of 9 R7(3)). IfR(s) > 0, R (xt — b) >
0;0<|ql <1,7 € R" and |3] <1 then

1
1 (t m)g; q)
T . ql-
t ) (3t:9),

oR1 (s,b5v575¢,3) =

(3.21)

Proof. To prove this theorem, let us initiate by using the definition of g-
gamma (1.9) in (3.1), we get

Ty (v) o= (s:0)p (€775 0) o
. . . = = 1 N
2’?1 (5,b,t,7',q721) Fq (b) ; <1,q>ﬁ (qh—irTE;q)oo( Q)

(S

Further simplification and on implementation of g-binomial theorem as in
(1.5), we get

b= (T =0:9), (o 1
2R (s,b;1,739,3) = (1-¢" :7< T > (q b>7(3qmrq)
= r1/m v 1/s

T, (6) 2
m~+1.
— Fq (t) (1 _ q)t—b <t - ba q>oo i (qmb (q " ’q)tfbfl
L'y (b) (La)o = (3475 q),
Which leads us to (3.21). O

4. Conclusion

Present theoretical investigation intended to study and develop cer-
tain basic results involving g-derivative and g-integral operators on the
newly defined g-hypergeometric function, thus providing better insights
and understanding about the nature of the function.
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