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Аннотация. В работе получены точные асимптотики спектральных данных (соб-
ственных значений и весовых чисел) линейного дифференциального уравнения чет-
вертого порядка с коэффициентом-распределением и тремя типами распадающихся
краевых условий. Методы исследования опираются на недавние результаты, каса-
ющиеся регуляризации и асимптотического анализа для дифференциальных опера-
торов высших порядков с коэффициентами-распределениями. Результаты исследо-
вания имеют приложения в теории обратных спектральных задач, а также самосто-
ятельное значение.
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енты-распределения, асимптотики собственных значений, весовые числа
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1. Introduction

Consider the differential equation

𝑦(4) + (𝜏2(𝑥)𝑦
′)′ + (𝜏1(𝑥)𝑦)

′ + 𝜏1(𝑥)𝑦
′ + 𝜏0(𝑥)𝑦 = 𝜆𝑦(𝑥), 𝑥 ∈ (0, 1), (1.1)

where 𝜏2 ∈ 𝑊 1
2 [0, 1] and 𝜏1 ∈ 𝐿2[0, 1] are complex-valued functions, 𝜏0

is the generalized function of class 𝑊−1
2 [0, 1], that is, 𝜏0 = 𝑟′0, 𝑟0 is a

complex-valued function of 𝐿2[0, 1], 𝜆 is the spectral parameter. We un-
derstand equation (1.1) with a generalized function coefficient in terms of
the regularization approach of Mirzoev and Shkalikov [15] (see the details
in Section 2).

This paper aims to derive sharp asymptotics for the eigenvalues and
the weight numbers of the boundary value problems ℒ𝑘, 𝑘 = 1, 2, 3, for
equation (1.1) with the boundary conditions

ℒ1 : 𝑦(0) = 0, 𝑦(1) = 𝑦′(1) = 𝑦′′(1) = 0, (1.2)

ℒ2 : 𝑦(0) = 𝑦′(0) = 0, 𝑦(1) = 𝑦′(1) = 0, (1.3)

ℒ3 : 𝑦(0) = 𝑦′(0) = 𝑦′′(0) = 0, 𝑦(1) = 0. (1.4)

A general effective method for obtaining eigenvalue asymptotics for ar-
bitrary order differential operators is described in the book of Naimark [17].
However, derivation of sharp asymptotics for specific classes of operators
requires additional efforts. In recent years, eigenvalue asymptotics for the
fourth-order differential operators with various types of boundary condi-
tions were obtained by Badanin and Korotyaev [2;3], Möller and Zinsou [16],
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SPECTRAL DATA ASYMPTOTICS 33

Aliyev et al [1], Polyakov [19–21] (see also the bibliography in the mentioned
papers). Motivation for investigation of spectral properties for the fourth-
order operators arises from applications in mechanics, geophysics, and other
fields (see, e.g., [4; 10; 18]). Anyway, the mentioned studies deal with
the case of regular (integrable) coefficients. There are much less results
on spectral data asymptotics for differential equations with distribution
coefficients belonging to spaces of generalized functions. Mikhailets and
Molyboga [13;14] investigated the eigenvalue asymptotics for the even-order

differential operators 𝑑2𝑚

𝑑𝑥2𝑚
+𝑞(𝑥) with distribution potential 𝑞 ∈𝑊−𝑚

2 [0, 1]
and semi-periodic boundary conditions. In [5], spectral data asymptotics
have been obtained for higher-order differential operators with distribution
coefficients in the general form with separated boundary conditions.

In this paper, relying on the approach and on the results of [5], we
derive sharp asymptotics for the eigenvalues of the boundary value prob-
lems ℒ𝑘, 𝑘 = 1, 2, 3. In addition, we study the asymptotic behavior of
the weight numbers, which are used in the inverse spectral theory to-
gether with eigenvalues for recovering higher-order differential operators
(see, e.g., [8; 9; 11; 24]). We get explicit formulas for all the constants in
the obtained asymptotics in terms of the functions 𝜏1 and 𝜏2 from equation
(1.1). Note that the boundary conditions of the problems ℒ1 and ℒ3 are
non-self-adjoint. Therefore, it is difficult to find the starting index for
numbering of their eigenvalues. The results of this paper play an important
role in the spectral data characterization for equation (1.1) (see [9]) and
also have a separate significance.

2. Regularization

In this section, we discuss the regularization of equation (1.1) basing on
the results of [6; 15;23].

Let 𝜎0(𝑥) and 𝜎1(𝑥) be the unique functions of 𝑊 1
2 [0, 1] such that

𝜎′′0 = 𝜏0, 𝜎0(0) = 𝜎0(1) = 0, 𝜎′1 = 𝜏1, 𝜎1(0) = 0. (2.1)

Define the matrix-function

𝐹 (𝑥) = [𝑓𝑘,𝑗(𝑥)]
4
𝑘,𝑗=1 =

⎡⎢⎢⎣
0 1 0 0

−(𝜎1 + 𝜎0) 0 1 0
0 −𝜏2 + 2𝜎0 0 1

𝜎20 − 𝜎21 0 𝜎1 − 𝜎0 0

⎤⎥⎥⎦ , (2.2)

the quasi-derivatives

𝑦[0] := 𝑦, 𝑦[𝑘] := (𝑦[𝑘−1])′ −
𝑘∑︁
𝑗=1

𝑓𝑘,𝑗𝑦
[𝑗−1], 𝑘 = 1, 4, (2.3)
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and the domain

𝒟𝐹 := {𝑦 : 𝑦[𝑘] ∈ 𝐴𝐶[0, 1], 𝑘 = 0, 3}.

Note that, for 𝑦 ∈ 𝒟𝐹 , the quasi-derivative 𝑦[4] is correctly defined and
integrable on (0, 1).

Proposition 1. For any 𝑦 ∈ 𝒟𝐹 , the generalized function ℓ(𝑦) := 𝑦(4) +
(𝜏2𝑦

′)′ + (𝜏1𝑦)
′ + 𝜏1𝑦

′ + 𝜏0𝑦 is regular and ℓ(𝑦) = 𝑦[4].

Proposition 1 is a special case of Theorem 2.2 in [6], which was obtained
from the results of Vladimirov [23]. It follows from Proposition 1 that, for
𝑦 ∈ 𝒟𝐹 , equation (1.1) can be equivalently represented as the first-order
system

�⃗�′(𝑥) = (𝐹 (𝑥) + Λ)�⃗�(𝑥), 𝑥 ∈ (0, 1), (2.4)

where

�⃗�(𝑥) =

⎡⎢⎢⎣
𝑦(𝑥)

𝑦[1](𝑥)

𝑦[2](𝑥)

𝑦[3](𝑥)

⎤⎥⎥⎦ , Λ =

⎡⎢⎢⎣
0 0 0 0
0 0 0 0
0 0 0 0
𝜆 0 0 0

⎤⎥⎥⎦ .
Indeed, the first three rows of the system (2.4) coincide with the definitions
of the quasi-derivatives (2.3), and the last row is equivalent to the equation
𝑦[4] = 𝜆𝑦. Thus, we have regularized equation (1.1) by the reduction to the
system (2.4) with the integrable matrix function 𝐹 (𝑥).

Note that, for regularization of equation (1.1), different constructions of
an associated matrix 𝐹 (𝑥) can be used (see [6; 15]). Anyway, it has been
proved in [7] that the choice of an associated matrix does not influence
the spectral data, which will be considered in the next sections. For the
purposes of this paper, it is convenient to use the associated matrix (2.2),
because it contains all the coefficients 𝜏2, 𝜎1, and 𝜎0 of the same smoothness
on the same diagonal.

3. Birkhoff-type solutions

In this section, we construct the Birkhoff-type solutions of the system
(2.4) by the well-known method (see, e.g., [17; 22]), using the technique
of [25]. Consequently, we get the Birkhoff-type solutions for equation (1.1).

In the asymptotic estimates below, we use the following notations:

− Put 𝜆 = 𝜌4 and divide the complex 𝜌-plane into the sectors

Γ𝜅 :=

{︂
𝜌 ∈ C :

𝜋(𝜅− 1)

8
< arg 𝜌 <

𝜋𝜅

8

}︂
, 𝜅 = 1, 8.
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− For 𝜅 ∈ {1, 2, . . . , 8}, ℎ > 0, and 𝜌* > 0, introduce the extended sector

Γ𝜅,ℎ,𝜌* :=
{︁
𝜌 ∈ C : 𝜌+ ℎ exp

(︀ 𝑖𝜋(𝜅−1/2)
8

)︀
∈ Γ𝜅, |𝜌| > 𝜌*

}︁
.

− For a fixed sector Γ𝜅, denote by {𝜔𝑘}4𝑘=1 the roots of the equation
𝜔4 = 1 numbered so that

Re (𝜌𝜔1) < Re (𝜌𝜔2) < Re (𝜌𝜔3) < Re (𝜌𝜔4), 𝜌 ∈ Γ𝜅. (3.1)

Put Ω := [𝜔𝑗−1
𝑘 ]4𝑗,𝑘=1.

− The notation ϒ(𝜌) is used for various scalar and vector functions such
that

ϒ(𝜌) → 0 as |𝜌| → ∞, 𝜌 ∈ Γ𝜅,ℎ,𝜌* , (3.2)

{‖ϒ(𝜌𝑛)‖} ∈ 𝑙2 for any non-condensing sequence {𝜌𝑛} ∈ Γ𝜅,ℎ,𝜌* ,
(3.3)

where ‖.‖ stands for the vector norm if ϒ(𝜌) is a vector. Recall that a
sequence {𝜌𝑛}∞𝑛=1 is called non-condensing if

sup
𝑡>0

(𝑁(𝑡+ 1)−𝑁(𝑡)) <∞, 𝑁(𝑡) := #{𝑛 ∈ N : |𝜌𝑛| ≤ 𝑡}.

− ϒ(𝑥, 𝜌) stands for various scalar and vector functions having the prop-
erties (3.2) and (3.3) for each fixed 𝑥 ∈ [0, 1].

− 𝜀(𝜌) is used for various functions of form ϒ(𝜌)
𝜌2

.

− {κ𝑛} stands for various 𝑙2-sequences.

The change of variables

𝑌 (𝑥) = Ω−1diag {1, 𝜌−1, 𝜌−2, 𝜌−3}�⃗�(𝑥)

transforms the system (2.4) into

𝐿𝑌 :=
1

𝜌
𝑌 ′ −𝐴(𝑥, 𝜌)𝑌 = 0, (3.4)
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where

𝐴(𝑥, 𝜌) = 𝐴(0) +
𝐴(2)(𝑥)

𝜌2
+
𝐴(4)(𝑥)

𝜌4
,

𝐴(0) = diag{𝜔𝑘}4𝑘=1, 𝐴(1) = 𝐴(3) = 0, (3.5)

𝐴(2) := Ω−1

⎡⎢⎢⎣
0 0 0 0

−(𝜎1 + 𝜎0) 0 0 0
0 −𝜏2 + 2𝜎0 0 0
0 0 𝜎1 − 𝜎0 0

⎤⎥⎥⎦Ω, (3.6)

𝐴(4) := Ω−1

⎡⎢⎢⎣
0 0 0 0
0 0 0 0
0 0 0 0

𝜎20 − 𝜎21 0 0 0

⎤⎥⎥⎦Ω.

Clearly, the entries of 𝐴(2)(𝑥) and 𝐴(4)(𝑥) belong to 𝑊 1
2 [0, 1].

Below, we suppose that 𝜌 ∈ Γ𝜅,ℎ,𝜌* for some 𝜅, ℎ > 0, 𝜌* > 0, and
{𝜔𝑘}4𝑘=1 are numbered in the order (3.1) for 𝜌 ∈ Γ𝜅. Note that, for 𝜌 ∈
Γ𝜅,ℎ,𝜌* , we have Re(𝜌𝜔𝑘)− Re(𝜌𝜔𝑘+1) ≤ 𝑐ℎ <∞.

Let us search for approximate solutions of (3.4) in the form

𝑈𝑘(𝑥, 𝜌) = exp(𝜌𝜔𝑘𝑥)

(︂
𝑔(0)𝑘 +

𝑔(1)𝑘(𝑥)

𝜌
+
𝑔(2)𝑘(𝑥)

𝜌2

)︂
, 𝑘 = 1, 4, (3.7)

where 𝑔(𝜇)𝑘 = [𝑔(𝜇)𝑘,𝑗 ]
4
𝑗=1 are column vectors. Furthermore, 𝑈𝑘(𝑥, 𝜌) has to

satisfy the estimate

𝐿𝑈𝑘 = exp(𝜌𝜔𝑘𝑥)𝜌
−3
(︀
ℎ𝑘(𝑥) +𝑂(𝜌−1)

)︀
, 𝜌 ∈ Γ𝜅,ℎ,𝜌* , |𝜌| → ∞, (3.8)

where ℎ𝑘(𝑥) = [ℎ𝑘,𝑗(𝑥)]
4
𝑗=1 is a column vector such that ℎ𝑘,𝑘 = 0, and the

𝑂-estimate is uniform with respect to 𝑥 ∈ [0, 1].
Due to [25], the vectors 𝑔(𝜇)𝑘, 𝜇 = 0, 1, 2, and ℎ𝑘 have to fulfill the

relations

𝐴(0)𝑔(0)𝑘 = 𝜔𝑘𝑔(0)𝑘,

𝐴(0)𝑔(𝜇)𝑘 = 𝜔𝑘𝑔(𝜇)𝑘 + 𝑔′(𝜇−1)𝑘 −
𝜇∑︁
𝑗=1

𝐴(𝑗)𝑔(𝜇−𝑗)𝑘, 𝜇 = 1, 2,

ℎ𝑘 = 𝑔′(2)𝑘 −
3∑︁
𝑗=1

𝐴(𝑗)𝑔(3−𝑗)𝑘, ℎ𝑘,𝑘 = 0.
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Therefore, using (3.5) and (3.6), we obtain

𝑔(0)𝑘 = 𝑒𝑘, 𝑔(1)𝑘(𝑥) = − 1

4𝜔𝑘
𝜏
⟨−1⟩
2 (𝑥)𝑒𝑘, (3.9)

𝑔(2)𝑘,𝑗(𝑥) =

{︃
1

(4𝜔𝑘)2
𝜏
⟨−2⟩
2 (𝑥), 𝑗 = 𝑘,

− 𝑎𝑗𝑘(𝑥)
𝜔𝑗−𝜔𝑘

, 𝑗 ̸= 𝑘.
, (3.10)

ℎ𝑘,𝑗(𝑥) = −
𝑎′𝑗𝑘(𝑥)

𝜔𝑗 − 𝜔𝑘
− 1

4𝜔𝑘
𝑎𝑗𝑘(𝑥)𝜏

⟨−1⟩
2 (𝑥), 𝑗 ̸= 𝑘,

where 𝑒𝑘 is the 𝑘-th column of the unit matrix,

𝜏
⟨−1⟩
2 (𝑥) =

∫︁ 𝑥

0
𝜏2(𝑡) 𝑑𝑡, 𝜏

⟨−2⟩
2 (𝑥) =

∫︁ 𝑥

0
𝜏2(𝑡)𝜏

⟨−1⟩
2 (𝑡) 𝑑𝑡

and [𝑎𝑗𝑘(𝑥)]
4
𝑗,𝑘=1 := 𝐴(2)(𝑥). Note that ℎ𝑘,𝑗 ∈ 𝐿2[0, 1].

Thus, the functions 𝑈𝑘(𝑥, 𝜌), 𝑘 = 1, 4, given by (3.7) with the coefficients
(3.9), (3.10) satisfy (3.8). Let 𝑈(𝑥, 𝜌) be the matrix function consisting of
the columns 𝑈𝑘(𝑥, 𝜌) and let 𝑉𝑗(𝑥, 𝜌), 𝑗 = 1, 4, be the rows of 𝑉 (𝑥, 𝜌) :=
(𝑈(𝑥, 𝜌))−1. Denote

𝐿*𝑍 :=
1

𝜌
𝑍 ′ − 𝑍𝐴(𝑥, 𝜌).

For 𝑘 = 1, 4, consider the integral equation

𝑌𝑘(𝑥, 𝜌) = 𝑈𝑘(𝑥, 𝜌) + 𝜌

∫︁ 𝑥

0

⎛⎝ 𝑘∑︁
𝑗=1

𝑈𝑗(𝑥, 𝜌)𝐿
*𝑉𝑗(𝑡, 𝜌)

⎞⎠𝑌𝑘(𝑡, 𝜌) 𝑑𝑡

− 𝜌

∫︁ 1

𝑥

⎛⎝ 4∑︁
𝑗=𝑘+1

𝑈𝑗(𝑥, 𝜌)𝐿
*𝑉𝑗(𝑡, 𝜌)

⎞⎠𝑌𝑘(𝑡, 𝜌) 𝑑𝑡, (3.11)

whose solution 𝑌𝑘(𝑥, 𝜌) solves the system (3.4). Changing the variables

𝑌𝑘(𝑥, 𝜌) = exp(𝜌𝜔𝑘𝑥)𝑊𝑘(𝑥, 𝜌), 𝑈𝑘(𝑥, 𝜌) = exp(𝜌𝜔𝑘𝑥)𝑊
0
𝑘 (𝑥, 𝜌) (3.12)

and using (3.8), we transform equation (3.11) into

𝑊𝑘(𝑥, 𝜌) =𝑊 0
𝑘 (𝑥, 𝜌) +

1

𝜌2

∫︁ 1

0
𝐵𝑘(𝑥, 𝑡, 𝜌)𝑊𝑘(𝑡, 𝜌) 𝑑𝑡, (3.13)

where the function 𝐵𝑘(𝑥, 𝑡, 𝜌) equals⎧⎪⎪⎪⎨⎪⎪⎪⎩
−

𝑘∑︀
𝑗=1

exp(𝜌(𝜔𝑗 − 𝜔𝑘)(𝑥− 𝑡))𝑊 0
𝑗 (𝑥, 𝜌)(ℎ𝑘,𝑗(𝑡) +𝑂(𝜌−1)), 𝑥 ≥ 𝑡,

4∑︀
𝑗=𝑘+1

exp(𝜌(𝜔𝑗 − 𝜔𝑘)(𝑥− 𝑡))𝑊 0
𝑗 (𝑥, 𝜌)(ℎ𝑘,𝑗(𝑡) +𝑂(𝜌−1)), 𝑥 < 𝑡,
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and the 𝑂-estimates are uniform with respect to 𝑥 ∈ [0, 1] and 𝜌 ∈ Γ𝜅,ℎ,𝜌*
as |𝜌| → ∞. The analysis of the integral term in (3.13) shows that

𝑊𝑘(𝑥, 𝜌)−𝑊 0
𝑘 (𝑥, 𝜌) =

ϒ(𝑥, 𝜌)

𝜌2
, (3.14)

where ϒ(𝑥, 𝜌) denotes various vector functions satisfying (3.2) and (3.3) for
each fixed 𝑥 ∈ [0, 1].

Combining (3.7), (3.9), (3.10), (3.12), and (3.14) all together, we obtain
the fundamental solutions {𝑌𝑘(𝑥, 𝜌)}4𝑘=1 of the system (3.4) for 𝜌 ∈ Γ𝜅,ℎ,𝜌* :

𝑌𝑘(𝑥, 𝜌) = exp(𝜌𝜔𝑘𝑥)

(︃(︂
1− 𝜏

⟨−1⟩
2 (𝑥)

4𝜔𝑘𝜌
+
𝜏
⟨−2⟩
2 (𝑥)

(4𝜔𝑘𝜌)2

)︂
𝑒𝑘

−
4∑︁
𝑗=1
𝑗 ̸=𝑘

𝑎𝑗𝑘(𝑥)

𝜔𝑗 − 𝜔𝑘
𝑒𝑗 +

ϒ(𝑥, 𝜌)

𝜌2

)︃
.

Returning from the system (3.4) to equation (1.1), we arrive at the
following theorem.

Theorem 1. For any 𝜅 = 1, 8, ℎ > 0 and some 𝜌* > 0, equation 1.1 has
a fundamental system of solutions {𝑦𝑘(𝑥, 𝜌)}4𝑘=1 whose quasi-derivatives

𝑦
[𝑗]
𝑘 (𝑥, 𝜌), 𝑘 = 1, 4, 𝑗 = 0, 3, are continuous by 𝑥 ∈ [0, 1] and 𝜌 ∈ Γ𝜅,ℎ,𝜌*,
analytic in 𝜌 ∈ Γ𝜅,ℎ,𝜌*, for each fixed 𝑥 ∈ [0, 1], and satisfy the asymptotic
relation

𝑦
[𝑗]
𝑘 (𝑥, 𝜌) = (𝜌𝜔𝑘)

𝑗 exp(𝜌𝜔𝑘𝑥)

(︂
1− 𝜏

⟨−1⟩
2 (𝑥)

4𝜌𝜔𝑘
+
𝜏
⟨−2⟩
2 (𝑥)

(4𝜌𝜔𝑘)2

−
4∑︁
𝑙=1
𝑙 ̸=𝑘

(︂
𝜔𝑙
𝜔𝑘

)︂𝑗 𝑎𝑙𝑘(𝑥)

𝜌2(𝜔𝑙 − 𝜔𝑘)
+

ϒ(𝑥, 𝜌)

𝜌2

)︂
. (3.15)

It follows from (2.1) and (3.6) that

𝑎𝑙𝑘(0) = −1

4
𝜏2(0)𝜔

−2
𝑙 𝜔𝑘,

𝑎𝑙𝑘(1) = −1

4
𝜏2(1)𝜔

−2
𝑙 𝜔𝑘 +

1

4
𝜎1(1)

(︀
𝜔−3
𝑙 𝜔2

𝑘 − 𝜔−1
𝑙

)︀
.

Using the latter relations together with (3.15), we conclude that, for 𝑘 =
1, 4, 𝑗 = 0, 3,

𝑦
[𝑗]
𝑘 (0, 𝜌) = (𝜌𝜔𝑘)

𝑗

(︂
1 +

𝑐(0)𝑗𝑘𝑡0

𝜌2
+ 𝜀(𝜌)

)︂
, (3.16)

𝑦
[𝑗]
𝑘 (1, 𝜌) = (𝜌𝜔𝑘)

𝑗

(︂
1− 𝜃

4𝜌𝜔𝑘
+

𝜃2

32(𝜌𝜔𝑘)2
+
𝑐(0)𝑗𝑘𝑡1

𝜌2
+
𝑐(1)𝑗𝑘𝜎

𝜌2
+ 𝜀(𝜌)

)︂
,

(3.17)
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where 𝜀(𝜌) = ϒ(𝜌)
𝜌2

and, for brevity,

𝜃 :=

∫︁ 1

0
𝜏2(𝑥) 𝑑𝑥, 𝑡0 := 𝜏2(0), 𝑡1 := 𝜏2(1), 𝜎 := 𝜎1(1) =

∫︁ 1

0
𝜏1(𝑥) 𝑑𝑥,

𝑐(0)𝑗𝑘 :=
1

4

4∑︁
𝑙=1
𝑙 ̸=𝑘

(︂
𝜔𝑙
𝜔𝑘

)︂𝑗 𝜔−2
𝑙 𝜔𝑘

𝜔𝑙 − 𝜔𝑘
, 𝑐(1)𝑗𝑘 := −1

4

4∑︁
𝑙=1
𝑙 ̸=𝑘

(︂
𝜔𝑙
𝜔𝑘

)︂
𝜔−3
𝑙 𝜔2

𝑘 − 𝜔−1
𝑙

𝜔𝑙 − 𝜔𝑘
.

4. Eigenvalue asymptotics

In this section, we obtain the eigenvalue asymptotics for the boundary
value problems ℒ𝑘, 𝑘 = 1, 2, 3. The results of [5] imply the following
proposition.

Proposition 2. Suppose that 𝜏2, 𝜏1 ∈ 𝐿2[0, 1] and 𝜏0 ∈ 𝑊−1
2 [0, 1]. Then,

for each 𝑘 = 1, 2, 3, the spectrum of the boundary value problem ℒ𝑘 is a
countable set of eigenvalues {𝜆𝑛,𝑘}𝑛≥1 (counted with multiplicities) such
that

𝜆𝑛,𝑘 = (−1)𝑘

(︃
𝜋

sin 𝜋𝑘
4

(︂
𝑛+ 𝜒𝑘,0 +

𝜒𝑘,1
𝑛

+
κ𝑛
𝑛

)︂)︃𝑛
, 𝑛 ∈ N, (4.1)

where 𝜒𝑘,0 and 𝜒𝑘,1 are some constants, 𝜒𝑘,0 does not depend on (𝜏0, 𝜏1, 𝜏2),

and 𝜒𝑘,1 depends only on 𝜃 =
∫︀ 1
0 𝜏2(𝑥) 𝑑𝑥. The notation {κ𝑛} is used

for various sequences of 𝑙2, in particular, in (4.1) and analogous formulas
below, κ𝑛 depends on 𝑘.

For 𝑘 = 2, the constants in (4.1) are known from the previous studies
[12; 20]: 𝜒2,0 = 1

2 , 𝜒2,1 = − 𝜃
4𝜋2 . In this section, we find 𝜒𝑘,0 and 𝜒𝑘,1 for

𝑘 = 1, 3 and improve the remainder term of (4.1), taking 𝜏2 ∈𝑊 1
2 [0, 1] into

account. The main result is presented in the following theorem.

Theorem 2. The following asymptotic relations hold for 𝑛 ≥ 1:

𝜆𝑛,2±1 = −
(︂(︁√

2𝜋𝑛+
𝜋

2
√
2

)︁4
− 𝜃
(︁√

2𝜋𝑛+
𝜋

2
√
2

)︁2
− 𝑡0 + 𝑡1 ∓ 4𝜎√

2

(︁√
2𝜋𝑛+

𝜋

2
√
2

)︁
+ 𝑛κ𝑛

)︂
, (4.2)

𝜆𝑛,2 =
(︁
𝜋𝑛+

𝜋

2

)︁4
− 𝜃
(︁
𝜋𝑛+

𝜋

2

)︁2
+ (𝑡0 + 𝑡1)

(︁
𝜋𝑛+

𝜋

2

)︁
+ 𝑛κ𝑛. (4.3)

Proof. Note that ℒ1 is adjoint to the boundary value problem for equation
(1.1) with (𝜏0, 𝜏1, 𝜏2) replaced by (𝜏0,−𝜏1, 𝜏2) subject to the boundary con-
ditions (1.4). Thus, the eigenvalue asymptotics (4.2) for 𝜆𝑛,1 and for 𝜆𝑛,3
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can be easily obtained from one another. Therefore, it is sufficient to prove
(4.2) for 𝜆𝑛,3.

Let 𝐶𝑘(𝑥, 𝜆), 𝑘 = 1, 4, be the solutions of equation (1.1) under the initial
conditions

𝐶
[𝑗−1]
𝑘 (0, 𝜆) = 𝛿𝑘,𝑗 , 𝑗 = 1, 4, (4.4)

where 𝛿𝑘,𝑗 is the Kronecker delta.
Note that the boundary conditions (1.4) are equivalent to

𝑦(0) = 𝑦′(0) = 𝑦[2](0) = 0, 𝑦(1) = 1.

Hence, the eigenvalues of ℒ3 coincide with the zeros of the characteristic
function

Δ(𝜆) =

⃒⃒⃒⃒
⃒⃒⃒⃒ 𝐶1(0, 𝜆) 𝐶2(0, 𝜆) 𝐶3(0, 𝜆) 𝐶4(0, 𝜆)
𝐶 ′
1(0, 𝜆) 𝐶 ′

2(0, 𝜆) 𝐶 ′
3(0, 𝜆) 𝐶 ′

4(0, 𝜆)

𝐶
[2]
1 (0, 𝜆) 𝐶

[2]
2 (0, 𝜆) 𝐶

[2]
3 (0, 𝜆) 𝐶

[2]
4 (0, 𝜆)

𝐶1(1, 𝜆) 𝐶2(1, 𝜆) 𝐶3(1, 𝜆) 𝐶4(1, 𝜆)

⃒⃒⃒⃒
⃒⃒⃒⃒ .

Let 𝜆 = 𝜌4, 𝜌 ∈ Γ𝜅,ℎ,𝜌* , and let {𝑦𝑘(𝑥, 𝜌)}4𝑘=1 be the Birkhoff-type
solutions from Theorem 1. Then, the both matrix functions 𝐶(𝑥, 𝜆) :=

[𝐶
[𝑗−1]
𝑘 (𝑥, 𝜆)]4𝑗,𝑘=1 and 𝑌 (𝑥, 𝜌) := [𝑦

[𝑗−1]
𝑘 (𝑥, 𝜌)]4𝑗,𝑘=1 are fundamental solu-

tions of the system (2.4). Hence

𝐶(𝑥, 𝜆) = 𝑌 (𝑥, 𝜌)𝒜(𝜌),

where 𝒜(𝜌) = (𝑌 (0, 𝜌))−1. Consequently,

Δ(𝜆) = 𝐷(𝜌) det(𝒜(𝜌)), (4.5)

where

𝐷(𝜌) =

⃒⃒⃒⃒
⃒⃒⃒⃒ 𝑦1(0, 𝜌) 𝑦2(0, 𝜌) 𝑦3(0, 𝜌) 𝑦4(0, 𝜌)
𝑦′1(0, 𝜌) 𝑦′2(0, 𝜌) 𝑦′3(0, 𝜌) 𝑦′4(0, 𝜌)

𝑦
[2]
1 (0, 𝜌) 𝑦

[2]
2 (0, 𝜌) 𝑦

[2]
3 (0, 𝜌) 𝑦

[2]
4 (0, 𝜌)

𝑦1(1, 𝜌) 𝑦2(1, 𝜌) 𝑦3(1, 𝜌) 𝑦4(1, 𝜌)

⃒⃒⃒⃒
⃒⃒⃒⃒ . (4.6)

It follows from (3.15) that det(𝒜(𝜌)) ̸= 0 for sufficiently large |𝜌|, 𝜌 ∈
Γ𝜅,ℎ,𝜌* . Therefore, for such values of 𝜌, a complex 𝜆 = 𝜌4 is an eigenvalue
of the problem ℒ3 if and only if 𝐷(𝜌) = 0.

One can easily see that the images of the two closed sectors Γ1 and Γ2

of the 𝜌-plane cover the whole 𝜆-plane. Furthermore, the zeros of 𝐷(𝜌)
for sufficiently large |𝜌| lie in the neighbourhood of their joint boundary
arg 𝜌 = 𝜋

4 . For definiteness, consider Γ1, for which 𝜔1 = −1, 𝜔2 = 𝑖,
𝜔3 = −𝑖, 𝜔4 = 1. Substituting (3.16) and (3.17) into (4.6( for 𝜌 ∈ Γ1,ℎ,𝜌* ,
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we derive

𝐷(𝜌) = 𝜌3 exp(𝜌𝜔4)𝑑(𝜌), (4.7)

𝑑(𝜌) = 𝑟1(𝜌)− 𝑟2(𝜌) exp(𝜌(𝜔3 − 𝜔4)) + 𝜀(𝜌),

𝑟1(𝜌) = −4𝑖+
𝑖𝜃

𝜌
+

2𝑖𝜎

𝜌2
− 𝑖(𝑡0 + 𝑡1)

2𝜌2
− 𝑖𝜃2

8𝜌2
,

𝑟2(𝜌) = 4− 𝑖𝜃

𝜌
+

2𝜎

𝜌2
− 𝑡0 + 𝑡1

2𝜌2
− 𝜃2

8𝜌2
.

Consequently, the equation 𝐷(𝜌) = 0 in Γ1,ℎ,𝜌* can be reduced to the
form

exp(𝜌(𝜔4−𝜔3)) =
𝑟2(𝜌)

𝑟1(𝜌)
+𝜀(𝜌) = 𝑖+

(1 + 𝑖)𝜃

4𝜌
+
𝑖𝜎

𝜌2
− 𝑖(𝑡0 + 𝑡1)

4𝜌2
+

𝜃2

16𝜌2
+𝜀(𝜌).

Taking the logarithm and using the standard approach, based on Rou-
che’s theorem (see [5]), we find the roots

(1 + 𝑖)𝜌𝑛 = 2𝜋𝑖𝑛+
𝜋𝑖

2
+

(1 + 𝑖)𝜃

4𝑖𝜌𝑛
+

𝜎

𝜌2𝑛
− 𝑡0 + 𝑡1

4𝜌2𝑛
+ 𝜀(𝜌𝑛)

for 𝑛 ≥ 𝑛0, where 𝑛0 is sufficiently large. Recall that 𝜀(𝜌) = ϒ(𝜌)
𝜌2

, where

ϒ(𝜌) satisfies (3.2) and (3.3). Therefore, 𝜀(𝜌𝑛) =
κ𝑛
𝑛2 , {κ𝑛} ∈ 𝑙2. Finally,

we arrive at the relation

𝜌𝑛 = exp

(︂
𝜋𝑖

4

)︂(︂√
2𝜋𝑛+

𝜋

2
√
2
− 𝜃

4(
√
2𝜋𝑛+ 𝜋

2
√
2
)
− 𝜎

2
√
2(𝜋𝑛)2

+
𝑡0 + 𝑡1

8
√
2(𝜋𝑛)2

+
κ𝑛
𝑛2

)︂
, 𝑛 ≥ 𝑛0. (4.8)

Computing 𝜆𝑛 = 𝜌4𝑛, we arrive at the asymptotics (4.2) for sufficiently
large values of 𝑛. It remains to show that the numbering in (4.2) starts
from 𝑛 = 1. By virtue of Theorem 1.1 in [5], it is sufficient to prove this for
the eigenvalues {𝜆0𝑛,3} of the boundary value problem ℒ0

3 of the same form

as ℒ3 but with the zero coefficients 𝜏0𝑗 = 0, 𝑗 = 0, 1, 2. Using (4.5), (4.6),

and the Birkhoff solutions 𝑦0𝑘(𝑥, 𝜌) = exp(𝜌𝜔𝑘𝑥), 𝑘 = 1, 4, of the equation

𝑦(4) = 𝜌4𝑦, we obtain the relation

Δ0(𝜆) =
sinh(𝜌)− sin(𝜌)

2𝜌3

for the characteristic function of ℒ0
3.

Using the Taylor series

Δ0(𝜌4) =
1

3!
+
𝜌4

7!
+
𝜌8

11!
+ . . . ,
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we show that Δ0(𝜌4) ̸= 0 for |𝜌| ≤ 5. It is sufficient to consider 0 ≤ arg 𝜌 ≤
𝜋
2 . For 0 ≤ arg 𝜌 ≤ 𝜋

8 , |𝜌| ≥ 5, we have

2| sinh(𝜌)| ≥ | exp(𝜌)| − | exp(−𝜌)| ≥ exp(5 cos 𝜋8 )− exp(−5) > 100,

2| sin(𝜌)| ≤ | exp(𝑖𝜌)|+ | exp(−𝑖𝜌)| ≤ exp(5 sin 𝜋
8 ) + 1 < 10,

so | sinh(𝜌)| > | sin(𝜌)| and Δ0(𝜌4) has no zeros in this sector. Analogously
Δ0(𝜌4) ̸= 0 for 3𝜋

8 ≤ arg 𝜌 ≤ 𝜋
2 . Hence, all the zeros of Δ0(𝜌4) lie in the

region
𝒢 :=

{︀
𝜌 : |𝜌| > 5, 𝜋8 < arg 𝜌 < 3𝜋

8

}︀
.

Consider the functions

𝑓(𝜌) := 2 sinh(𝜌)− 2 sin(𝜌) = 𝑔(𝜌) + 𝑠(𝜌),

𝑔(𝜌) := exp(𝜌)− 𝑖 exp(−𝑖𝜌), 𝑠(𝜌) := 𝑖 exp(𝑖𝜌)− exp(𝜌).

Obviously, in 𝒢, the function 𝑔(𝜌) has the zeros

𝜌♦𝑛 = exp
(︀
𝜋𝑖
4

)︀(︂√
2𝜋𝑛+

𝜋

2
√
2

)︂
, 𝑛 ≥ 1,

which coincide with the main term of (4.8), and

|𝑠(𝜌)| ≤ 2 exp(−5 sin 𝜋
8 ) < 0.3, 𝜌 ∈ 𝒢.

Define the region

𝒢𝛿 := {𝜌 ∈ 𝒢 : |𝜌− 𝜌♦𝑘 | ≥ 𝛿, 𝑘 ≥ 1}, 𝛿 := 0.1.

For 𝜌 = 𝜌♦𝑛 + 𝑧 ∈ 𝐺𝛿, |𝑧| ≥ 𝛿, we obtain the estimate

|𝑔(𝜌)| ≥ | exp(𝜌♦𝑛 + 𝑧)||1− exp(−(1 + 𝑖)𝑧)| ≥ exp(5 cos 3𝜋
8 )

|𝑧|√
2
> 0.4.

Therefore, we get
|𝑠(𝜌)|
|𝑔(𝜌)| < 1 in 𝒢𝛿. Applying Rouché’s theorem to 𝑓(𝜌)

and 𝑔(𝜌), we conclude that 𝑓(𝜌) has only the simple zeros {𝜌0𝑛}𝑛≥1 in 𝒢
such that |𝜌0𝑛 − 𝜌♦𝑛| < 0.1, and, obviously, so does Δ0(𝜌4). This concludes
the proof of (4.2).

The asymptotics (4.3) is proved analogously.

Remark 1. The main part of the asymptotics (4.3) coincides with the

one obtained by Polyakov [20] for the case 𝜏𝑗 ∈ 𝑊 𝑗+1
1 [0, 1], 𝜏𝑗(0) = 𝜏𝑗(1)

for 𝑗 = 0, 2, 𝜏1 ≡ 0. Sharp eigenvalue asymptotics for the fourth-order
boundary value problems with the boundary conditions (1.2) and (1.4), to
the best of the author’s knowledge, have not been investigated before, so the
asymptotic formula (4.2) is novel even for the case of regular coefficients.
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5. Weight numbers

In this section, we recall the definition of the weight numbers from [8]
and derive for them precise asymptotics, which play an important role in
the spectral data characterization (see [9]).

For 𝑘 = 1, 2, 3, define the functions

Δ𝑘(𝜆) := det([𝐶
[4−𝑠]
𝑗 (1, 𝜆)]4𝑠,𝑗=𝑘+1),

Δ+
𝑘 (𝜆) := det([𝐶

[4−𝑠]
𝑗 (1, 𝜆)]𝑠=𝑘+1,4,𝑗=𝑘,𝑘+2,4),

where 𝐶𝑗(𝑥, 𝜆), 𝑗 = 1, 4, are the solutions of equation (1.1) satisfying the
initial conditions (4.4). One can show in the standard way that, for each
𝑘 ∈ {1, 2, 3}, the zeros of Δ𝑘(𝜆) coincide with the eigenvalues {𝜆𝑛,𝑘}𝑛≥1 of
the corresponding boundary value problem ℒ𝑘. The weight numbers are
defined as follows:

𝛽𝑛,𝑘 := − 𝑅𝑒𝑠
𝜆=𝜆𝑛,𝑘

Δ+
𝑘 (𝜆)

Δ𝑘(𝜆)
, 𝑛 ≥ 1, 𝑘 = 1, 2, 3.

According to the asymptotics of Theorem 2, the eigenvalues 𝜆𝑛,𝑘 are
simple for 𝑛 ≥ 𝑛0 with a sufficiently large 𝑛0. Hence, we have

𝛽𝑛,𝑘 = − Δ+
𝑘 (𝜆𝑛,𝑘)

𝑑
𝑑𝜆Δ𝑘(𝜆𝑛,𝑘)

, 𝑛 ≥ 𝑛0, 𝑘 = 1, 2, 3. (5.1)

The main result of this section is provided in the following theorem.

Theorem 3. For 𝑛 ≥ 𝑛0, the weight numbers satisfy the asymptotic
relations

𝛽𝑛,2±1 = −4𝜆𝑛,2±1

(︂
1 +

𝑡0 + 𝜃

8(𝜋𝑛)2
+

κ𝑛
𝑛2

)︂
, (5.2)

𝛽𝑛,2 = −4𝜆𝑛,2

(︂
1 +

𝑡0 + 2𝜃

4(𝜋𝑛)2
+

κ𝑛
𝑛2

)︂
. (5.3)

Proof. Similarly to Theorem 2, let us focus on the proof of 5.2 for 𝛽𝑛,3. The
proofs for 𝛽𝑛,1 and 𝛽𝑛,2 are analogous.

Consider 𝜌 ∈ Γ1,ℎ,𝜌* , 𝜆 = 𝜌4. For brevity, put Δ(𝜆) := Δ3(𝜆) and

Δ+(𝜆) := Δ+
3 (𝜆) = −

⃒⃒⃒⃒
⃒⃒⃒⃒ 𝐶1(0, 𝜆) 𝐶2(0, 𝜆) 𝐶3(0, 𝜆) 𝐶4(0, 𝜆)
𝐶 ′
1(0, 𝜆) 𝐶 ′

2(0, 𝜆) 𝐶 ′
3(0, 𝜆) 𝐶 ′

4(0, 𝜆)

𝐶
[3]
1 (0, 𝜆) 𝐶

[3]
2 (0, 𝜆) 𝐶

[3]
3 (0, 𝜆) 𝐶

[3]
4 (0, 𝜆)

𝐶1(1, 𝜆) 𝐶2(1, 𝜆) 𝐶3(1, 𝜆) 𝐶4(1, 𝜆)

⃒⃒⃒⃒
⃒⃒⃒⃒ .

Analogously to (4.5), we obtain the relation

Δ+(𝜆) = −𝐷+(𝜌) det(𝒜(𝜌)), (5.4)
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where

𝐷+(𝜌) =

⃒⃒⃒⃒
⃒⃒⃒⃒ 𝑦1(0, 𝜆) 𝑦2(0, 𝜆) 𝑦3(0, 𝜆) 𝑦4(0, 𝜆)
𝑦′1(0, 𝜆) 𝑦′2(0, 𝜆) 𝑦′3(0, 𝜆) 𝑦′4(0, 𝜆)

𝑦
[3]
1 (0, 𝜆) 𝑦

[3]
2 (0, 𝜆) 𝑦

[3]
3 (0, 𝜆) 𝑦

[3]
4 (0, 𝜆)

𝑦1(1, 𝜆) 𝑦2(1, 𝜆) 𝑦3(1, 𝜆) 𝑦4(1, 𝜆)

⃒⃒⃒⃒
⃒⃒⃒⃒ .

Similarly to (4.7), we derive

𝐷+(𝜌) = 𝜌4 exp(𝜌𝜔4)𝑑
+(𝜌), (5.5)

𝑑+(𝜌) = 𝑟+1 (𝜌)− 𝑟+2 (𝜌) exp(𝜌(𝜔3 − 𝜔4)) + 𝜀(𝜌),

𝑟+1 (𝜌) = 4𝑖− 𝑖𝜃

𝜌
− 2𝑖𝜎

𝜌2
− 𝑖(𝑡0 − 𝑡1)

2𝜌2
+
𝑖𝜃2

8𝜌2
,

𝑟+2 (𝜌) = 4𝑖+
𝜃

𝜌
+

2𝑖𝜎

𝜌2
+
𝑖(𝑡0 − 𝑡1)

2𝜌2
− 𝑖𝜃2

8𝜌2
.

Substituting (4.5), (4.7), (5.4), and (5.5) into (5.1) for 𝑘 = 3, we obtain

𝛽𝑛,3 = 4𝜆𝑛,3
𝑑+(𝜌𝑛)
𝑑
𝑑𝜌𝑑(𝜌𝑛)

, (5.6)

where 𝜆𝑛,3 = 𝜌4𝑛 and 𝜌𝑛 satisfies (4.8). Calculations show that

𝑑+(𝜌)
𝑑
𝑑𝜌𝑑(𝜌)

=
𝑟+1 (𝜌)𝑟2(𝜌)− 𝑟+2 (𝜌)𝑟1(𝜌)

𝑑
𝑑𝜌𝑟1(𝜌)𝑟2(𝜌)− 𝑑

𝑑𝜌𝑟2(𝜌)𝑟1(𝜌)− (𝜔3 − 𝜔4)𝑟1(𝜌)𝑟2(𝜌)
+ 𝜀(𝜌)

= −
(︂
1 +

𝑖(𝑡0 + 𝜃)

4𝜌2
+ 𝜀(𝜌)

)︂
. (5.7)

Combining (4.8), (5.6), and (5.7), we arrive at (5.3) for 𝛽𝑛,3.
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