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Abstract. This paper is devoted to solving the inverse problem (determining the pa-
rameters of a system of ordinary differential equations based on additional information
determined at discrete points in time) and analyzing its solution for a mathematical
model describing the dynamics of changes in the population and capital of two regions
of the world. The inverse problem is reduced to the problem of minimizing the target
functional and is solved by the method of differential evolution. A numerical method for
solving direct and inverse problems is implemented. The developed method was tested
on model and real data for countries such as Russia, China, India and the USA.
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Аннотация. Работа посвящена решению обратной задачи (определению параметров
системы обыкновенных дифференциальных уравнений на основе дополнительной
информации, определенной в дискретные моменты времени) и анализу ее реше-
ния для математической модели, описывающей динамику изменений численности
населения и капитала двух регионов мира. Обратная задача сводится к задаче мини-
мизации целевого функционала и решается методом дифференциальной эволюции.
Реализован численный метод решения прямых и обратных задач. Разработанный
метод был протестирован на модельных и реальных данных для таких стран, как
Россия, Китай, Индия и США.
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1. Introduction

Analyzing economic growth and its causes is vital in macroeconomics.
GDP dynamics result from three factors: long-term economic development
trends influenced by various internal and external factors, cyclical fluctua-
tions around the GDP trend, and abrupt changes due to economic, political,
or other events, like global crises or COVID-19. Economic growth theory
seeks to identify the causes driving a country’s overall economic trend.

These causes fall into two categories: internal (capital and popula-
tion growth, technological advancements, and domestic price changes) and
external (world prices, substitute goods, and cross-border movement of pro-
duction factors). Using mathematical models, we analyze two global regions
economic development, deriving parameters reflecting their socio-economic
progress over time, which aids in identifying growth trends.

The interaction between different countries economies, particularly the
flow of production factors like capital and labor, significantly impacts eco-
nomic growth rates. Numerous works in economic literature address this
issue, emphasizing current trends without delving into its historical con-
text. The econometric study of convergence between the countries of the
European regions (16 countries) conducted by [21] showed that, according
to previous studies by [4]:

– There is an absolute convergence across European regions: countries
with a lower level of GDP per capita demonstrate higher growth rates of
this indicator than the leaders, which leads to a relative equalization of
their economic situation.

– The decline in inequality in Europe is mainly due to inter-country con-
vergence, not intra-country. The gap within individual countries between
developed and less developed regions persists and may widen.

In [28], a hypothesis was presented that asserts that industrialized na-
tions primarily spearhead innovation, while developing countries predom-
inantly engage in imitation, thus fostering a capital (in the form of tech-
nology) flow from leaders to laggards. This notion was consistent with
similar models presented in [1;2]. Consequently economic growth rates for
developed economies (nearing the technological forefront) are endogenously
linked to innovation costs and domestic market size.

An econometric model was used to assess the impact of foreign capital
inflows on economic growth rates in low- and middle-income countries [8].
The study concluded that net capital inflows predominantly positively
affect economic growth, with a more pronounced impact on low-income
countries due to real exchange rate increases.

Anonparametric approach to the problem of identifying production fun-
ctions was presented in the context of the Solow [10] spatial model, which
admits fairly general production functions, particularly convex-concave
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ones. The inverse problem was reduced to minimizing the Tikhonov func-
tional by the gradient descent method.

A new growth model [24] was proposed, based on the work of Sato [20]
and the assumption of logistic growth of production factors. The cor-
responding production functions were obtained, along with a compatible
concept of the wage share. It is shown that the new functions are quite
well comparable with the corresponding economic data.

The determination of the parameters of the mathematical model of
neoclassical economic growth by Solow [13] was numerically investigated.

Some inverse problems in economic measurement and financial mathe-
matics were considered in [11;22].

Empirical results show [12] that the specification of the Solow model,
according to which stable differences in output per capita are due to inter-
national differences in the ratio of investment and output at a constant level
of technology, allows us to generalize the data quite well using the indicator
of institutional technology and considering the coefficient of capital return
as part of the regression constant.

2. Precondition

The macroeconomic production function of the country’s economy can
be represented as the following dependence:

𝑌 = 𝐹 (𝐴,𝐾,𝐿, 𝑧) (2.1)

where 𝑌 is output (GDP) of the country, 𝐴 is a parameter that characterizes
the technological potential of the country’s economy, 𝐾 is the amount of
capital used in the country’s economy, 𝐿 is the amount of labor used in
the country’s economy, 𝑧 is costs for other resources used in production (in
particular, raw materials).

The interrelation of production facts, spanning technological methods,
production hierarchy, economic goods, and fixed capital, significantly im-
pacts production. This influence is not purely quantitative but primarily
qualitative. A variant of the closed economy, where a country has limited
foreign economic relations, was occasionally seen in the USSR. Exclud-
ing mineral resource exports and economic ties with socialist countries in
COMECON, the USSR primarily aimed for self-sufficiency in technology
development.

Economic growth dynamics, including GDP changes in Formula (2.1),
are influenced by state economic policies (fiscal, monetary, foreign eco-
nomic), and shifts in the real exchange rate. Devaluation raises imported
goods and services prices, affecting domestic production relying heavily on
imports (e.g., as seen in Russia). This also leads to higher prices for capital
(𝐾), technology (𝐴), and imported raw materials (𝑧).
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International data on population growth and per capita income show
that countries with high population growth rates have a low level of in-
come per capita, while countries with lower population growth rates have
a higher standard of living of the population [32]. At the same time, there
are examples of an inverse relationship, for example, China, where the
population and economic growth rates have the same trend [19; 29]. The
region’s population growth may result from migration and a higher birth
rate, primarily driven by economic factors. These observations prompt an
exploration of the link between regional population and economic indica-
tors. This paper utilizes a mathematical model to analyze the economic
development of two world regions and obtain socio-economic parameters
over time intervals.

3. Mathematical model of economy and population

To study the movement of capital and population, the work was limited
to considering two regions using a system of ordinary differential equations.
As a starting point, a mathematical model was used that connects the
population of the two regions and their capitals. The model is based on two
mathematical models: the neoclassical model of economic growth by Robert
Solow [26] and the population growth model by Pierre-Francois Ferhulst
[31; 33]. The model also takes into account the impact of the difference
in value between capitals on the cost of capital in each of the regions. To
describe the change in population size, the difference in population size
between regions is taken into account, as well as the movement of labor
caused by the difference in capital. The model has the following form:

d𝐾1

d𝑡
= 𝑑𝑘 (𝐾2 −𝐾1) + 𝜆1𝐾

𝜙
1 𝐿

1−𝜙
1 − 𝛿1𝐾1,

d𝐾2

d𝑡
= 𝑑𝑘 (𝐾1 −𝐾2) + 𝜆2𝐾

𝜙
2 𝐿

1−𝜙
2 − 𝛿2𝐾2,

d𝐿1

d𝑡
= 𝑑𝑙 (𝐿2 − 𝐿1) + 𝑎1𝐿1 + 𝑏1𝐿

2
1 − 𝑐𝐻(𝐿1, 𝐿2,𝐾1,𝐾2),

d𝐿2

d𝑡
= 𝑑𝑙 (𝐿1 − 𝐿2) + 𝑎2𝐿2 + 𝑏2𝐿

2
2 + 𝑐𝐻(𝐿1, 𝐿2,𝐾1,𝐾2).

(3.1)

In the model (3.1), the function 𝐻(𝐿1, 𝐿2,𝐾1,𝐾2) has the form:

𝐻(𝐿1, 𝐿2,𝐾1,𝐾2) =

{︃
𝐿1(𝐾2 −𝐾1), if 𝐾2 −𝐾1 ≥ 0,

𝐿2(𝐾2 −𝐾1), if 𝐾2 −𝐾1 < 0.
(3.2)

𝐾1, 𝐾2 are the sums of capital in the first and second regions, and 𝐿1,
𝐿2 are the sums of the population in the first and second regions. The
description of all parameters in the model is presented in the Table 1.
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Table 1

Description of model parameters

Parameter Description

𝑑𝑘 The capital diffusion coefficient

𝑑𝑙 The labor diffusion coefficient

𝑐
The parameter of strength of the movement of labor force

caused by capital

𝛿1 (𝛿2)
The coefficient of the depreciation rate of the capital of

the first (second) region

𝜙 The output elasticities of capital

1− 𝜙 The output elasticities of population

𝜆1(𝜆2) Total factor productivity of the first (second) region

𝑎1(𝑎2) The parameter of growth rate of first (second) region

𝑏1(𝑏2)
Coefficient of crowding effect or intraspecific competition in

the first (second) region

It is worth noting that each region has its own technological and pro-
duction facilities [16]. Moreover, each region has its own characteristics of
remuneration and how the labor supply will react to changes in this remu-
neration [18]. For this reason, in the expressions for changing the values
of 𝐾1 and 𝐾2, the coefficient 𝜙 was converted to 𝜙1 and 𝜙2, respectively.
The final view of the model:

d𝐾1

d𝑡
= 𝑑𝑘 (𝐾2 −𝐾1) + 𝜆1𝐾

𝜙1
1 𝐿1−𝜙1

1 − 𝛿1𝐾1,

d𝐾2

d𝑡
= 𝑑𝑘 (𝐾1 −𝐾2) + 𝜆2𝐾

𝜙2
2 𝐿1−𝜙2

2 − 𝛿2𝐾2,

d𝐿1

d𝑡
= 𝑑𝑙 (𝐿2 − 𝐿1) + 𝑎1𝐿1 + 𝑏1𝐿

2
1 − 𝑐𝐻(𝐿1, 𝐿2,𝐾1,𝐾2),

d𝐿2

d𝑡
= 𝑑𝑙 (𝐿1 − 𝐿2) + 𝑎2𝐿2 + 𝑏2𝐿

2
2 + 𝑐𝐻(𝐿1, 𝐿2,𝐾1,𝐾2).

(3.3)

According to the data of the selected real task, the following conditions
are always met:

𝐾2 > 𝐾1;𝐿2 > 𝐿1

that is, the volume of capital in the USA, first of all, although it was so
significant (the share of the USA in the volume of capital for the period
under review fluctuated in the range of 17.6-30.0%, the population - in
the range of 4.3-5.5%), that the country’s economy was considered a large
open economy, but nevertheless they were constantly smaller, than in the
economy of the rest of the world.

Thus, the positive sign of the coefficient 𝑑𝑘 means the flow of capital from
the economy of the rest of the world to the US economy, and the negative
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sign means the outflow of capital from the US economy, i.e. characterizes
international investment processes. Note that according to the Table 3, for
the period under review, for 10 five-year subperiods out of 12, there was
a flow of capital from the rest of the world to the United States (with the
exception of only 1975-1980 and 2005-2010). The dynamics of domestic net
(i.e., taking into account capital depreciation) investments in the first two
equations (3.3) represent the last two terms. The term 𝜆𝐾𝜙𝐿1−𝜙 is asso-
ciated with the representation of the production function of the country’s
economy in the form of the Cobb-Douglas function:

𝑌 = 𝐴𝐾𝜙𝐿1−𝜙

with a constant return to scale: with a proportional increase in the volume
of factors of production (capital and labor) by a certain number of times,
output grows at the same rate – mathematically, this is expressed in the
fact that the sum of the exponents of the variables 𝐾 and 𝐿 is equal to one.
Thus, the value of the coefficient 𝜆 can be interpreted as the product of the
technological parameter A by the share of output, which materializes in the
form of gross domestic investment, and the whole term 𝜆𝐾𝜙𝐿1−𝜙 can be
seen as the value of gross domestic investment. In turn, another term, 𝛿𝐾,
is meaningfully interpreted as depreciation charges or depreciation of the
capital used. In total, these two terms represent the value of domestic
(excluding cross-country capital flows) net investments. As a result of
model calculations, starting in the 1970s, during three five-year plans (the
entire 1970s and the first half of the 1980s of the XX century), the value of
US domestic net investment was negative, which in the first halves of the
1970s and 1980s was offset by positive capital inflows from abroad. Capital
outflow from the US economy has been observed since the 1970s, only in
the second half of the 1970s and the first half of the 2000s of the XXI
century. Thus, the US economy was almost constantly a net importer of
capital; since the second half of the 1980s, this was accompanied by positive
net domestic investment - i.e., the capital of the US economy was already
growing for two (internal and external) reasons.

The direction of migration processes was determined in (3.3) by the
values of two coefficients of the third and fourth equations: 𝑑𝑙 and 𝑐. The
parameter 𝐻 in our particular task takes the value 𝐿1(𝐾2 − 𝐾1) mean-
ingfully according to the inequality (3.2) and is positive. Thus, when a
positive value of the coefficient 𝑑𝑙 and a negative value of the coefficient 𝑐
are combined, positive migration to the USA is observed. When a nega-
tive value of the coefficient 𝑑𝑙 and a positive value of the coefficient 𝑐 are
combined, positive migration is observed. If the coefficients 𝑑𝑙 and 𝑐 have
equal signs, positive migration is observed when the condition is met:

𝑑𝑙 > 𝑐 · (𝐾2 −𝐾1)

(𝐿2 − 𝐿1)

Известия Иркутского государственного университета.
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Since the early 1970s, positive migration occurred in four out of ten
five-year periods, countered by significant natural population growth (ex-
ception: 2015-2019). The US economy saw diverse trends in capital and
labor movement, impacting capital-to-weight production ratio. Real data
underscores the importance of viewing capital as investment goods and pro-
duction tech, not just financially. The model underestimates US migration
and overestimates natural population growth due to the chosen quadratic
function for population change.

In addition to the model presented above, other variants of its modi-
fications were considered. So, in the equations describing the population
change, the expression 𝑎𝑖𝐿𝑖 + 𝑏𝑖𝐿

2
𝑖 was considered in the following forms:

𝑎𝑖𝐿𝑖 + 𝑏𝑖𝐿
2
𝑖 + 𝑐𝑖𝐿

3
𝑖 , (a)

𝑎𝑖𝐿𝑖 + 𝑏𝑖𝐿
2
𝑖 + 𝑐𝑖𝐿

3
𝑖 + 𝑑𝑖𝐿

4
𝑖 . (b)

However, using the obtained models, the parameters found as a result
of solving the inverse problem also accurately and correctly predict the
dynamics of capital and population. Moreover, with an increase in the
number of unknown parameters, a problem arises that must be avoided:
the problem of the descriptive ability of each parameter. It is worth noting
that the expression 𝑎𝑖𝐿𝑖 + 𝑏𝑖𝐿

2
𝑖 is based on the hypothesis of a parabolic

type of labor force change [15]. The article also considered an expression
in the form of an exponential change:

𝑎0𝑖 + 𝑒
𝑎1𝑖

1
𝐿𝑖 . (c)

The set of parameters obtained as a result of solving the inverse problem
with exponential variation showed low predictive ability. An additional mo-
dification of the model is based on changing the function𝐻(𝐿1, 𝐿2,𝐾1,𝐾2).
In the initial model, the function uses the values of capital and population
at the predicted time. The modified function with a delay includes the
values of capital and population at the predicted and previous time points.

𝐻(𝐿1, 𝐿2, �̇�1, �̇�2) =

{︃
𝐿1(1 + �̇�1), if �̇�1 ≥ �̇�2,

𝐿2(1 + �̇�2), if �̇�2 > �̇�1.
(d)

�̇�𝑗 =
𝐾𝑗(𝑡𝑖)−𝐾𝑗(𝑡𝑖−1)

𝐾𝑗(𝑡𝑖−1)
, 𝑗 = 1, 2,

where 𝑡𝑖 is the predicted, and 𝑡𝑖−1 is the previous point in time. As a result
of numerical experiments of solving the inverse problem using a model (3.1)
and a function (d), sets of parameters were obtained at which the projected
dynamics of population and capital has a negative increase. That is, the
modification of the model also did not allow us to obtain a satisfactory
result of solving the inverse problem using the developed algorithms.
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4. Direct problem

The system of ordinary differential equations (3.3) describes the change
in the level of capital and population using the vector of parameters �⃗� ∈ R13

(Table 1):

�⃗� = (𝑑𝑘, 𝜆1, 𝜑1, 𝛿1, 𝜆2, 𝜑2, 𝛿2, 𝑑𝑙, 𝑎1, 𝑏1, 𝑐, 𝑎2, 𝑏2) .

The direct problem is understood as the Cauchy problem of modeling the
process of interaction between two regions of the world. In the system
(3.3), it is necessary to find the values of the capitals 𝐾1(𝑡, �⃗�), 𝐾2(𝑡, �⃗�) and
the population 𝐿1(𝑡, �⃗�), 𝐿2(𝑡, �⃗�) at each time 𝑡 ∈ [𝑡0, 𝑇 ]. To solve a direct
problem, add initial conditions to the (3.3) system:

𝐿1(𝑡0) = 𝐿0
1, 𝐿2(𝑡0) = 𝐿0

2, 𝐾1(𝑡0) = 𝐾0
1 , 𝐾2(𝑡0) = 𝐾0

2 .

To solve the direct problem, a one-step Rosenbrock method with a
complex coefficient is used [3]. The choice of the method is due to the fact
that when solving the inverse problem, the parameters of the mathematical
model change, as a result of which rigid systems may appear.

Let’s formulate the Cauchy problem:

d𝑦

d𝑡
= 𝑓(𝑦(𝑡)), 𝑦(0) = 𝑦0. (4.1)

The Rosenbrock scheme with complex coefficients is often used for the
numerical solution of direct and conjugate problems.

The single–stage Rosenbrock method with complex coefficients is formu-
lated as follows:

𝑦𝑛+1 = 𝑦𝑛 + 𝜏𝑅𝑒(𝛽𝑘),(︂
𝐸 − 𝜏𝛾

𝜕𝑦

𝜕𝑡
(𝑦𝑛)

)︂
𝑘 = 𝑓(𝑦𝑛)

(4.2)

By selecting the values of 𝛾 and 𝛽 parameters, you can get a scheme with
different properties: 𝐴-stability, 𝐿1-stability, 𝐿2-stability, etc. [3]. In this
paper, the values 𝛽 = 1 and 𝛾 = 1±𝑖

2 were chosen to achieve 𝐿2-stability,
monotonicity and approximation of the second-order scheme [3]:

𝑦𝑛+1 = 𝑦𝑛 + 𝜏𝑅𝑒(𝑘),(︂
𝐸 − 𝜏

1± 𝑖

2

𝜕𝑦

𝜕𝑡
(𝑦𝑛)

)︂
𝑘 = 𝑓(𝑦𝑛)

(4.3)
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5. Sensitivity analysis

A sensitivity analysis of a mathematical model is conducted to assess
how variations in input parameters or model assumptions impact the mo-
del’s output or predictions. We apply the Sobol analysis [25] to understand
the influence of input parameters on the output of the model. Sobol
analysis measures parameter sensitivity, showing how changes affect the
model’s output. This guides resource allocation towards key factors during
optimization. It also gauges parameter importance by assigning sensitivity
indices. This aids in assessing model robustness to input variations, crucial
for uncertain scenarios. Sobol sensitivity analysis dissects variance into
first-order and total-order indices, revealing parameter impacts on model
outcomes.

From the point of view of a black box for sensitivity analysis, the model
(3.3) can be considered as a function:

𝑌 = 𝑓(𝑋0, �⃗�), 𝑌 ∈ R,

where 𝑋0 is a vector of the initial data of the model, and �⃗� ∈ R13 (Table 1)
is a vector of parameters of the model. Since it is assumed that the model
has a scalar (a single real number) as its output, the function 𝑓(𝑋0, �⃗�)
transforms the solution of the model (3.3) as the sum of solutions for all
variables at the discrete time points under consideration. Total-order in-
dices were considered, which reflect the contribution to the output variance
of 𝑞𝑖 ∈ �⃗�, as well as the entire variance caused by its interactions of any
order with any other input parameters. As a result, the values of sensitivity
indicators were obtained, which is shown on the Figure 1.

Figure 1. Total Order Indices

As a result, it was found that the change in parameters 𝑑𝑘, 𝑑𝑙, 𝑎1, 𝑏1, 𝑐,
𝑎2, 𝑏2 has practically no effect on the change in the output signal of the
model, whereas the parameters 𝛿2, 𝛿1, 𝜑2, 𝜆2, 𝜑1, 𝜆1 have the greatest influ-
ence (in order of decreasing influence) on the model.

The results obtained indicate that changes in the coefficients of the
capital depreciation rate of the regions (𝛿1, 𝛿2) under consideration have
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a high impact on changes in the dynamics of capital and population. This
may be caused by the following factors:

– The rapid rate of retirement of fixed capital, on the one hand, with
the limited capacity of the country’s economy to conduct large-scale invest-
ments in fixed assets (as, in particular, was observed in the Russian economy
in the 1990s – 2000s) leads to a slowdown in economic growth [5–7].

– On the other hand, the rapid rate of retirement of fixed capital in the
economies of developed countries indicates, as a rule, high rates of scientific
and technological progress, as a result of which there is a rapid moral, not
physical obsolescence of fixed assets (which is well illustrated, for example,
in the use of computer technology).

6. Inverse problem

The model assumes the absence of external flow in two closed regions.
The USA and the rest of the world are considered as the regions, using GDP
as an indicator for their capital level. GDP represents the market value of
goods and services produced yearly in the region for consumption, export,
and accumulation. The search for unknown parameters of the model is
based on the use of available data on GDP and population in the USA and
the rest of the world for the period from 1961 to 2019. The inverse problem
is to determine the parameters �⃗� of the mathematical model (3.3) using the
following known data [13]:

𝐾1(𝑡𝑘) = 𝐹1𝑘, 𝐾2(𝑡𝑘) = 𝐹2𝑘, 𝐿1(𝑡𝑘) = 𝐹3𝑘, 𝐿2(𝑡𝑘) = 𝐹4𝑘, 𝑘 = 1, 2, ..., 𝑁

The inverse problem is reduced to minimizing the target functional:

𝐽(�⃗�) =
𝑁∑︁
𝑘=1

(𝐾1(𝑡𝑘; �⃗�)− 𝐹1𝑘)
2 + (𝐾2(𝑡𝑘; �⃗�)− 𝐹2𝑘)

2+

+(𝐿1(𝑡𝑘; �⃗�)− 𝐹3𝑘)
2 + (𝐿2(𝑡𝑘; �⃗�)− 𝐹4𝑘)

2 → min
𝑞
.

(6.1)

Here 𝐾𝑖(𝑡𝑘; �⃗�), 𝐿𝑖(𝑡𝑘; �⃗�) (𝑖 = 1, 2) — solution of a direct problem corre-
sponding to a set of parameters �⃗�.

To minimize the target functional, the stochastic method of global op-
timization is used — the method of differential evolution [27].

First, we investigate the stability of the proposed method on model data,
for this:

1) We set the initial set of parameters �⃗�𝑒𝑥.

2) For a given �⃗�𝑒𝑥 we solve a direct problem and store model data:

𝐾1(𝑡𝑘) = 𝐹1𝑘, 𝐾2(𝑡𝑘) = 𝐹2𝑘, 𝐿1(𝑡𝑘) = 𝐹3𝑘, 𝐿2(𝑡𝑘) = 𝐹4𝑘, 𝑘 = 1, 2, ..., 𝑁
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3) We solve the inverse problem from model data and compare the recon-
structed set of parameters �⃗�* with the exact solution �⃗�𝑒𝑥.

It is worth noting that the set of parameters �⃗�𝑒𝑥 selected for testing is
artificial, that is, it does not characterize any region. In this case, the search
for parameter values �⃗�* occurs within the following limits: 𝑑𝑘, 𝜆1, 𝛿1, 𝜆2,
𝛿2, 𝑑𝑙, 𝑎1, 𝑏1, 𝑐, 𝑎2, 𝑏2 ∈ (−10, 10); 𝜙1, 𝜙2 ∈ (0, 1). The set values in the
parameter set �⃗�𝑒𝑥 and the resulting values for �⃗�* are displayed in the Table
2. Also, Figure 2 and Figure 3 graphically display the results obtained using
the parameter sets �⃗�𝑒𝑥 and �⃗�*. Based on the above, we can draw conclusions
about the high ability of the model to recover parameter values and the
uniqueness of the parameters. The use of a priori information about the
inverse problem solution significantly reduces the number of iterations [14].

Table 2

𝑑𝑘 𝜆1 𝜙1 𝛿1 𝜆2 𝜙2 𝛿2 𝑑𝑙 𝑎1 𝑏1 𝑐 𝑎2 𝑏2

�⃗�𝑒𝑥 0.2 0.1 0.7 0.6 0.1 0.7 0.1 0.1 -1 -1 0.1 0.1 0.1

�⃗�* 0.197 0.06 0.6 0.6 0.09 0.74 0.14 0.17 -1.8 -0.25 0.07 0.17 0.09

𝐾1 𝐾2

Figure 2.

As a result, data for the USA and the rest of the world from 1961 to
2019 were divided into 12 time intervals. Solutions of their own inverse
problem were obtained at each of the intervals, the results are presented in
Table 3.

It is known that each region has its own migration and demographic
policy in different historical periods. For example, since 1980 there has
been a trend towards an increase in the number of net migrants in the
United States [23]. The decision to divide the time interval into intervals
was made in order to study the degree of influence of the economy and the
population on each other in different historical periods.
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𝐿1 𝐿2

Figure 3.

Table 3

Parameters of the model: USA

Years 𝑑𝑘 𝜆1 𝜙1 𝛿1 𝜆2 𝜙2 𝛿2 𝑑𝑙 𝑎1 𝑏1 𝑐 𝑎2 𝑏2

1961–1965 1.34 0.53 0.71 0.65 0.02 0.5 2.98 -0.13 2.24 0.77 -1.31 -0.17 0.2

1965–1970 3.45 -0.54 0.79 0.98 0.42 0.84 2.91 -0.14 2.49 0.65 0.84 -0.13 0.06

1970–1975 2.038 -0.93 0.75 -0.72 -0.35 0.35 3.96 -0.16 2.71 2.55 -3.59 -0.107 -0.059

1975–1980 -0.93 0.72 0.81 3.38 0.29 0.48 1.23 -0.05 2.53 -1.16 1.4 -0.12 0.212

1980–1985 0.06 0.004 0.73 0.025 0.026 0.79 0 0.09 0.098 0.66 0.05 2.46 0.009

1985–1990 0.25 0.99 0.11 -0.67 1.04 0.67 -0.8 0.02 0.016 0.75 0.12 2.34 -0.001

1990–1995 0.07 0.25 0.67 -0.02 0.9 0.16 0.15 0.07 0.004 0.31 0.15 2.4 0.038

1995–2000 0.034 0.65 0.97 -0.56 1.28 0.16 -0.69 0.07 0.024 0.8 0.18 2.45 0.003

2000–2005 0.63 0.1 0.24 -0.84 -0.62 0.39 1.52 -0.134 2.91 0.53 0.68 1.27 -2.19

2005–2010 -0.007 3.68 0.46 -1.44 0.54 0.407 -0.59 -0.15 3.46 -0.24 -0.307 -2.06 3.059

2010–2015 3.078 -3.86 0.908 -4.4 2.39 0.003 -0.66 -0.11 3.82 -1.99 3.68 0.62 -1.11

2015–2019 1.55 1.21 0.34 -3.62 0.6 1 0.5 -0.13 2.53 -1.26 -2.08 -2.19 2.96

USA GDP World GDP
Figure 4.

The total error of the obtained piecewise solution (6.2) and the graphical
interpretation of the obtained solution (Figure 4, Figure 5) allow us to
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USA Population World Population

Figure 5.

conclude that depending on the observed global population growth trend
and the economic rhythm of the region, some parameters can be consider
them constant, and some - time-dependent.

𝑅(�⃗�𝑘) =

12∑︁
𝑘=1

𝑁∑︁
𝑖=1

(𝐾1(𝑡𝑘𝑖; �⃗�𝑘)− 𝐹1𝑘𝑖)
2 + (𝐾2(𝑡𝑘𝑖; �⃗�𝑘)− 𝐹2𝑘𝑖)

2+

+(𝐿1(𝑡𝑘𝑖; �⃗�𝑘)− 𝐹3𝑘𝑖)
2 + (𝐿2(𝑡𝑘𝑖; �⃗�𝑘)− 𝐹4𝑘𝑖)

2 = 0.0057

(6.2)

Next, in addition to the United States, we will consider countries such
as China, India and Russia. For a more correct analysis, the time interval
was divided into segments in accordance with the global economic crises
that caused serious economic damage to the countries in question, namely:

− 1992–1998 (ruble crisis or the Russian flu [17]),

− 1999–2002 (2000s energy crisis),

− 2003–2009 (Subprime mortgage crisis [9]),

− 2010–2015 (Russian financial crisis [30]),

− 2016–2021. (COVID-19 recession).

At each of these intervals, for each country solved its own inverse prob-
lem, in which the first region was the country under study, and the second
region was all the other countries of the world. As a result of repeated
calculations, the parameter values for each country and the corresponding
time period were determined, but they had different values, as a result of
which their average values are displayed in the Table 4, Table 5, Table 6
and Table 7.

The greater volatility of the indicators presented in Tables 4–7 can be
explained from the following substantive positions:
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– A comparison of the calculated indicators presented in Tables 4-7 with
real data provides a good meaningful explanation for the international flow
of capital – with the important condition that capital in this study is un-
derstood not only capital in its natural form, but in the form of investment
goods and production technologies (in kind, the amount of capital changes,
as a rule, at a slow pace, while the flow of funds from industry to industry
and from country to country is relatively easy – depending on the economic
situation).

– Real economic data, on the basis of which calculations were made, are
the results of stochastic, not deterministic processes – that is, they include
both errors, interpreted in econometric studies as having the character of
1a normal distribution, and ”outliers”, i.e. one-time sharp deviations of a
random nature.

– The results of solving the inverse problem, presented in Tables 4-7,
determine the trend of the country’s GDP; at the same time, as is known
from the theory and practice of macroeconomics, there is a cyclical nature
of this indicator, i.e. fluctuations in GDP of different duration around the
trend. The crisis leads to a decline in production: at the same time, with a
fixed value of the volume of capital and population in the country’s econ-
omy, the level of use of production capacities decreases, and unemployment
also increases (and this is often reflected not in the number of employed,
but in the amount of working time); the stages of revival and recovery
are accompanied by reverse processes. These processes in a somewhat
simplified model – due to the complexity of calculating the coefficients
in the inverse problem - are interpreted as an inflow and outflow of capital
and labor, but not between countries, but within the country’s economy
(when production declines, they ”go” into a temporarily unused reserve,
and vice versa).

Table 4

Parameters of the model: China

Years 𝑑𝑘 𝜆1 𝜙1 𝛿1 𝜆2 𝜙2 𝛿2 𝑑𝑙 𝑎1 𝑏1 𝑐 𝑎2 𝑏2

1992 – 1998 25.7 -34.9 0.4 33.7 -55.6 0.5 55.1 15.2 -34.4 -89.4 19.4 -31 93.1

1999 – 2002 -3.2 43.5 0.5 34.2 27 0.3 -50.8 -22.5 48.6 52.6 -23.5 -50.4 68.4

2003 – 2009 16.9 -33.5 0.3 -61.4 -58.5 0.5 67.7 22.8 -49.1 13.2 50.7 -7.4 30.3

2010 – 2015 7.1 -84.7 0.3 58.6 -30 0.1 29.4 -17.8 67.2 -6.9 12.5 -43 47.2

2016 – 2021 4 -34.7 0.1 3.1 -1.7 0.3 -4 -0.8 17.6 9.1 26.7 23.9 -45.6!
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Table 5

Parameters of the model: India

Years 𝑑𝑘 𝜆1 𝜙1 𝛿1 𝜆2 𝜙2 𝛿2 𝑑𝑙 𝑎1 𝑏1 𝑐 𝑎2 𝑏2

1992− 1998 -0.08 -32.8 0.5 -41.8 24.2 0.7 -14.4 -4.3 38.4 93.7 126.6 -8.04 -5.3

1999− 2002 1.9 -54.7 0.6 -89.8 6.09 0.2 -24.8 21 -63.8 -85.4 25.4 -30.9 82.1

2003− 2009 -4.3 88.1 0.6 37.5 -105.4 0.5 94.4 -4.5 -6.4 -44.2 -52.4 -63.8 119.2

2010− 2015 9.5 -100.4 0.6 -75.3 -46 0.4 47.8 13.6 -4.1 49.2 70.1 10.3 -17.1

2016− 2021 -5.3 14.5 0.4 5.05 17.9 0.4 -25.1 -15.9 45.1 1.3 -10.5 3.2 -23.3

Table 6

Parameters of the model: Russia

Years 𝑑𝑘 𝜆1 𝜙1 𝛿1 𝜆2 𝜙2 𝛿2 𝑑𝑙 𝑎1 𝑏1 𝑐 𝑎2 𝑏2

1992− 1998 0.7 -6.4 0.5 -41.4 34.4 0.7 -33.2 2.7 -95.9 12.5 21.5 -35.6 65.4

1999− 2002 1.05 -68.2 0.5 -9.1 -6.5 0.3 -43.5 -1.3 37 -19.3 -65.5 -8.3 9.5

2003− 2009 0.75 -42.2 0.2 15.9 18.7 0.7 -12.7 -2.6 72.8 -5.7 -78.4 -47 69

2010− 2015 4.6 -130.8 0.3 -48.7 -39.9 0.3 40.2 -1.2 7 -29.2 -75.2 -38 53.6

2016− 2021 -3.1 69.1 0.7 93.3 15.3 0.4 -20.4 -4.2 68.1 27.1 -167.2 -78.4 97.9

Table 7

Parameters of the model: USA

Years 𝑑𝑘 𝜆1 𝜙1 𝛿1 𝜆2 𝜙2 𝛿2 𝑑𝑙 𝑎1 𝑏1 𝑐 𝑎2 𝑏2

1992− 1998 -19.8 47.6 0.4 17.4 -21.4 0.6 5.9 -0.3 2.1 -31.8 -38.6 -22 38.5

1999− 2002 99.3 -62.9 0.4 -80.8 76.3 0.2 -77.2 4.9 -90 33.1 99.3 -50 87.5

2003− 2009 -74.3 33.8 0.4 87.3 -129.4 0.38 107 -2.7 61.1 -26.4 24.2 -24.3 32.4

2010− 2015 -97.7 16.7 0.4 238 -297.2 0.03 270 13.5 -211.1 12.2 169.4 -70.9 115.9

2016− 2021 28.3 -47.9 0.4 -37.2 -3.8 0.5 24.8 81.2 20.9 -24.7 -39.9 -15.4 -16.4

7. Conclusion

The article defines the parameters of a mathematical model of the rela-
tionship between population growth and changes in the level of capital in
two regions of the world. Based on additional statistical data, the values
of the parameters of the model under study were determined in the case of
the United States and the rest of the world for the time period from 1961 to
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2019. The intervals of economic crises were considered, in the conditions of
which parameters were determined for countries such as Russia, the USA,
India and China. The problem of determining parameters is reduced to the
problem of minimizing the target functional and is solved by the method
of differential evolution. The results of numerical calculations based on
model data have shown the effectiveness of the methods used to solve the
problem. The mathematical model extends to the largest economic regions
of the world, if there are the data, it can be expanded the mathematical
model to take into account all countries.

References

1. Acemoglu D., Aghion P., Zilibotti F. Distance to frontier, selection, and economic
growth. Journal of the European Economic Association, 2006, vol. 4, no. 1, pp. 37–
74. http://doi.org/10.2139/ssrn.485483

2. Aghion P., Howitt P. A model of growth through creative destruction. Economet-
rica, 1992, vol. 60, iss. 2, pp. 323–351.

3. Alshin A.B., Alshina E.A., Kalitkin N.N., Koryagina A.B. Rosenbrock Kalitkin-
Kuzmina-1981s with complex coefficients for stiff and differential algebraic systems.
Computational Mathematics and Mathematical Physics, 2006, vol. 46, no. 8,
pp. 1320–1340. https://doi.org/10.1134/S0965542506080057

4. Barro R.J., Sala-i-Martin X. Convergence. The Journal of Political Economy, 1991,
vol. 100, no. 2, pp. 223–251. https://doi.org/10.1086/261816

5. Barro R.J., Sala-i-Martin X. Economic Growth, 2nd ed.. Cambridge, The MIT
Press, 2003, 673 p.

6. Bloom D.E., Williamson J.G. Demographic Transition and Economic Miracles in
Emerging Asia. The World Bank Economic Review, 1998, vol. 12, no. 3, pp. 419–
455.

7. Bryan J.L. The Impact of Government Policy on Economic Growth. The Collabora-
tive European Research Conference, Cork Institute of Technology, 2013. Available
at: http://vc.bridgew.edu/management fac/23 (accessed 12.10.2022)

8. Combes J.-L., Kinda T., Ouedraogo R., Plane P. Does It Pour When it Rains?
Capital Flows and Economic Growth in Developing Countries. Ferdi Working
paper, 2017, P157.

9. Duca J.V., DiMartino D. The Rise and Fall of Subprime Mortgages. FRBSF
Economic Letter, 2007, vol. 2, no. 11.

10. Engbers R., Burger M., Capasso V. Inverse problems in geographical economics:
parameter identification in the spatial Solow model. Philosophical Transactions
of The Royal Society A Mathematical Physical and Engineering Sciences, 2014,
vol. 372. https://doi.org/10.1098/rsta.2013.0402

11. Isakov V., Kabanikhin S., Shananin A., Shishlenin M., Zhang S. Algorithm for
determining the volatility function in the Black-Scholes model. Computational
Mathematics and Mathematical Physics, 2019, vol. 59, pp. 1753–1758.

12. Gundlach E. The Solow model in the empirics of growth and trade. Oxford Review
of Economic Policy, 2007, vol. 23, no. 1, pp. 25–44.

13. Kabanikhin S., Bektemessov M., Shishlenin M., Yang Xin-She, Bektemessov Zh.
Application of differential evolution algorithm for solving the Solow model with
the addition of human capital. Journal of Mathematics, Mechanics and Computer
Science, 2018, vol. 98, no. 2, pp. 57-66.

Известия Иркутского государственного университета.
Серия «Математика». 2024. Т. 47. С. 12–30



MATHEMATICAL MODEL OF ECONOMIC DEVELOPMENT OF TWO REGIONS 29

14. Kabanikhin S.I., Shishlenin M.A. Quasi-solution in inverse coefficient problems.
Journal of Inverse Ill-Posed Problems, 2008, vol. 16, no. 7, pp. 705-713.

15. Larin A.V., Tarunina E.N. Predprinimatelskaya aktivnost i uroven ekonomich-
eskogo razvitiya: forma zavisimosti [Entrepreneurial activity and the level of
economic development: the form of dependence]. Applied econometrics, 2013,
no. 1(37), pp. 3-26.

16. Martinez-Garcia E. Technological Progress Is Key to Improving World Living
Standards. Economics Letters, 2013, vol. 8, no. 4, pp. 1–4.

17. Pastor G., Damjanovic T. The Russian Financial Crisis and Its Consequences for
Central Asia. Emerging Markets Finance and Trade, 2001, vol. 39, pp. 79–104.

18. Rankings by Country of Average Monthly Net Salary. Cost of Living.
Numbeo. Available at: https://www.numbeo.com/cost-of-living/country pri-
ce rankings?itemId=105 (accessed 18.11.2021)

19. Report for Selected Countries and Subjects. International Monetary Fund. Avail-
able at: https://www.imf.org/external/datamapper/PPPSH@WEO/OEMDC/
ADVEC/WEOWORLD (accessed 21.04.2022)

20. Sato R. Theory of Technical Change and Economic Invariance. New York,
Academic Press, 1981, 439 p.

21. Senger K., Marie-Eve M. Economic Convergence of Regions: Do Interpersonal
Transfers Matter? Reflets et perspectives de la vie economique, 2012, vol. li, no. 2,
pp. 19–33. https://doi.org/10.3917/rpve.512.0019

22. Shananin A.A. Inverse problems in economic measurements. Computational Math-
ematics and Mathematical Physics, 2018, vol. 58, no. 2, pp. 170–179.

23. Shrestha L.B., Heisler E.J. The Changing Demographic Profile of the United
States. Congressional Research Service, Washington D.C., 2011. Available at:
https://digital.library.unt.edu/ark:/67531/metadc99088/ (accessed 20.01.2022)

24. Smirnov R., Wang K. In search of a new economic model determined by logistic
growth. European Journal of Applied Mathematics, 2020, vol. 31, iss. 2, pp. 339–
368. https://doi.org/10.1017/S0956792519000081

25. Sobol I.M. Global sensitivity indices for nonlinear mathematical models and their
Monte Carlo estimates. Mathematics and Computers in Simulation, 2001, vol. 55,
no. 1, pp. 271–280. https://doi.org/10.1016/S0378-4754(00)00270-6

26. Solow R.M. A contribution to the theory of economic growth. The Quarterly
Journal of Economics, 1956, vol. 70, iss. 1, pp. 65–94.

27. Storn R., Price K. Differential Evolution — A Simple and Efficient Heuristic for
global Optimization over Continuous Spaces. Journal of Global Optimization, 1997,
vol. 11, no. 4, pp. 341–359. https://doi.org/10.1023/A:1008202821328

28. Ten Kate F., Milionis P. Is capital taxation always harmful for economic growth?
International Tax and Public Finance, 2019, vol. 26, pp. 758-805.

29. The Population of China in Perspective. Visual capitalist, 2021. Avail-
able at: https://www.visualcapitalist.com/the-population-of-china-compared-
with-the-rest-of-the-world/ (accessed 17.03.2022)

30. Viktorov I., Abramov A. The 2014–15 financial crisis in Russia and the foundations
of weak monetary power autonomy in the international political economy. New
Political Economy, 2020, vol. 25, no. 4.

31. Vogels M., Zoeckler R., Stasiw D.M. et al. P.F. Verhulst’s “notice sur la loi que la
populations suit dans son accroissement” from correspondence mathematique et
physique. Ghent, vol. X, London, 1838. Journal of Biological Physics, 1975, vol. 3,
pp. 183–192. https://doi.org/10.1007/BF02309004

32. World migration report 2020. International Organization for Migration, 2019.
Available at: https://publications.iom.int/system/files/pdf/wmr 2020.pdf (ac-
cessed 13.02.2021)



30 M.V.BEZGACHEV, M.A. SHISHLENIN, A.V. SOKOLOV

33. Zou X. A Mathematical Model of Economic Growth of Two Geographical Regions.
Bachelor’s Thesis, College of William and Mary, Williamsburg, 2017.

Об авторах About the authors

Безгачев Михаил Витальевич,
Новосибирский государственный
университет, Институт математики
им. С. Л. Соболева СО РАН,
Институт вычислительной
математики и математической
геофизики СО РАН, Новосибирск,
630090, Российская Федерация,
m.bezgachev@g.nsu.ru,
https://orcid.org/0009-0002-3263-1213

Mikhail V. Bezgachev, Novosibirsk
State University, Sobolev Institute of
Mathematics SB RAS, Institute of
Computational Mathematics and
Mathematical Geophysics SB RAS,
Novosibirsk, 630090, Russian
Federation, m.bezgachev@g.nsu.ru,
https://orcid.org/0009-0002-3263-1213

Шишленин Максим
Александрович, д-р физ.-мат.
наук, проф. РАН, Институт
математики им. С. Л. Соболева СО
РАН, Новосибирский
государственный университет,
Институт вычислительной
математики и математической
геофизики СО РАН, Новосибирск,
630090, Российская Федерация,
mshishlenin@ngs.ru,
https://orcid.org/0000-0001-7408-
724X

Maxim A. Shishlenin, Dr. Sci.
(Phys.–Math.), Prof. RAS, Sobolev
Institute of Mathematics SB RAS,
Novosibirsk State University, Institute
of Computational Mathematics and
Mathematical Geophysics SB RAS,
Novosibirsk, 630090, Russian
Federation, mshishlenin@ngs.ru,
https://orcid.org/0000-0001-7408-
724X

Соколов Александр
Витальевич, канд. экон. наук, доц.,
Институт экономики и организации
промышленного производства СО
РАН, Новосибирский
государственный университет,
Новосибирск, 630090, Российская
Федерация, alsokolov@ieie.nsc.ru,
https://orcid.org/0000-0003-2634-5843

Alexander V. Sokolov, Cand. Sci.
(Econ.), Assoc. Prof., Institute of
Economics and Industrial Engineering,
Novosibirsk State University,
Novosibirsk, 630090, Russian
Federation, alsokolov@ieie.nsc.ru,
https://orcid.org/0000-0003-2634-5843

Поступила в редакцию / Received 14.10.2023
Поступила после рецензирования / Revised 01.12.2023

Принята к публикации / Accepted 11.12.2023

Известия Иркутского государственного университета.
Серия «Математика». 2024. Т. 47. С. 12–30


