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Abstract. Classifying abelian groups and their elementary theories, a series of charac-
teristics arises that describe certain features of the objects under consideration. Among
these characteristics, an important role is played by Szmielew invariants, which define
the possibilities of divisibility of elements, orders of elements, dimension of subgroups,
and allow describing given abelian groups up to elementary equivalence. Thus, in terms
of Szmielew invariants, the syntactic properties of Abelian groups are represented, i.e.
properties that depend only on their elementary theories. The work, based on Szmielew
invariants, provides a description of the behavior of algebraic and definable closure
operators based on two characteristics: degrees of algebraization and the difference
between algebraic and definable closures. Thus, possibilities for algebraic and definable
closures, adapted to theories of Abelian groups, are studied and described. A theorem
on trichotomy for degrees of algebraization is proved: either this degree is minimal, if
in the standard models, except for the only two-element group, there are no positively
finitely many cyclic and quasi-cyclic parts, or the degree is positive and natural, if in
a standard model there are no positively finitely many cyclic and quasi-cyclic parts,
except a unique copy of a two-element group and some finite direct sum of finite cyclic
parts, and the degree is infinite if the standard model contains unboundedly many non-
isomorphic finite cyclic parts or positively finitely many of copies of quasi-finite parts.
In addition, a dichotomy of the values of the difference between algebraic closures and
definable closures for abelian groups defined by Szmielew invariants for cyclic parts is
established. In particular, it is shown that torsion-free abelian groups are quasi-Urbanik.
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Awnnorarusi. OTMedeHO, UTO TpU KJIacCUPUKAIMU abeIeBbIX T'PYII U WX JIEMEHTap-
HBIX TEOPUIl BO3HUKAET PsAJ XapPAKTEPUCTHUK, ONUCHIBAIONIUX T€ WU MHbIE OCOOEHHOCTH
paccmaTpuBaeMbix 00beKTOB. Cpen 3TUX XapaKTEPUCTUK OCOOYIO POJIb UTPAIOT IIMe-
JIeBCKHe MHBapHUAHTBI, 3a/Ial0I[e BO3MOXKHOCTHU JIEJIUMOCTHU 3JIEMEHTOB, IOPAJIKOB 3JjIe-
MEHTOB, PAa3MEPHOCTU MOJATPYII U MO3BOJISIONINE OMUCHIBATEH JAHHBIE a0e/IeBbI TPYIIIbI
C TOYHOCTBHIO IO JIEMEHTAPHOI SKBUBAJEHTHOCTH. YKa3aHO, YTO B TEPMUHAX IIMeEJIEB-
CKUX WHBAPUAHTOB MPEJCTABJISIIOTCS CUHTAKCUIECKUE CBONCTBa abesIeBBIX TPYIII, T. €.
CBOICTBA, 3aBUCHIINE JIUIIb OT UX dJIEMEeHTapHbIX Teopuil. Ha 6ase mmeseBckux MHBa-
PUAHTOB IPUBE/IEHO ONMMCAHNE TTOBEJEHUS OIIEPATOPOB AJITeOPAMIECKOTO U OIPEIETUMOTO
3aMbBIKAHUI HA OCHOBE JIByX XapaKTEPUCTHUK: CTEIeHeN ajredpan3aiuy U pa3HUIlbl MEXK/ 1y
aareOpanvIecKNMU U OMPEIETUMBIMU 3aMBbIKAHUsIMHA. TeM CaMbIM M3YY€HBI W ONUCAHBI
BO3MOXKHOCTH JIJIsT aJITe0pamdecKuX U ONPEeIeIMMbIX 3aMbIKAHUN, 3 IAITHPOBAHHBIE K TEO0-
pusim abesieBbIX rpymi. JlokazaHna TeopemMa O TPUXOTOMUM JIJIsI CTEIEHEH aJirebpan3aliin:
b0 dTa CTENneHb MUHUMAJbHAsSI, €CJIM B CTAHIAPTHBIX MOJENSX, KPOME €IMHCTBEHHOM
JIByX3JIEMEHTHOI I'DyINIBbI, HET MOJIOXKUTEJBbHO KOHEYHOT'O YHC/Ia NUKJINYECKNX U KBa3H-
MUKTNIECKUX JaCTel, MO0 CTEleHb MOJIOXKUTEIbHAST U HATYPAJIbHASI, €CJIN B CTAHIAPT-
HOM MOJIeJIN HET IOJIO?KUTEJIbHOI0 KOHEYHOT'O YHC/Ia NUKJINIECKAX U KBa3UIUKJITIECKUX
gacTel, KpoOMe € IUHCTBEHHON KON IBYX3JIEMETHOMN IPYINNbI U HEKOTOPOX KOHEYHON IIp4-
MO# CyMMBI KOHEYHBIX IIUKJIMYECKUX YacTell, U CTelleHb OECKOHEYHA, €CJIM CTaHIapTHAS
MOJIETb COZEPKUT HEOTPAHUIEHHOE YHUCJIO HEM30MOPMHBIX KOHEYHBIX IMUKIUIECCKUX Ta-
cTeil MJIM TIOJIOYKUTEIbHOEe KOHEYHOEe YUCJIO KON KBa3MKOHEYHBIX dacTeir. Kpome Toro,
YCTAHOBJIEHA JUXOTOMHS 3HAYEHUN DPA3HOCTH MEXKIY AJIredpandecKUMU 3aMBIKAHUSMU
¥ OIpEeIeIMMBIMI 3aMBIKAHUSIMHU JIJIsT aDeJIeBBIX TPYIIl, OMPEeIeIsieMbIX IMEeTEBCKIMU
WHBapUAHTAMU JJI IUKJIMIECKUX JacTeil. B wacTHOCTH, MOKa3aHO, 9TO abeseBbl IPYIIIIbI
6e3 KpydeHusl KBa3nypOAHUKOBHI.

KuaroueBbie ciioBa: ajrebpamdeckoe 3aMbIKaHWE, OMPEIETUMOe 3aMbIKAHWE, CTEIEeHb
ajredbpamnsalyu, abejieBa rpyrmia
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1. Introduction

The classes of abelian groups and their elementary theories are broadly
known, rich enough and productive both in Classification Theory and appli-
cations [3;4;6]. They have various tools and characteristics dividing objects
into clear parts. Classification of elementary theories of abelian groups is
based on Szmielew invariants [1;2;16] allowing to define abelian groups up
to the elementary equivalence by standard representations constructed as
direct sums of cyclic, quasi-cyclic and torsion-free abelian groups.

In the present paper, we continue to study families of abelian groups
[8-10] and describe possibilities for algebraic and definable closures [5;12;14;
15;17] adapted for theories of abelian groups. These possibilities are based
on cardinalities of finite orbits with respect to automorphism groups [6;7]
including their description for finite abelian groups [11], and on Szmielew
invariants.

We prove that a trichotomy for degrees of algebraization holds: either
this degree is minimal, if there are no positively finitely many cyclic and
quasi-cyclic parts in standard models M besides unique copy of Zs, or
the degree is positive, natural and non-minimal, if there are no positively
finitely many cyclic and quasi-cyclic parts in M besides unique copy of
Z> and some finite direct sum of finite cyclic parts, and the degree is
infinite, if M contains unboundedly many non-isomorphic finite cyclic parts
or positively finitely many copies of quasi-finite parts (Theorem 2).

Besides we clarify a dichotomy for the values of difference between alge-
braic closures and definable closures for abelian groups defined by Szmielew
invariants for cyclic parts (Theorem 3). In particular, it is shown that
torsion-free abelian groups are quasi-Urbanik (Corollary 3).

Throughout we consider complete first-order theories.

2. Algebraic and definable closures. Degrees of algebraization

Definition 1. [5;14;17] 1. A tuple b is defined by a formula (%, @) of T
with parameters @, if ¢(Z,a) has the unique solution b.

A tuple b is defined by a type p if b is the unique tuple which realizes p.
It is definable over a set A if tp(b/A) defines it.

2. For a set A of a theory T the union of sets of solutions of formulae
o(z,a), @ € A, such that = 37"z p(x,a) for some n € w (respectively
= 3712 p(x,a)) is said to be an algebraic (definable or definitional) closure
of A. The algebraic closure of A is denoted by acl(A) and its definable
(definitional) closure, by dcl(A).

In such a case we say that the formulae p(x,a) witness that algebraic
/ definable (definitional) closure, and these formulae are called algebraic /
defining.
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Any element b € acl(A) (respectively, b € dcl(A)) is called algebraic
(definable or definitional) over A. If the set A is fixed or empty, we just say
that b is algebraic (definable, or definitional).

3. If dcl(A) = acl(A), cli(A) denotes their common value.

4. If A = acl(A) (respectively, A = dcl(A) ) then A is called algebraically
(definably) closed.

5. A type p is algebraic (defining) if it is realized by finitely many tuples
(unique one) only, i.e., it contains an algebraic (defining) formula ¢. This
formula ¢ can be chosen with the minimal number of solutions, and in
such a case @ isolates p. The number of these solutions is called the degree
deg(p) of p.

6. The complete algebraic types p(x) € S(A) are exactly ones of the form
tp(a/A), where a is algebraic over A. The degree of a over A, deg(a/A) is
the degree of tp(a/A).

Remark 1. [14] The pairs (M,acl) and (M,dcl) satisfy the following
properties:

(i) the reflexivity: it is witnessed by the formula x ~ y;

(ii) the transitivity: if the formulae ¢i(z1,a),...,¢n(zn,a) witnessed
that bq,...,b, € acl(A) (respectively, b1,...,b, € dcl(A)) and the for-
mula ¢ (z,b1,...,b,) witnesses that ¢ € acl({b1,...,b,}) (respectively, ¢ €
del({b1,...,b,})) then the formula

dzy, ..., 2, <¢(m,x1, ce X)) A /\ @i(azi,a)>
i=1

witnesses that ¢ € acl(acl(A)) (respectively, ¢ € dcl(dcl(A)));

(iii) the finite character: if a formula ¢(x,a) witnesses that a € acl(A)
(respectively, a € dcl(A)) then a € acl(Ap) for the finite Ag C A consisting
of coordinates in a.

Definition 2. [15] 1. For n € w\ {0} and a set A an element b is called
n-algebraic over A, if a € acl(A) and it is witnessed by a formula ¢(z,a),
for @ € A, with at most n solutions.

2. The set of all n-algebraic elements over A is denoted by acl,(A).

3. If A=acl,(A) then A is called n-algebraically closed.

4. A type p is n-algebraic if it is realized by at most n tuples only, i.e.,
deg(p) < n.

5. The complete n-algebraic types p(z) € S(A) are exactly ones of the
form tp(a/A), where a is n-algebraic over A, i.e., with deg(a/A) < n. Here
deg(a/A) = k < n defines the n-degree deg,,(a/A) of tp(a/A).

6. If acl(A) = acl,(A) then minimal such n is called the degree of
algebraization over the set A and it is denoted by deg,.(A). If that n does
not exist then we put deg,.(A) = co. The supremum of values deg,,(A)
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with respect to all sets A of a given theory T is denoted by deg,.(7") and
called the degree of algebraization of the theory T.

7. Following [19] theories T" with deg,,(7") = 1, i.e., with defined cl;(A)
for any set A of T, are called quasi-Urbanik, and the models M of T are
quasi- Urbanik, too.

Notice that by the definition the closure operator acl; coincides with the
closure operator dcl whereas the operators acl,, for n > 2, may be or not
be transitive depending on a given theory [15].

Definition 3. [15] If for a theory T, dcl(A) = acl(A) for any set A with
|A| > n then minimal such n is called the acl-dcl-difference and denoted
by acl-dclgi¢(7T"). If such natural n does not exist, i.e., for any n € w
there exists a finite set A with |A| > n and acl(4) D dcl(A) then we put
acl-dclgif(T') = oo.

Notice that, by the definition, a theory T is quasi-Urbanik iff

acl-dclg;e(T) = 0.

3. Degrees of algebraization for finite abelian groups and their
theories

Definition 4. [11] Let M be a structure, A C M. Recall that an A-
automorphism of M is an automorphism f € Aut(M) fixing A pointwise.
The set of all A-automorphisms for M is denoted by Aut(M/A).

For an element a € M, the orbit O(a/A) with respect to the automor-
phism group Aut(M) is the set of all elements b € M connected with a by
A-automorphisms f € Aut(M/A): f(a) =b and f(a') = d’ for any o’ € A.

We write O(a) instead of O(a/0).

We denote by o(M) the maximal cardinality of orbits O(a), i.e., the
value of deg, ().

Let T = Th(M) for a finite structure M. Since all models of T" are
pairwise isomorphic, the value o(M) does not depend on the choice of
model M =T and it is denoted by o(T).

Proposition 1. [11] If T is a theory of a finite structure then
degacl(T) = degael(w) = O(T)

Recall that any finite abelian group S is represented as a direct sum

@nnzﬁ”’") [6, Theorem 8.1.2]. Recall also [18] that Euler function o(n) is
defined as follows: ¢(n) = |{m € Z,, | (m,n) = 1}|.
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Theorem 1. [11] For any finite abelian group A = @p,nZ}(ﬁp’"),
deg,(Th(S)) = [[ ("> — (0" — o (p™))*»).

pn

Corollary 1. [11] A finite abelian group A is quasi-Urbanik iff A is either
a singleton or isomorphic to Zs.

4. Abelian groups, their theories and Szmielew invariants

Let A be an abelian group in the language ¥ = (+3), (1) 0)) Then
kA denotes its subgroup {ka | a € A} and A[k] denotes the subgroup
{a € A| ka = 0}. Let P be the set of all prime numbers. If p € P and
pA = {0} then dimA denotes the dimension of the group A, considered
as a vector space over a field with p elements. The following numbers, for
arbitrary p € P and n € w \ {0} are called the Szmielew invariants for the
group A [2;16]:

apn(A) = min{dim((p"A)[p]/(p" ' A)[p]), w},
Bp(A) = min{inf{dim((p"A)[p] | n € w},w},
Vp(A) = min{inf{dim((A/A[p"])/p(A/A[]p"])) | n € w},w},
e(A) €{0,1},
and e(A) = 0 < (nA = {0} for somen € w,n # 0).

It is known [2, Theorem 8.4.10] that two abelian groups are elementarily
equivalent if and only if they have the same Szmielew invariants. Besides,
the following proposition holds.

Proposition 2. [2, Proposition 8.4.12]. Let for any p and n the cardinals
apns Bp, Vp < w, and € € {0,1} be given. Then there is an abelian
group A such that the Szmielew invariants oy n(A), Bp(A), 1p(A), and e(A)
are equal to oy n, Bp, Vp, and €, respectively, if and only if the following
conditions hold:

(1) if for prime p the set {n | oy n # 0} is infinite then By, = vp = w;

(2) if € = 0 then for any prime p, By, = v = 0 and the set {(p,n) |
apn # 0} is finite.

We denote by Q the additive group of rational numbers, Z,» — the cyclic
group of the order p", Z,~ — the quasi-cyclic group of all complex roots of
1 of degrees p™ for all n > 1, R, — the group of irreducible fractions with
denominators which are mutually prime with p. The groups Q, Z,», R,
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Z,~ are called basic. Below the notations of these groups will be identified
with their universes.

Since abelian groups with the same Szmielew invariants have same the-
ories, any abelian group A is elementarily equivalent to a group

OpnZir ™) © @,Z%) @ ©,RYY & QO (4.1)

where B*) denotes the direct sum of k subgroups isomorphic to a group
B. Thus, any theory of an abelian group has a model being a direct sum
of basic groups. The groups of form (4.1) are called standard.

Recall that any complete theory of an abelian group is based by the set
of positive primitive formulas [2, Lemma 8.4.5], reduced to the set of the
following formulas:

Jy(mizy + ... + mpz, ~ p*y), (4.2)

mizy + ...+ mpx, =0, (4.3)

where m; € Z, k € w, p is a prime number [1], [2, Lemma 8.4.7]. Formulas
(4.2) and (4.3) allow to witness that Szmielew invariants define theories of
abelian groups modulo Proposition 2.

In view of Proposition 2 and equations (4.2) and (4.3) we have the
following;:

Remark 2. Theories of abelian groups are forced by sentences implied by
formulas of form (4.2) and (4.3) and describing dimensions with respect to
Qp.ns Bps Vp, € as well as bounds for orders p" of elements and possibilities for
divisions of elements by p*. Moreover, distinct values of Szmielew invariants
are separated by some sentences modulo Proposition 2.

5. Degrees of algebraization for theories of abelian groups

Proposition 3. If A = A; ® Ay then
degacl(Th(*A)) > max{degacl(Th(‘Al))v degacl(Th(*AQ))}' (51)

Proof. Since A = A1 P Asg, each algebraic element a over Ag C A witnessing
the value deg,.(Th(.4)) has maximal, by cardinality, finite orbits O; and
05 over Ag N A1 and Ag N As, respectively, with a = ajas, a1 € O1, as €
Os. Therefore, a witnesses, via a1 and ag, both the values deg,.(Th(A;))
and deg,(Th(Az)). Again since A = A; & Ay, the orbits O; and O3
are independent producing at least |O;| and at least |O2| possibilities for
simultaneous actions for a; and ag, i.e. for a, implying the inequality (5.1).

O
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By the definition if A = A; ® Ay is finite then both A; and A, are finite.
Thus, Propositions 1 and 3 immediately imply:

Corollary 2. If A= A; @ As is finite then
deg,(Th(A)) > max{o(Th(A1)), o(Th(Az2))}.

Both equalities and inequalities are realized in Corollary 2 using Theo-
rem 1.

As degrees of algebraization for finite abelian groups are described in
Section 3, below we assume that A is an infinite abelian group with a
theory T'. In view of Section 4, without loss of generality, we additionally
assume that A has the form (4.1).

Lemma 1. If T is the theory of an abelian group A with all o, =0, and
Bp =0 or B, =w then T is quasi-Urbanik.

Proof. For the structure A, in view of Szmielew invariant classification,

we have A = @5p>021()°§o) Dp Rz(ﬂp ) ® Q. By Remark 2 links between
elements of A are defined by connections via linear combinations and their
divisibilities. Now we observe that by the absence of natural 8, > 0 the
only possibilities for algebraic elements over a subset Ay C A are to take
linear combinations of elements in Ag. Since values of terms are unique we

observe that acl(Ap) = dcl(Ap) implying that A is quasi-Urbanik. O

Since the condition oy, = B, = 0 for all p,n characterizes that the
abelian group is torsion-free, Lemma 1 immediately implies:

Corollary 3. Any theory T of a torsion-free abelian group is quasi-Urba-
nik, i.e., acl-dclge(T) = 0.

In view of Lemma 1 the torsion-free group Z, with Szmielew invariants
apn =0, B, =0, v, =1 for each prime p, ¢ =1 (see [13] for these values)
is quasi-Urbanik.

Lemma 2. If T is the theory of an abelian group A with some positive
Bp € w then deg,,(T) = oo.

Proof. Let 0 < B, < w. Then by Proposition 2 the set {n | oy, = 0} is
finite and we can separate p-divisible and non p-divisible elements of finite
orders related to Z,» and to Zp~ in a standard model M of T'. Since 8, € w
there are finitely many and unboundedly many elements in copies of Z,» in
M of orders p, p?, p?, etc., implying deg, (T) = oo by formulae witnessing

acl(0). O
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Lemma 3. If T is the theory of an abelian group A with (3, € {0,w} for
any p then exactly one of the following conditions holds:

1) degoa(T) = 1, if appn € {0,w} for any (p,n) # (2,1) and a; €
{0,1,w};

2) deg,(T') € w\ {0,1}, if some positive oy, is finite besides the pos-
sibility a1 = 1, and there are finitely many natural positive oy, ., ; here the
value deg,.(T) satisfies the equality in Theorem 1;

3) deg,.(T') = oo, if there are infinitely many natural positive o, y,.

Proof. If oy, € {0,w} and B, € {0,w} then there are no non-zero algebraic
elements in finite cyclic groups and quasi-cyclic groups which are contained
in a standard group A’ = A, since these groups are connected by auto-
morphisms with their copies. It implies the value deg,(T") = 0. Here the
possibility with a1 = 1 can be added since Zy < A’ is rigid and does not
have isomorphic copies in A’

If some positive vy, is finite besides the possibility as 1 = 1, and there
are finitely many natural positive oy, then elements of finite cyclic sub-
groups form a finite definable set with non-trivial orbits. Thus, Theorem 1
is applicable for the value deg,.(T) which is finite since other parts of A’
are quasi-Urbanik in view of Lemma, 1.

If there are infinitely many natural positive oy, then the cyclic part of A’
has definable finite orbits of unbounded cardinalities implying deg,(T") =
00. O

Summarizing Lemmas 1, 2, 3 we obtain the following;:

Theorem 2. For any theory T of an abelian group A exactly one of the
following conditions holds:

1) dego(T) = 1, if B, € {0,w} for any p, apn € {0,w} for any (p,n) #
(2,1), and ag € {0,1,w};

2) deg,(T) € w\ {0,1}, if B, € {0,w} for any p, some positive oy, is
finite besides the possibility aa1 = 1, and there are finitely many natural
positive ap n;

3) deg,(T) = oo, if the values p or n for natural ap, > 0 are un-
bounded, or B, € w\ {0} for some p.

In Theorem 2 containing a trichotomy for deg,(7"), finite values
deg,(T) are described in terms of Szmielew invariants on the base of
Theorem 1.

The following theorem asserts a dichotomy for the values acl-dclgif(7)
of acl-dcl-difference for theories T' of abelian groups.

Theorem 3. For any abelian group A and its theory T either acl-dclg(T)
is finite, if A is finite, or all o, € {0,w}, except may be a1 = 1, and
Bp € {0,w}, or acl-dclgif(T') = oo otherwise, i.e., if A is infinite and there
are positive oy, € w or B € w besides a1 = 1.
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Proof. In view of Corollary 1 and Lemmas 1, 3 we have
acl-dclgi(T) =0

if all o, € {0,e} for all (p,n) # (2,1), az; € {0,1,w} and all B, € {0,c}.
Besides acl-dclgi¢(T) € w if A is finite and this value is defined following
the value of degree of algebraization in Theorem 1. Now by Lemma 2
having some 8, € w \ {0} we obtain acl-dclgif(T") = oco. Since closures in
standard abelian groups are formed by closures in basic subgroups, the only
possibility for infinite A to have a finite value acl-dclgf(7) is to have the
cyclic part with ap, € {0,w} for (p,n) # (2,1) and with as; € {0,1,w},
and to have a quasi-finite part with all 8, € {0,w} which imply here that
T is quasi-Urbanik. O

6. Conclusion

We studied possibilities for algebraic and definable closures for abelian
groups and their theories. A theorem on trichotomy for degrees of al-
gebraization is proved: either the degree is minimal, if in the standard
models, except for the only two-element group, there are no positively
finitely many cyclic and quasi-cyclic parts, or the degree is positive and
natural, if in a standard model there are no positively finitely many cyclic
and quasi-cyclic parts, except a unique copy of a two-element group and
some finite direct sum of finite cyclic parts, and the degree is infinite if the
standard model contains unboundedly many non-isomorphic finite cyclic
parts or positively finitely many of copies of quasi-finite parts. Besides, a
dichotomy of the values of the difference between algebraic closures and
definable closures for abelian groups defined by Szmielew invariants for
cyclic parts is established. In particular, it is shown that torsion-free abelian
groups are quasi-Urbanik and the separation of the class of quasi-Urbanik
abelian groups is established in terms of Szmielew invariants.

It would be interesting to study a hierarchy of algebraic closures for
abelian groups relative to various sets of formulas.
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