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solution of a polynomial using generalized hypergeometric functions of its coefficients.
He used an integral transform nowadays bearing his name. Slightly over three pages,
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TeJIM, He SABJISIONUMCS SKCIEPTAMHU B TEOPUM TMIIEPTeOMETPUYECKUX (DYHKIINA U KOM-
IJIEKCHOM aHaJIN3€.

KuaroueBbie cJiioBa: MHOTOYJIEH, TVIABHOE pellleHne, (PYHKIUU TUIIEPreOMEeTPUIECKOTO
THUIIA, NHTErpaJibHOe IpescTaBienne Mennuna — Bapaca

BaaromapaocTu: Pabora BbinosHeHa npu mojiepxke KpacHosipcKoro MareMaTuaecko-
ro neHrpa u dbuHaHCHpoBaHMK MuHuCTEpCTBAa HayKU U BBICHIEro obpasoBanus. Poccuii-
ckoit Pesrepani B paMKax CO3JIaHMS U Pa3BUTHSI PermoHa/IbHBIX HAYIHO-00Pa30BaTE b=
HBIX MareMaTn4yeckux 1eHTpos (Jorosop Ne 075-02-2020-1534/1)

Ccouika agisi mutupoBaHusi: Lawton W. M. An Explanation of Mellin’s 1921 Paper
// Ussectna Upkyrckoro rocymapcrsennoro yausepcurera. Cepusi Maremarnka. 2023.
T. 46. C. 98-109.
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1. Principal Solution Z and Mellin Transform of Z¢

In the opening paragraph of his paper, Mellin says that it summarizes
research he undertook years ago and was prompted by notes [10] of Richard
Birkeland, a Norwegian mathematician known for his contributions to the
theory of algebraic equations. The 7 numbered equations in Mellin’s paper
and this paper coincide. We prove each of them.

"+ 2"+ oty 2" —1=0 (1.1)

For integers p > 1, 0 < n, < ---n1 < n, we define a principal solution
to be an analytic function Z(xy,...,xp) on [0,00)P satisfying (1.1) and
2(0,...,0) = 1.

Lemma 1. If a principal solution Z(x1, ..., xp) of (1.1) exists, it is unique.

Proof. For r > 0 define D, := {z € C : |2| < r}. For sufficiently small
r a principal solution Z(z1,...,z,) of (1.1) extends to give a holomor-
phic solution Z(xl,...,a;p) of (1.1) for (z1,...,x,) in the polydisc DF.
Therefore, for every n—th root of unity e, the function Z(z1,...,2z,) =
eZ(eM ay, ..., €"r1,) is a holomorphic solution of (1.1) in DY. Since a poly-
nomial of degree n can have at most n distinct roots, these n distinct
functions describe all holomorphic solutions of (1.1) on DY. The conclusion

follows since the restrictions of Z(z1, ..., zp) and Z;(z1, ..., zp) to [0,7)? are
equal and analytic. O

Define = := {£ = (&1,...&) : &+ -+ & € (—oo,—1]}, W(§) :=
1+&1+- - -+&p, and the holomorphic function ¥ := (z1, ..., z,) : CP\E — CP
by

2i(€) = &EW(Er, &) L i=1,.,p (1.2)

where W : CP\E — C satisfies W%(O, ..,0)=1.
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Lemma 2. If x1,...,x, are defined by (1.2), then Z := W= satisfies
(1.1).

Proof. Follows by substitution. ]

Lemma 3. The restriction ¥ : [0,00)P — [0,00)P is a bijection. Further-
more, the Jacobian of U : CP\ZE — CP satisfies

0@, s Tp) _ 1+Zp:£ o 1+3in5 (1.3)
A&, &p) = nim ) |

The restriction ¥ : [0,00)P — [0,00)P and its inverse ¥~ : [0,00)P —
[0,00)P are analytic. The principal solution of (1.1) is Z := WnoW1:
[0,00)P — [1,00).

Proof. The first assertion is Proposition 1. Define the Kronecker symbol

1, ifi=j
0ij = e
0 ifi #j.

Since the matrix

8‘1’ ng n;
L=Wwwl 0 i — 1wt
8§j ( 3T & ( n ) > ’
is a product of two matrices, it follows that
8(x1, ...,l‘p) ov; Sh=1 "k _ n; 1
—————— =det =W Pdet (6, +&(——-1)W .
6(51,...,51,) 8@ ( J (’I’L ) )

Proposition 2 implies that

p p
det (6 +&EW ™) =1+ & (% - 1) wl=w! (1 + % an§k>
k=1 k=1

and concludes the proof of the second assertion. Since the Jacobian of ¥
is nozero and holomorphic on CP\= and [0,00)P C CP\Z, assertion three
follows from the implicit and inverse function theorems for holomorphic
functions [17;33]. The fourth assertion then follows from Lemma 2. O

Remark 1. Let n=2,p=1. Then ¥ : C\(—o0, —1] — C\i((—o0,—2] U
[2,00)) is a holomorphic bijection with inverse

Tl(z) = -1+ (;Jr 1+<;>2>2.

Ussectust IpkyTCKOro roCyIapCTBEHHOTO YHUBEPCUTETA.
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Letting & = —1 + et with s € R and —7 < ¢ < 7 gives ¥(§) =
2sinh 4% = u + v where u = 2sinh § cost/2 and v = 2 cosh § sin¢/2. For
t = 0 this gives the curve v = 0. For fixed ¢ # 0 this gives the branch of the

2 2
hyperbola described by the equation (Sinz /2> — (Cosut /2> = 4 with tv > 0.

Question 1 For n > 3 and p > 1, is ¥ injective and what is its image?

Following (1.3) Mellin says that using the known formula, derived in Propo-
sition 2, in combination with (1.2) and (1.3), one can deduce the following
result:

Lemma 4. The principal solution of (1.1) satisfies

_ Up—
/ / Z(x1, . p)x) o xt dy - day, =
0 0

['(w)I (1) - - T(up)
D(u4uy + - +up+ 1)

(1.4)

«
n
n

o 1 np
where a > 0, and the real parts of u 1= & — "tuy — -+« — “Puy, and uy, ..., up
are positive.

Proof. Since Z = W and o > uiny + -+ - + upny, the integral I in
(1.4) exists. Lemma 3 implies that ¥ : [0,00)? — [0,00)P is a bijective
diffeomorphism, so the integral I above can be expressed as an integral
over [0,00)P with respect to the variables i, ...§,. Hence (1.2) and (1.3)
give

up—1

e 00 (14 ™ . e ur—1
1:/ / A+ 5t -+ nfp) 1 LA
0 0 w

where w := u+uy+- - -+up+1. Proposition 2 implies that I = Iop+I1+---+1,
where

o T(w—w = — )P Ty _ Tt DDur)- D)
0 T(w) I'(w) ’
and
Cong D(w—uy — - —up — DD (ug) - Ty +1) - Tup)  ngug
li= n : F(w)l o fo.

We conclude the proof by observing that

= (1 + in: > Iy=—1Iy = ZF(UJ Y F(ul)r'(;)r(“”).
i=1

niUy
n
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2. Computing Z¢ from its Mellin Transform

Mellin continues: “The law of reciprocity relating to the integrals of this
species, demonstrated by us in a previous work [23], allows us to invert as
follows (1.4):”

1
Zl',...,l’ e - .
(1,0 20)" = iy
/ B /“““”a L) T) g
a1—i0o ap—ico nD(u+up+- +uy+1) 1 P s
(2.1)
8] n n
a—mnya; — - —npa, > 0, as>0,u:f_;1ul_,, _;pup
L_a m C
U+ uy + Fup=—+—u+ + Ly, ny=n—n,.
n n n

“This formula constitutes our solution of (1.1). It supposes that
NgT NgT
2n 2n

but we can extend our domain of validity by suitably deforming the inte-
gration paths.”

< arg(xs) <

The right side of (1.4) is the Mellin transform of Z(x1, ..., z,)* and (2.1) rep-
resents Z(z1,...,2p)* by the inverse Mellin transform. Lacking the luxury
of accessing [23] we refer the reader to the derivation of the inverse Mellin
transform via the Fourier transform by Debnath and Bhatta in section
8.1 of [11]. They address the univariate case, but the extension to the
multivariate case is straightforward.

3. Generalized Hypergeometric Functions

Let n be a positive integer and f1,..., fp, 91, ...,9s : CP — C be entire
functions and F' : CP — C satisfy the following system of functional
equations

. fs(ul, ...,Up)

F(uy,..,us +n,...,uy) =
( s v) gs(ut, ..., up)

F(ui,...,up), s=1,...,p. (3.1)

and such that the following integral converges and does not change when
we move the (vertical) integration paths for each us n units to the right:

1 _ _
(27ri)1’/ / F(ut, ey up) 2y ™ - oap P duy - - - duy.
u1 Up

Ussectust IpKyTCKOro roCyIapCTBEHHOTO YHUBEPCUTETA.
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Mellin cites a result [23] that y satisfies the following system of partial
differential equations

o e I o U I S
s laxla'“a paxp Y=4gs 18371,.“7 paxp s Y =1,..,D.
(3.2)

Remark 2. (3.2) is a system of PDE’s of finite order iff f; and g, are
polynomials.

Mellin calls solutions of (3.1) hypergeometric type if the factors of fs, gs
have the form
clur + -+ cpup +a

where each ¢; is a rational real number.

Remark 3. Polynomials are not hypergeometric functions or series as de-

fined in [16;34] but they are of hypergeometric type since Hzn:_ol (l‘% —k) =

m d™
Xz dom

Formally (3.2) follows from (3.1) since the functions x; " are eigenfunctions
with eigenvalue —ugs of the Euler operator xs%,s = 1,...,p. Clearly the
function

a  D)I'(ur)---T'(up)

F = —
(ul’ 7“10) nr(u+u1++up+1)

satisfies (3.1) where fs and g5 have the form above, hence Z(uq, ..., up)* is
of hypergeometric type whenever o > nin.

Question 2 How large must « be to ensure that Z¢ is a solution of (1.1) of
hypergeometric type? The condition a > nn; is sufficient but not necessary
because for n = 1,p = 1 the root Z(x1) = —% + /1 + (21/2)% is of
hypergeometric type. Semusheva and Tsikh [32] proved this fact directly
by deriving the following Mellin—Barnes integral representation

L[ TN+
Z(“)‘m/mz:; rG+ap) %

Remark 4. For a comprehensive development of Mellin’s solution of
(1.3) and systems of differential equations of hypergeometric type see ( [9],
Chapter V).
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4. Crucial Propositions

We prove results required to derive the equations in Mellin’s paper.

Let e; := (1,0,...,0),e2 := (0,1,...,0),....,ep, = (0,...,0,1) be the standard
basis for RP. For s > 0 let Hy denote the convex hull of {se; :i=1,..,p}
and let K4 denote the convex hull of {s(1 + s) “lejii=1,..,p}

Proposition 1. ¥ : [0,00)? — [0,00)? is a bijection.

Proof. For every s > 0 define the linear map Ls : RP — RP by
(Ls y)i =
,&p) € Hg, then W (&, ...

y; (14 s)%’l, i=1,...p.

If (&4, ... ,&p) = 1+ s so Equation 1.2 implies that

p
\Il(é.la "'7£p) 617' agp Z 1 + 5 ei S Ksa

hence the restriction ¥ : H; — K is a linear bijection. Clearly ¥(0,...,0) =
(0, ...,0) and [0, 00)P is a disjoint union of {(0, ...,0)} and the sets Hg, s > 0.
Since for ¢ = 1,...,p, the function s(1 + s)%_1 is increasing, it follows
that [0,00)P is a disjoint union of {(0,...,0)} and the sets Kg,s > 0. This
concludes the proof. O

Proposition 2. Let p > 1, yi,...,yp be indeterminates, and define the

matric
[1+y w Y1 v
y2 14y - Y2 Y2
M(ylv"'vyp) = : .
Yp-1  Yp—1 - 1+ Yp+1  Yp+1
L Yp Yp ’ Yp I+ yp ]
Then
det M(y1,...,yp) =1+y1+ -+ Yp.

Proof. Fori=1,...

with constant term det M (0,
each variable y, ...

Let M;(y1, ...

,Yp so fori =1

0% det M (y1, ...

7yp)

=0.

,Yp) denote the matrix obtained from M (y1, ...

,plet 9; := % Clearly det M (y1, ..., yp) is a polynomial
...,0) =detI, =1 and of degree at most 1 in
sy D

ing each entry in its i—th row with 1 and for j # i let M; j(y1, ...

the matrix obtained from M (yi, ...

N3zBecTus I/IpKyTCKOFO TroCy1apCTBEHHOI'O yHUBEPCUTETA.
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and its j—row by 1. Since a determinant of a matrix is a linear function of
each of its row vectors,

O;det M (y1, ..., yp) := det M;(y1, ..., Yp)

and for j # i
0;0; det My, ..., yp) = det Mm(yl, ey yp) =0
since M; ;(y1,...,yp) has two identical rows. Therefore Taylor’s expansion
gives
P P
det M(y1,...,yn) =1+ Y y; 0;det M(0,...,0) =1+ Y y; det M;(0, ..., 0).
i=1 =1

It suffices to prove det M;(0,...,0) =1, i = 1,..., p. This follows since

10 --- 0 --- 0 07
0 ° I .0
0 - 1 0 O -0
My0,.0)=|1--1 1 1 -1
0 - 0 0 1 -0
0 o 0
L0 O -0 - 0 1]
]
Remark 5. Nilsson, Passare and Tsikh ( [26], Example 1) used basic
calculus to compute the following integrals for Ru; € (0,1),7 =1,2.
U] — 1 UQ 1 F 1—\ 1_ _
/ S| dydéy = D(u1) T(ug) D(L — uy — ug)
o Jo 1+§1+€2 I'(1)

The following result uses exterior calculus to extend their computation.

Proposition 3. For every positive integer p, complez ui, ..., u, satisfying
Ru; >0, and w > max{Ru;} the integral below converges and satisfies the
stated identity.

/ / +£+ ;f:;)wdgl...dgp:

D(ug) - Tup)D(w —uy — -+ —up)
I'(w)

Proof. Multiplying both sides of the asserted identity in the lemma by

MNw) = / e % dx
0
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gives the equivalent identity Iy(ui,...,up,w) = I'(u1) - T'(up) N'(w — ug —
-+ —up) where

Ul 1 . up—l
I (uq, ... d Tl T dgg A - NdEG N
(Ut ey Up, w / / 1+£1+ +€p) e T dE N - AdEpNdx

Here we express the volume form using exterior products to implement the
following change of variables y=x/(1+&+---+&) and z; :==y&,1 =

1,...,p. Then I (&1, ..., &p, @) = Ia(21, ..., 2p, y) where
(21,0 2pyy / / 21 le==1 .. 'z;fpflefzp YTl ey g
where

yp

= déi N Nd&y, Nd
1+£1+"'+£p 51 gp i

In order to finish the proof it suffices to prove that dz; A---Adz, Ady = 0.
Since dz; = &;dy + y d&; and dy A dy = 0 it follows that

dzi N+ Ndzp Ndy =yPdEg N -+ - NdEp A dy.
Substitute

1
[ (1+§1+ &) (Zd§k>

and use the fact that d§; A d§; = 0 to conclude the proof by obtaining

dy =

yp
I+&+-+6

dzy N - Ndzp Ndy = d&i N ANdEp Ndx = 6.

5. Historical Remarks

Slater ( [34],p. 1) states that John Wallis [37] used the term hyperge-
ometric (Greek for beyond) to denote series (beyond) the geometric series
1+x+22+- -, in particular the series 14+a+a(a+1)+a(a+1)(a+2)+--- .
Over the next two centuries mathematicians including Euler, Gauss, Kum-
mer, and Riemann developed the theory of hypergeometric functions and
Euler [12] gave their first integral representations. Mainardi and Pagnini
[19] describe how Pincherle [28-30] gave the first representations by contour
integrals involving Gamma functions, now called Mellin-Barnes integrals
after the two mathematicians who extensively developed their theory and
applications [5-8;20-24].

Ussectust IpkyTCKOro rocyIapCTBEHHOTO YHUBEPCUTETA.
Cepusi «Maremarukay. 2023. T. 46. C. 98-109
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In recent decades numerous mathematicians have researched areas of
multivariate complex analysis and algebraic geometry related to Mellin’s
1921 paper. Antipova’s 2007 paper [3] contains a proof of the Mellin-Barnes
integral representation of the principal solution of a general algebraic equa-
tion with a refinement of the region of convergence proposed by Mellin. Re-
lated work by my colleagues in Siberian Federal University and their men-
tors include the development by Aizenberg, Tsikh and Yuzhakov [1;2;36]
of multidimensional integral representations, some involving Grothendieck
residues [14;15]. Antipova, Kulikov, Mikhalkin, Sadykov, Semusheva, Ste-
panenko, and Tsikh have extended Mellin’s work to systems of polynomial
equations [4; 18;31;32; 35]. Their work used amoebas studied by Tsikh
and his collaborators Cheshel, Forsberg, Passare, Nilsson and Zhdanov
[13;26;27;39].

Acknowledgments. We thank Elaine Wong, of the Johann Radon
Institute for Computational and Applied Mathematics (RICAM), Linz,
Austria, for her meticulous proofreading of and corrections to this article,
to professor August Tsikh for explaining the development of the theory and
application of Mellin—Barne’s integrals in Krasnoyarsk, and to the referees
for suggesting crucial revisions.
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