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1. Introduction

A left 𝑆–act, or simply 𝑆-act, over monoid 𝑆 is a set 𝐴 upon which 𝑆
acts unitarily on the left. A mapping 𝑓 : 𝐴 −→ 𝐵 is called homomorphism
of 𝑆-acts if 𝑓(𝑠𝑎) = 𝑠𝑓(𝑎) for any 𝑎 ∈ 𝐴, 𝑠 ∈ 𝑆, 𝑓(𝑠𝑎) = 𝑠𝑓(𝑎) [2].

The category whose objects are 𝑆-acts, morphisms are homomorphisms
of 𝑆-acts, and the composition of morphisms is defined as a superposition
of the corresponding maps, is denoted by 𝑆 − 𝐴𝑐𝑡, so that 𝑂𝑏(𝑆 − 𝐴𝑐𝑡) is
the class of all 𝑆-acts, 𝐻𝑜𝑚𝑆−𝐴𝑐𝑡(𝐴,𝐵) is the set of all homomorphisms
from 𝑆-act 𝐴 to 𝑆-act 𝐵, the units of the 𝑆−𝐴𝑐𝑡 category are the identical
mappings 1𝐴 ∈ 𝐻𝑜𝑚𝑆−𝐴𝑐𝑡(𝐴,𝐴).

The monoids action on sets occurs in various situations. General prop-
erties of 𝑆-acts are actively studied, as well as classes of 𝑆-acts with specific
properties [2; 3; 7; 8]. 𝑆-acts are special cases of presheaves of sets on
categories and are therefore related to Grothendieck toposes theory. This
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makes it possible to obtain results about 𝑆-acts, as special cases of the
results about the presheaves [5].

In [9], the category 𝐶ℎ𝑢(𝒱) is introduced. Its objects are Chu spaces
𝑟 : 𝐴 ⊗𝑋 −→ 𝐷, a morphism from 𝑟 to 𝑟′ : 𝐴′ ⊗𝑋 ′ → 𝐷′ is an arbitrary
triple (𝑓, 𝑔, ℎ) of morphisms 𝑓 : 𝐴 → 𝐴′, 𝑔 : 𝑋 ′ → 𝑋, ℎ : 𝐷 → 𝐷′ in the
category 𝒱 such that ℎ∘𝑟∘(1𝐴⊗𝑔) = 𝑟′ ∘(𝑓⊗1𝑋′). In [9–11], this category
was studied for the case when 𝒱 is the 𝑆−𝐴𝑐𝑡 category, 𝑆 is a commutative
monoid and the product is a tensor product. In this paper, we study the
category 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) where 𝑆𝑆 − 𝐴𝑐𝑡 is a category introduced in [6]
and is an extension of the category 𝑆 −𝐴𝑐𝑡.

2. Preliminary Results

Define the category 𝑆𝑆−𝐴𝑐𝑡 as follows [6]: 𝑂𝑏(𝑆𝑆−𝐴𝑐𝑡) = 𝑂𝑏(𝑆−𝐴𝑐𝑡),
𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐵) = 𝐻𝑜𝑚𝑆−𝐴𝑐𝑡(𝑆 × 𝐴,𝐵), the composition of morphisms
𝑢 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐵) and 𝑣 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐵,𝐶) is defined by equality
(𝑢 · 𝑣)(𝑠, 𝑎)=𝑣(𝑠, 𝑢(𝑠, 𝑎)), where 𝑠 ∈ 𝑆, 𝑎 ∈ 𝐴, the identity morphisms in
𝑆𝑆 −𝐴𝑐𝑡 are the morphisms 𝑒𝐴 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐴) where 𝑒𝐴(𝑠, 𝑎) = 𝑎.

The Chu space over the 𝑆𝑆−𝐴𝑐𝑡 category is defined as the set (𝐴,𝑋,𝐷,𝑟),
where 𝐴,𝑋,𝐷 ∈ 𝑂𝑏(𝑆𝑆 − 𝐴𝑐𝑡), 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 ×𝑋,𝐷). If this is not
confusing, for Chu space (𝐴,𝑋,𝐷, 𝑟) we will use the notation
𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴×𝑋,𝐷).

In accordance with the general definitions [1], we define the category
𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡). Let 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐷), 𝑟′ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴

′ ×
𝑋 ′, 𝐷′). A morphism or a Chu transform of 𝑟 into 𝑟′ is a triple (𝑓, 𝑔, ℎ) of
𝑓 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐴

′), 𝑔 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝑋
′, 𝑋), ℎ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐷,𝐷

′)
such that ℎ · 𝑟 · (𝑒𝐴 × 𝑔) = 𝑟′ · (𝑓 × 𝑒𝑋′). In this case we will write
(𝑓, 𝑔, ℎ) : 𝑟 → 𝑟′. If (𝑓 ′, 𝑔′, ℎ′) : 𝑟′ → 𝑟′′ then the composition of Chu
transforms is defined as follows:

(𝑓 ′, 𝑔′, ℎ′) ∘ (𝑓, 𝑔, ℎ) = (𝑓 ′ · 𝑓, 𝑔 · 𝑔′, ℎ′ · ℎ) : 𝑟 → 𝑟′′.

3. Main Lemma

If 𝑢 : 𝑆 ×𝐴→ 𝐵 is a homomorphism of 𝑆-acts, 𝑡 ∈ 𝑆 then the mapping
𝑡𝑢 : 𝑆 × 𝐴 → 𝐵, given by the equality (𝑡𝑢)(𝑠, 𝑎) = 𝑢(𝑠𝑡, 𝑎), is also a
homomorphism, so that the set 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐵) is endowed with the
𝑆-act structure. Similarly to set mappings, we introduce the notation:
𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐵) = 𝐵𝐴.

In [6] it is proved that the category 𝑆𝑆−𝐴𝑐𝑡 is Cartesian closed, i.e., the
functors 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(∙×∙, ∙) and 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(∙,ℋ𝑆𝑆(∙, ∙)) are isomorphic
for some functor ℋ𝑆𝑆 : (𝑆𝑆 −𝐴𝑐𝑡)𝑜 × (𝑆𝑆 −𝐴𝑐𝑡) → 𝑆𝑆 −𝐴𝑐𝑡.

Известия Иркутского государственного университета.
Серия «Математика». 2023. Т. 44. С. 116–135



ON CHU SPACES OVER 𝑆𝑆 −𝐴𝑐𝑡 CATEGORY 119

Let us define the functor ℋ𝑆𝑆 . If 𝐴,𝐵,𝐴′, 𝐵′ ∈ 𝑂𝑏(𝑆𝑆 − 𝐴𝑐𝑡),
𝑓 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴

′, 𝐴), 𝑔 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐵,𝐵
′) then

ℋ𝑆𝑆(𝐴,𝐵) = 𝐵𝐴 = 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐵)

and the mapping 𝑔𝑓 = ℋ𝑆𝑆(𝑓, 𝑔) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐵
𝐴, 𝐵′𝐴′

) is defined as
follows:

𝑔𝑓 (𝑠, 𝑤) = ℋ𝑆𝑆(𝑓, 𝑔)(𝑠, 𝑤) = (𝑠𝑔) · 𝑤 · (𝑠𝑓),

where (𝑠, 𝑤) ∈ 𝑆 ×𝐵𝐴.
Denote by 𝑝𝐴,𝑋,𝐷 : 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐷) → 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐷

𝑋) a
mapping such that ((𝑝𝐴,𝑋,𝐷(𝑟))(𝑠, 𝑎))(𝑡, 𝑥) = 𝑟(𝑡𝑠, (𝑡𝑎, 𝑥)), where 𝑠, 𝑡 ∈ 𝑆,
𝑎 ∈ 𝐴, 𝑥 ∈ 𝑋, 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴×𝑋,𝐷).

In [6] it is proved that every mapping 𝑝𝐴,𝑋,𝐷 is bijective and

(*) 𝑝𝐴′,𝑋′,𝐷′(ℎ · 𝑟 · (𝑣 × 𝑔)) = ℎ𝑔 · 𝑝𝐴,𝑋,𝐷(𝑟) · 𝑣

for all
𝑣 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴

′, 𝐴), 𝑔 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝑋
′, 𝑋), ℎ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐷,𝐷

′),
𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴×𝑋,𝐷). Thus the family of mappings

𝑃𝑆𝑆 = {𝑝𝐴,𝑋,𝐷 | 𝐴,𝑋,𝐷 ∈ 𝑂𝑏(𝑆𝑆 −𝐴𝑐𝑡)}

is an isomorphism of functors

𝑃𝑆𝑆 : 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(∙ × ∙, ∙) → 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(∙,ℋ𝑆𝑆(∙, ∙)).

The equality (*) is equivalent to
(**)
𝑝𝐴,𝑋′,𝐷′(ℎ·𝑟·(𝑒𝐴×𝑔)) = ℎ𝑔·𝑝𝐴,𝑋,𝐷(𝑟) and 𝑝𝐴′,𝑋,𝐷(𝑟·(𝑣×𝑒𝑋)) = 𝑝𝐴,𝑋,𝐷(𝑟)·𝑣.

For 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴×𝑋,𝐷), we introduce the notation:

𝑟 = 𝑝𝐴,𝑋,𝐷(𝑟).

By 𝑟𝑋𝐷 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐷
𝑋×𝑋,𝐷) we also denote the Chu space such that

𝑝𝐷𝑋 ,𝑋,𝐷(𝑟𝑋𝐷) = ̂︂𝑟𝑋𝐷 = 𝑒𝐷𝑋 ,

where 𝑒𝐷𝑋 : 𝑆 ×𝐷𝑋 → 𝐷𝑋 is a unit in the category 𝑆𝑆 −𝐴𝑐𝑡. Note that
𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐷

𝑋).

Lemma 1. (main Lemma)
1) Let

𝑓 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐴
′), 𝑔 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝑋

′, 𝑋), ℎ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐷,𝐷
′),

𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴×𝑋,𝐷), 𝑟′ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴
′ ×𝑋 ′, 𝐷′). Then

(𝑎) (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟
′) ⇔ ℎ𝑔 ·𝑝𝐴,𝑋,𝐷(𝑟) = 𝑝𝐴′,𝑋′,𝐷′(𝑟′) ·𝑓 ⇔
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⇔ ℎ𝑔 · 𝑟 = 𝑟′ · 𝑓 ;

(𝑏) (ℎ𝑔, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑋𝐷, 𝑟𝑋′𝐷′);

(𝑐) (𝑟, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷);

(𝑑)
(𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋′𝐷′) ⇔ 𝑓 = ℎ𝑔 · 𝑝𝐴,𝑋,𝐷(𝑟) ⇔ 𝑓 = ℎ𝑔 · 𝑟,

in particular,

(𝑒) (𝑓, 𝑔, ℎ) = (ℎ𝑔, 𝑔, ℎ) ∘ (𝑟, 𝑒𝑋 , 𝑒𝐷).

2) For all 𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐷
𝑋), we have 𝑝𝐴,𝑋,𝐷(𝑟𝑋𝐷 ·(𝑤×𝑒𝑋)) = 𝑤.

3) There is equality

(𝑓) 𝑟 = 𝑟𝑋𝐷 · (𝑟 × 𝑒𝑋)

and for 𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐷
𝑋), 𝑟 = 𝑟𝑋𝐷 · (𝑤 × 𝑒𝑋), we have 𝑤 = 𝑟.

4) For all 𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐷
𝑋) the following conditions are equiva-

lent:

(𝑔) 𝑝𝐴,𝑋,𝐷(𝑟) = 𝑤;

(ℎ) (𝑤, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷);

(𝑖) 𝑟 = 𝑟𝑋𝐷 · (𝑤 × 𝑒𝑋).

Proof. Let us prove 1). (𝑎) By definition of morphisms of Chu spaces, we
have

(𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟
′) ⇔ ℎ · 𝑟 · (𝑒𝐴 × 𝑔) = 𝑟′ · (𝑓 × 𝑒𝑋′).

Since 𝑝𝐴,𝑋′,𝐷′ is bijective then

ℎ·𝑟·(𝑒𝐴×𝑔) = 𝑟′ ·(𝑓×𝑒𝑋′) ⇔ 𝑝𝐴,𝑋′,𝐷′(ℎ·𝑟·(𝑒𝐴×𝑔)) = 𝑝𝐴,𝑋′,𝐷′(𝑟′ ·(𝑓×𝑒𝑋′)).

By (**), we have
𝑝𝐴,𝑋′,𝐷′(ℎ · 𝑟 · (𝑒𝐴 × 𝑔)) = ℎ𝑔 · 𝑝𝐴,𝑋,𝐷(𝑟) = ℎ𝑔 · 𝑟,
𝑝𝐴,𝑋′,𝐷′(𝑟′ · (𝑓 × 𝑒𝑋′)) = 𝑝𝐴′,𝑋′,𝐷′(𝑟′) · 𝑓 = 𝑟′ · 𝑓.

Hence the desired result is obtained.
(𝑏) Since 𝑝𝑋𝐷,𝑋,𝐷(𝑟𝑋𝐷) = 𝑒𝐷𝑋 and 𝑝𝐷′𝑋′ ,𝑋′,𝐷′(𝑟𝑋′𝐷′) = 𝑒𝐷′𝑋′ then by

(𝑎) we have
(𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑋𝐷, 𝑟𝑋′𝐷′)

if and only if ℎ𝑔 ·𝑝𝐷𝑋 ,𝑋,𝐷(𝑟𝑋𝐷) = 𝑝𝐷′𝑋′ ,𝑋′,𝐷′(𝑟𝑋′𝐷′)·𝑓 if and only if ℎ𝑔 = 𝑓 .
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(𝑐) By (𝑎), we have (𝑓, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷) if and only if
𝑝𝐴,𝑋,𝐷(𝑟) = 𝑝𝐷𝑋 ,𝑆,𝐷(𝑟𝑋𝐷) · 𝑓 if and only if 𝑟 = 𝑓 .

(𝑑), (𝑒) Since 𝑝𝐷′𝑋′ ,𝑋′,𝐷′(𝑟𝑋′𝐷′) = 𝑒𝐷′𝑋′ then by (𝑎) we have

(𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋′𝐷′)

if and only if ℎ𝑔 ·𝑝𝐴,𝑋,𝐷(𝑟) = 𝑝𝐴′,𝑋′,𝐷′(𝑟𝑋′𝐷′)·𝑓 if and only if ℎ𝑔 ·𝑝𝐴,𝑋,𝐷(𝑟) =
𝑓 . By (𝑏) and (𝑐), we have

(ℎ𝑔, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑋𝐷, 𝑟𝑋′,𝐷′),
(𝑟, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷).

Hence (ℎ𝑔, 𝑔, ℎ) ∘ (𝑟, 𝑒𝑋 , 𝑒𝐷) = (ℎ𝑔 · 𝑟, 𝑔 · 𝑒𝑋 , 𝑒𝐷 · ℎ) = (𝑓, 𝑔, ℎ).
Let us prove 2). By (**), we have 𝑝𝐴′,𝑋,𝐷(𝑟 · (𝑣×𝑒𝑋)) = 𝑝𝐴,𝑋,𝐷(𝑟) ·𝑣 for

all 𝑣 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴
′, 𝐴). If 𝑣 = 𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐷

𝑋) and 𝑟 = 𝑟𝑋𝐷

then 𝑝𝐴,𝑋,𝐷(𝑟𝑋𝐷 · (𝑤 × 𝑒𝑋)) = 𝑝𝐷𝑋 ,𝑋,𝐷(𝑟𝑋𝐷) · 𝑤 = 𝑤.
Let us prove 3). Let 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 ×𝑋,𝐷). If 𝑤 = 𝑝𝐴,𝑋,𝐷(𝑟) = 𝑟

in 2) then 𝑝𝐴,𝑋,𝐷(𝑟𝑋𝐷 · (𝑟 × 𝑒𝑋)) = 𝑟 = 𝑝𝐴,𝑋,𝐷(𝑟). Since 𝑝𝐴,𝑋,𝐷 is an
injective, then 𝑟𝑋𝐷 · (𝑟 × 𝑒𝑋) = 𝑟.

If 𝑟𝑋𝐷 ·(𝑤×𝑒𝑋) = 𝑟𝑋𝐷 ·(𝑟×𝑒𝑋) for some 𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐷
𝑋) then

by 2) we have 𝑤 = 𝑝𝐴,𝑋,𝐷(𝑟𝑋𝐷 · (𝑤 × 𝑒𝑋)) = 𝑝𝐴,𝑋,𝐷(𝑟𝑋𝐷 · (𝑟 × 𝑒𝑋)) = 𝑟.
Let us prove 4). The equivalence of the conditions (𝑔) and (𝑖) is proved

in 2), and the equivalence of the conditions (𝑔) and (ℎ) is verified by proving
(𝑐).

4. Monomorphisms and epimorphisms in the category
𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡)

Let us give conditions characterizing epimorphisms and monomorphisms
in the category 𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡).

Theorem 1. Let 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐷) and 𝑟′ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴
′ ×

𝑋 ′, 𝐷′). Then a morphism (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟
′) is an epimor-

phism if and only if 𝑓 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐴
′) is an epimorphism,

𝑔 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝑋
′, 𝑋) is a monomorphism and ℎ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐷,𝐷

′) is
an epimorphism.

Proof. Necessity. Let (𝑓, 𝑔, ℎ) : 𝑟 → 𝑟′ is an epimorphism in the category
𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡).

We will show that 𝑓 is an epimorphism in the category 𝑆𝑆 − 𝐴𝑐𝑡. Let
𝑓1, 𝑓2 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴

′, 𝐸) such that 𝑓1 ·𝑓 = 𝑓2 ·𝑓 . It is necessary to prove
the equality 𝑓1 = 𝑓2. Define

𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡((𝐸 ×𝐴′)×𝑋 ′, 𝐷′)
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and (𝑓 ′1, 𝑒𝑋′ , 𝑒𝐷′), (𝑓 ′2, 𝑒𝑋′ , 𝑒𝐷′) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟
′, 𝑤) as follows:

𝑤(𝑠, ((𝑒, 𝑎′), 𝑥′)) = 𝑟′(𝑠, (𝑎′, 𝑥′)),

𝑓 ′1(𝑠, 𝑎
′) = (𝑓1(𝑠, 𝑎

′), 𝑎′),

𝑓 ′2(𝑠, 𝑎
′) = (𝑓2(𝑠, 𝑎

′), 𝑎′)

for all 𝑠 ∈ 𝑆, 𝑎′ ∈ 𝐴′, 𝑥′ ∈ 𝑋 ′, 𝑒 ∈ 𝐸. It is not difficult to understand that
the definition of Chu transforms (𝑓 ′1, 𝑒𝑋′ , 𝑒𝐷′), (𝑓 ′2, 𝑒𝑋′ , 𝑒𝐷′) is well defined
and equality (𝑓 ′1, 𝑒𝑋′ , 𝑒𝐷′) · (𝑓, 𝑔, ℎ) = (𝑓 ′2, 𝑒𝑋′ , 𝑒𝐷′) · (𝑓, 𝑔, ℎ) is true. Since
(𝑓, 𝑔, ℎ) is an epimorphism in the category 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) then 𝑓 ′1 = 𝑓 ′2.
Thus, 𝑓1 = 𝑓2 and 𝑓 is an epimorphism in the category 𝑆𝑆 −𝐴𝑐𝑡.

Now we will show that 𝑔 is a monomorphism and ℎ is an epimorphism
in the category 𝑆𝑆 −𝐴𝑐𝑡. Let

𝑔1, 𝑔2 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐸,𝑋
′), ℎ1, ℎ2 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐷

′, 𝐹 )

such that 𝑔 · 𝑔1 = 𝑔 · 𝑔2 and ℎ1 · ℎ = ℎ2 · ℎ. It is necessary to prove the
equality 𝑔1 = 𝑔2 and ℎ1 = ℎ2. Define 𝑟2, 𝑟2 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡((𝐴

′ ×𝐸)× 𝐹 by

equalities 𝑟1 = ℎ𝑔11 · 𝑟′, 𝑟2 = ℎ𝑔22 · 𝑟′. By Lemma 1, ℎ𝑔 · 𝑟 = 𝑟′ · 𝑓 . Hence

𝑟1 · 𝑓 = ℎ𝑔11 · 𝑟′ · 𝑓 = ℎ𝑔11 · ℎ𝑔 · 𝑟 = (ℎ1 · ℎ)(𝑔·𝑔1)𝑟 =
= (ℎ2 · ℎ)(𝑔·𝑔2)𝑟 = ℎ𝑔22 · ℎ𝑔 · 𝑟 = ℎ𝑔22 · 𝑟′ · 𝑓 = 𝑟2 · 𝑓,

that is 𝑟1 · 𝑓=𝑟2 · 𝑓 .
Since 𝑓 is an epimorphism in the category 𝑆𝑆 − 𝐴𝑐𝑡 then 𝑟1 = 𝑟2.

Therefore 𝑟1 = 𝑟2 = 𝑟𝑜 : 𝐴′ × 𝐸 → 𝐹 , 𝑟𝑜 : 𝐴′ → 𝐹𝐸 . By Lemma
1(a) the equality 𝑟1 = 𝑟𝑜, or equivalent equality ℎ𝑔11 · 𝑟′ = 𝑟𝑜 · 𝑒𝐴′ , means
that (𝑒𝐴′ , 𝑔1, ℎ1) : 𝑟′ → 𝑟𝑜 is a homomorphism of Chu spaces. Similarly,
(𝑒𝐴′ , 𝑔2, ℎ2) : 𝑟′ → 𝑟𝑜 is a homomorphism of Chu spaces too. By the
definition of composition of Chu spaces morphisms, we have

(𝑒𝐴′ , 𝑔1, ℎ1) ∘ (𝑓, 𝑔, ℎ) = (𝑒𝐴′ · 𝑓, 𝑔 · 𝑔1, ℎ1 · ℎ) =
= (𝑒𝐴′ · 𝑓, 𝑔 · 𝑔2, ℎ2 · ℎ) = (𝑒𝐴′ , 𝑔2, ℎ2) ∘ (𝑓, 𝑔, ℎ).

Since (𝑓, 𝑔, ℎ) is an epimorphism in the category 𝑆𝑆 −𝐴𝑐𝑡 then

(𝑒𝐴′ , 𝑔1, ℎ1) = (𝑒𝐴′ , 𝑔2, ℎ2),

so 𝑔1 = 𝑔2, ℎ1 = ℎ2. Thus, 𝑔 is a monomorphism and ℎ is an epimorphism.
Sufficiency follows directly from the definition of the composition of

morphisms of Chu spaces.

Theorem 2. Let 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐷) and 𝑟′ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴
′ ×

𝑋 ′, 𝐷′). Then a morphism (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟
′) is a monomor-

phism if and only if 𝑓 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐴
′) is a monomorphism,

𝑔 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝑋
′, 𝑋) is an epimorphism and ℎ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐷,𝐷

′)
is a monomorphism.
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Proof. Necessity. Let (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟
′) is a monomor-

phism.
We will show that ℎ is a monomorphism in the category 𝑆𝑆 −𝐴𝑐𝑡. Let

ℎ1, ℎ2 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐸,𝐷) such that ℎ · ℎ1 = ℎ · ℎ2. It is necessary to
prove the equality ℎ1 = ℎ2. Define 𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐸 ⊔ 𝐷) and
(𝑒𝐴, 𝑒𝑋 , ℎ

′
1), (𝑒𝐴, 𝑒𝑋 , ℎ

′
2) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑤, 𝑟) as follows:

𝑤(𝑠, (𝑎, 𝑥)) = 𝑟(𝑠, (𝑎, 𝑥)),

ℎ′1(𝑠, 𝑒) = ℎ1(𝑠, 𝑒), ℎ
′
2(𝑠, 𝑒) = ℎ2(𝑠, 𝑒),

ℎ1(𝑠, 𝑑) = ℎ2(𝑠, 𝑑) = 𝑑

for all 𝑠 ∈ 𝑆, 𝑎 ∈ 𝐴, 𝑥 ∈ 𝑋, 𝑒 ∈ 𝐸, 𝑑 ∈ 𝐷. It is not difficult to understand
that the definition of Chu transforms (𝑒𝐴, 𝑒𝑋 , ℎ

′
1), (𝑒𝐴, 𝑒𝑋 , ℎ

′
2) is well de-

fined. Since ℎ ·ℎ1 = ℎ ·ℎ2 then (𝑓, 𝑔, ℎ) ·(𝑒𝐴, 𝑒𝑋 , ℎ′1) = (𝑓, 𝑔, ℎ) ·(𝑒𝐴, 𝑒𝑋 , ℎ′2).
Since (𝑓, 𝑔, ℎ) is a monomorphism in the category 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) then
ℎ′1 = ℎ′2. Thus, ℎ1 = ℎ2.

Now we will show that 𝑔 is an epimorphism in the category 𝑆𝑆−𝐴𝑐𝑡. By
Lemma 2 [11], it enough to show that the morphism 𝑔 : 𝑆×𝑋 ′ → 𝑆×𝑋 is
epimorphism in the category 𝑆−𝐴𝑐𝑡, where 𝑔(𝑠, 𝑥′) = (𝑠, 𝑔(𝑠, 𝑥′)) for 𝑠 ∈ 𝑆,
𝑥′ ∈ 𝑋 ′. Assume the converse, i.e., 𝑋1 ̸= 𝑆×𝑋, where 𝑋1 = 𝑔(𝑆×𝑋 ′). By
𝑋0 we denote the Rees factor act of 𝑆-act 𝑆 ×𝑋 by the Rees congruence
𝜌𝑋1 . Define

𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴× (𝑋0 ×𝑋), 𝐷)

and

(𝑒𝐴, 𝑔1, 𝑒𝐷), (𝑒𝐴, 𝑔2, 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑤, 𝑟)

as follows:

𝑤(𝑠, (𝑎, (𝑥0, 𝑥))) = 𝑟(𝑠, (𝑎, 𝑥)),

𝑔1(𝑠, 𝑥) = (𝑋1, 𝑥),

𝑔2(𝑠, 𝑥) = ((𝑠, 𝑥)/𝜌𝑋1 , 𝑥),

for all 𝑠 ∈ 𝑆, 𝑎 ∈ 𝐴, 𝑥 ∈ 𝑋, 𝑥0 ∈ 𝑋0. Obviously 𝑔1 ̸= 𝑔2. From the
definition of the Chu space 𝑤 follow the definitions of the Chu transforms
(𝑒𝐴, 𝑔1, 𝑒𝐷), (𝑒𝐴, 𝑔2, 𝑒𝐷) are well defined. It is not difficult to understand
that 𝑔1 ·𝑔 = 𝑔2 ·𝑔. Hence (𝑓, 𝑔, ℎ) ·(𝑒𝐴, 𝑔1, 𝑒𝐷) = (𝑓, 𝑔, ℎ) ·(𝑒𝐴, 𝑔2, 𝑒𝐷). Since
(𝑓, 𝑔, ℎ) is a monomorphism in the category 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) then 𝑔1 = 𝑔2,
contradiction. Thus, 𝑔 is an epimorphism in the category 𝑆𝑆 −𝐴𝑐𝑡.

Finaly we will show that 𝑓 is a monomorphism in the category 𝑆𝑆−𝐴𝑐𝑡.
Let 𝑓1, 𝑓2 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐸,𝐴) such that 𝑓 · 𝑓1 = 𝑓 · 𝑓2. It is necessary to
prove the equality 𝑓1 = 𝑓2. Define

𝑟1, 𝑟2 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐸 ×𝑋 ′, 𝐷)
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as follows:

𝑟1(𝑠, (𝑒, 𝑥
′)) = 𝑟(𝑠, (𝑓1(𝑠, 𝑒), 𝑔(𝑠, 𝑥

′))),

𝑟2(𝑠, (𝑒, 𝑥
′)) = 𝑟(𝑠, (𝑓2(𝑠, 𝑒), 𝑔(𝑠, 𝑥

′)))

for all 𝑥′ ∈ 𝑋 ′, 𝑠 ∈ 𝑆, 𝑒 ∈ 𝐸. Since (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟
′) then

(ℎ · 𝑟1)(𝑠, (𝑒, 𝑥′)) = ℎ(𝑠, 𝑟1(𝑠, (𝑒, 𝑥
′))) = ℎ(𝑠, 𝑟(𝑠, (𝑓1(𝑠, 𝑒), 𝑔(𝑠, 𝑥

′)))) =

= 𝑟′(𝑠, (𝑓(𝑠, 𝑓1(𝑠, 𝑒)), 𝑥
′)) = 𝑟′(𝑠, ((𝑓 · 𝑓1)(𝑠, 𝑒), 𝑥′))

for all 𝑥′ ∈ 𝑋 ′, 𝑠 ∈ 𝑆, 𝑒 ∈ 𝐸. Similarly,

(ℎ · 𝑟2)(𝑠, (𝑒, 𝑥′)) = 𝑟′(𝑠, ((𝑓 · 𝑓2)(𝑠, 𝑒)), 𝑥′)

for all 𝑥′ ∈ 𝑋 ′, 𝑠 ∈ 𝑆, 𝑒 ∈ 𝐸. Since 𝑓 · 𝑓1 = 𝑓 · 𝑓2 then

(ℎ · 𝑟1)(𝑠, (𝑒, 𝑥′)) = (ℎ · 𝑟2)(𝑠, (𝑒, 𝑥′)),

i.e., ℎ · 𝑟1 = ℎ · 𝑟2. A morphism ℎ is a monomorphism in the category 𝑆𝑆−
𝐴𝑐𝑡. Hence 𝑟1 = 𝑟2, i.e., 𝑟(𝑠, (𝑓1(𝑠, 𝑒), 𝑔(𝑠, 𝑥

′))) = 𝑟(𝑠, (𝑓2(𝑠, 𝑒), 𝑔(𝑠, 𝑥
′))) for

all 𝑥′ ∈ 𝑋 ′, 𝑠 ∈ 𝑆, 𝑒 ∈ 𝐸. Let 𝑥 ∈ 𝑋, 𝑠 ∈ 𝑆, 𝑒 ∈ 𝐸.
We will prove the equality 𝑟(𝑠, (𝑓1(𝑠, 𝑒), 𝑥)) = 𝑟(𝑠, (𝑓2(𝑠, 𝑒), 𝑥)). Since

𝑔 is an epimorphism in the category 𝑆𝑆 − 𝐴𝑐𝑡, then by Lemma 2 [11], 𝑔𝑠
is surjective and 𝑥 = 𝑔(𝑠, 𝑥′) for some 𝑥′ ∈ 𝑋 ′. Then 𝑟(𝑠, (𝑓1(𝑠, 𝑒), 𝑥)) =
𝑟(𝑠, (𝑓1(𝑠, 𝑒), 𝑔(𝑠, 𝑥

′))) = 𝑟(𝑠, (𝑓2(𝑠, 𝑒), 𝑔(𝑠, 𝑥
′))) = 𝑟(𝑠, (𝑓2(𝑠, 𝑒), 𝑥)). Define

𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐸 × 𝑋,𝐷) as follows: 𝑤(𝑠, (𝑒, 𝑥)) = 𝑟(𝑠, (𝑓1(𝑠, 𝑒), 𝑥)).
Since

𝑟(𝑠, (𝑓2(𝑠, 𝑒), 𝑥))=𝑟(𝑠, (𝑓1(𝑠, 𝑒), 𝑥))=𝑤(𝑠, (𝑒, 𝑥))=𝑒𝐷(𝑠, 𝑤(𝑠, (𝑒, 𝑒𝑋(𝑠, 𝑥))))

then (𝑓1, 𝑒𝑋 , 𝑒𝐷), (𝑓2, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑤, 𝑟). Obviously,

(𝑓, 𝑔, ℎ) · (𝑓1, 𝑒𝑋 , 𝑒𝐷) = (𝑓, 𝑔, ℎ) · (𝑓2, 𝑒𝑋 , 𝑒𝐷).

Since (𝑓, 𝑔, ℎ) is a monomorphism in the category 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) then
𝑓1 = 𝑓2.

Sufficiency follows directly from the definition of the composition of
morphisms of Chu spaces.

5. Separable Chu space

The Chu space 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐷) is is called separable (com-
plete separable) if 𝑟 = 𝑝𝐴,𝑋,𝐷(𝑟) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐷

𝑋) is a monomorphism
(isomorphism) in the category 𝑆𝑆 −𝐴𝑐𝑡.
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Proposition 1. (on separable and complete separable Chu spaces)
1) For Chu space 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐷), the following conditions

are equivalent:
(a) 𝑟 is separable;
(b) (𝑟, 𝑒𝑋 , 𝑒𝐷) is a monomorphism in the category 𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡), where

(𝑟, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷);

(b’) there exists a monomorphism 𝑤 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴,𝐷
𝑋) in the cate-

gory 𝑆𝑆 −𝐴𝑐𝑡 such that (𝑤, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷);
(c) there exists a morphism (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋,𝐷) such

that 𝑓 is a monomorphism in the category 𝑆𝑆 −𝐴𝑐𝑡.
2) Let (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟

′). If 𝑓 is monomorphism in the
category 𝑆𝑆−𝐴𝑐𝑡 and 𝑟′ is a separable Chu space then 𝑟 is a separable Chu
space.

3) For Chu space 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐷), the following conditions
are equivalent:

(d) 𝑟 is complete separable;
(e) (𝑟, 𝑒𝑋 , 𝑒𝐷) is an isomorphism in the category 𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡), where

(𝑟, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷);
(f) 𝑟 is isomorphic to 𝑟𝑋′,𝐷′ for some 𝑋 ′, 𝐷′ ∈ 𝑂𝑏(𝑆𝑆 −𝐴𝑐𝑡).

Proof. Let us prove 1). (𝑎) ⇒ (𝑏) By Lemma 1(𝑐), (𝑝𝐴,𝑋,𝐷(𝑟), 𝑒𝑋 , 𝑒𝐷) ∈
𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷). Since 𝑝𝐴,𝑋,𝐷(𝑟) is a monomorphism and 𝑒𝑋 , 𝑒𝐷
are isomorphisms in the category 𝑆𝑆 − 𝐴𝑐𝑡, then (𝑝𝐴,𝑋,𝐷(𝑟), 𝑒𝑋 , 𝑒𝐷) is a
monomorphism in the category 𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡).

(𝑏) ⇒ (𝑏′) Since (𝑟, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷) is a monomor-
phism in the category 𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡), then by Theorem 2, 𝑟 is a monomor-
phism in the category 𝑆𝑆 −𝐴𝑐𝑡. Assuming 𝑤 = 𝑟, we get (𝑏′).

(𝑏′) ⇒ (𝑐) Obviously.
(𝑐) ⇒ (𝑎) By Lemma 1(𝑑), we have ℎ𝑔 · 𝑟 = 𝑓 . Since 𝑓 is a monomor-

phism, then 𝑟 is a monomorphism too. Thus, 𝑟 is a separable Chu spaces.
Let us prove 2). Let 𝑟′ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴

′×𝑋 ′, 𝐷′). Since 𝑟′ is a separable
Chu spaces, then by (𝑏′), there exists 𝑤′ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴

′, 𝐷′𝑋′
) such that

(𝑤′, 𝑒𝑋′ , 𝑒𝐷′) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟
′, 𝑟𝑋′𝐷′). Then

(𝑤′ · 𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋′𝐷′).

By Lemma 1(𝑑), we have 𝑤′ · 𝑓 = ℎ𝑔 · 𝑟. Since 𝑤′ · 𝑓 is a monomorphism,
then 𝑟 is a monomorphism too. Thus, 𝑟 is a separable Chu spaces.

Let us prove 3). (𝑑) ⇒ (𝑒) By Lemma 1(𝑐), we have

(𝑟, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷).

Since 𝑟 is a complete separable Chu spaces, it follows that 𝑟, 𝑒𝑋 , 𝑒𝐷 are iso-
morphisms. Hence (𝑟, 𝑒𝑋 , 𝑒𝐷) is an isomorphism in the category 𝐶ℎ𝑢(𝑆𝑆−
𝐴𝑐𝑡).
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(𝑒) ⇒ (𝑓) Obviously.
(𝑓) ⇒ (𝑑) Let (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷) is an isomorphism in

the category 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡). Then 𝑓, 𝑔 and ℎ are isomorphisms in the
category 𝑆𝑆 −𝐴𝑐𝑡. Therefore ℎ𝑔 is an isomorphisms. By Lemma 1(𝑑), we
have 𝑓 = ℎ𝑔 · 𝑟. Thus, 𝑟 is an isomorphisms, i.e., 𝑟 is a complete separable
Chu spaces.

6. Functors with values in the category 𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡)

Consider the following functors: 𝑃1 : 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) → (𝑆𝑆 − 𝐴𝑐𝑡),
𝑃2 : 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) → (𝑆𝑆 − 𝐴𝑐𝑡)𝑜, 𝑃3 : 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) → (𝑆𝑆 − 𝐴𝑐𝑡),
𝑃23 : 𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡) → (𝑆𝑆−𝐴𝑐𝑡)𝑜× (𝑆𝑆−𝐴𝑐𝑡) that map each Chu space
𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴×𝑋,𝐷) to the objects

𝑃1(𝐴,𝑋,𝐷, 𝑟) = 𝐴, 𝑃2(𝐴,𝑋,𝐷, 𝑟) = 𝑋,

𝑃3(𝐴,𝑋,𝐷, 𝑟) = 𝐷, 𝑃23(𝐴,𝑋,𝐷, 𝑟) = (𝑋,𝐷)

and each morphism (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟
′) to the morphisms

𝑃1(𝑓, 𝑔, ℎ) = 𝑓, 𝑃2(𝑓, 𝑔, ℎ) = 𝑔, 𝑃3(𝑓, 𝑔, ℎ) = ℎ, 𝑃23(𝑓, 𝑔, ℎ) = (𝑔, ℎ).

The fact that these are functors directly follows from the definition of
composition of Chu morphisms.

Let 𝑍 be a category, 𝐹 : 𝑍 → 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) be a functor. By 𝐹1, 𝐹2,
𝐹3, 𝐹23 = (𝐹2, 𝐹3) we denote the functors acting as coordinates of 𝐹 :

𝐹1 = 𝑃1 ∘ 𝐹 : 𝑍 → (𝑆𝑆 −𝐴𝑐𝑡), 𝐹2 = 𝑃2 ∘ 𝐹 : 𝑍 → (𝑆𝑆 −𝐴𝑐𝑡)𝑜,

𝐹3 = 𝑃3∘𝐹 : 𝑍 → (𝑆𝑆−𝐴𝑐𝑡), 𝐹23 = 𝑃23∘𝐹 : 𝑍 → (𝑆𝑆−𝐴𝑐𝑡)𝑜×(𝑆𝑆−𝐴𝑐𝑡).

Theorem 3. (on functors in 𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡))
1) Let 𝐹 : 𝑍 → 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) be a functor. Then there are uniquely

defined functors 𝐹1 : 𝑍 → 𝑆𝑆−𝐴𝑐𝑡, 𝐹2 : 𝑍 → (𝑆𝑆−𝐴𝑐𝑡)𝑜, 𝐹3 : 𝑍 → 𝑆𝑆−
𝐴𝑐𝑡 such that for any object 𝑧 ∈ 𝑂𝑏(𝑍) and any morphism 𝑎 ∈ 𝐻𝑜𝑚𝑍(𝑧, 𝑧

′),
we have

𝐹 (𝑧) = (𝐹1(𝑧), 𝐹2(𝑧), 𝐹3(𝑧), 𝑟(𝑧)),

where 𝑟(𝑧) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐹1(𝑧)× 𝐹2(𝑧), 𝐹3(𝑧)), and

𝐹 (𝑎) = (𝐹1(𝑎), 𝐹2(𝑎), 𝐹3(𝑎)) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟(𝑧), 𝑟(𝑧
′)).

2) Let 𝐹1 : 𝑍 → (𝑆𝑆 − 𝐴𝑐𝑡), 𝐹2 : 𝑍 → (𝑆𝑆 − 𝐴𝑐𝑡)𝑜, 𝐹3 : 𝑍 →
(𝑆𝑆 − 𝐴𝑐𝑡) be the functors and for any 𝑧 ∈ 𝑂𝑏(𝑍), the morphism 𝑟(𝑧) ∈
𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐹1(𝑧) × 𝐹2(𝑧), 𝐹3(𝑧)) is fixed. Then the following conditions
are equivalent:

Известия Иркутского государственного университета.
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(a) the mapping set by the equalities

𝐹 (𝑧) = (𝐹1(𝑧), 𝐹2(𝑧), 𝐹3(𝑧), 𝑟(𝑧)), 𝐹 (𝑎) = (𝐹1(𝑎), 𝐹2(𝑎), 𝐹3(𝑎)) (1)

is a functor 𝐹 : 𝑍→𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡), where 𝑧 ∈ 𝑂𝑏(𝑍) and 𝑎 ∈ 𝐻𝑜𝑚𝑍(𝑧, 𝑧
′);

(b) for any 𝑎 ∈ 𝐻𝑜𝑚𝑍(𝑧, 𝑧
′) we have

(𝐹1(𝑎), 𝐹2(𝑎), 𝐹3(𝑎)) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟(𝑧), 𝑟(𝑧
′)). (2);

(c) for any 𝑎 ∈ 𝐻𝑜𝑚𝑍(𝑧, 𝑧
′) we have

𝐹3(𝑎)
𝐹2(𝑎) · ̂︂𝑟(𝑧) = ̂︂𝑟(𝑧′) · 𝐹1(𝑎); (3);

(d) the family

𝑊 = {𝑊 (𝑧) = ̂︂𝑟(𝑧) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐹1(𝑧), 𝐹3(𝑧)
𝐹2(𝑧)) | 𝑧 ∈ 𝑂𝑏(𝑍)}

is a homomorphism of functors 𝑊 : 𝐹1 → 𝐹𝐹2
3 = ℋ𝑆𝑆 ∘ (𝐹2, 𝐹3).

Proof. Let us prove 1). Since 𝐹 (𝑧) is a Chu space, it follows that
𝐹 (𝑧) = (𝐴,𝑋,𝐷, 𝑟(𝑧)) for some 𝑟(𝑧) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐷). So, by
the notations above, 𝐴 = 𝑃1(𝐹 (𝑧)) = 𝐹1(𝑧), 𝑋 = 𝑃2(𝐹 (𝑧)) = 𝐹2(𝑧),
𝐷 = 𝑃3(𝐹 (𝑧)) = 𝐹3(𝑧). If 𝑎 ∈ 𝐻𝑜𝑚𝑍(𝑧, 𝑧

′) then

𝐹 (𝑎) = (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟(𝑧), 𝑟(𝑧
′)).

Hence 𝑓=𝑃1(𝐹 (𝑎))=𝐹1(𝑎), 𝑔 = 𝑃2(𝐹 (𝑎)) = 𝐹2(𝑎), ℎ = 𝑃3(𝐹 (𝑎)) = 𝐹3(𝑎).
Thus, 𝐹 (𝑎) = (𝐹1(𝑎), 𝐹2(𝑎), 𝐹3(𝑎)).

Let us prove 2). (𝑎) ⇒ (𝑏) Obviously.
(𝑏) ⇒ (𝑎) Since 𝑟(𝑧) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐹1(𝑧)×𝐹2(𝑧), 𝐹3(𝑧)), it follows that

𝐹 (𝑧) ∈ 𝑂𝑏(𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡)). By (2), we have

𝐹 (𝑎) = (𝐹1(𝑎), 𝐹2(𝑎), 𝐹3(𝑎)) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟(𝑧), 𝑟(𝑧
′)).

Let 𝑏 ∈ 𝐻𝑜𝑚𝑍(𝑧
′, 𝑧′′). Since 𝐹1, 𝐹2 and 𝐹3 are functors, then by the

definition of composition of Chu transform, we have

𝐹 (𝑏 ∘ 𝑎) = (𝐹1(𝑏 ∘ 𝑎), 𝐹2(𝑏 ∘ 𝑎), 𝐹3(𝑏 ∘ 𝑎)) =
= (𝐹1(𝑏) · 𝐹1(𝑎), 𝐹2(𝑎) · 𝐹2(𝑏), 𝐹3(𝑏) · 𝐹3(𝑎)) =

= (𝐹1(𝑏), 𝐹2(𝑏), 𝐹3(𝑏)) ∘ (𝐹1(𝑎), 𝐹2(𝑎), 𝐹3(𝑎)) = 𝐹 (𝑏) ∘ 𝐹 (𝑎),

and 𝐹 (𝑒𝑧) = (𝐹1(𝑒𝑧), 𝐹2(𝑒𝑧), 𝐹3(𝑒𝑧)) = (1𝐹1(𝑧), 1𝐹2(𝑧), 1𝐹3(𝑧)) = 1𝐹 (𝑧). Thus,
𝐹 is a functor.

By Lemma 1(𝑎), the conditions (𝑏) and (𝑐) are equivalent.
By definition of a morphism (natural transformation) of functors, the

conditions (𝑐) and (𝑑) are equivalent.
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7. Fundamental theorem on the functor 𝐻

Consider the following functors:

𝐻1 = ℋ𝑆𝑆 : (𝑆𝑆 −𝐴𝑐𝑡)𝑜 × (𝑆𝑆 −𝐴𝑐𝑡) → (𝑆𝑆 −𝐴𝑐𝑡),

𝐻2 : (𝑆𝑆 −𝐴𝑐𝑡)𝑜 × (𝑆𝑆 −𝐴𝑐𝑡) → (𝑆𝑆 −𝐴𝑐𝑡)𝑜,

𝐻3 : (𝑆𝑆 −𝐴𝑐𝑡)𝑜 × (𝑆𝑆 −𝐴𝑐𝑡) → (𝑆𝑆 −𝐴𝑐𝑡),

where 𝐻2(𝑋,𝐷) = 𝑋, 𝐻2(𝑔, ℎ) = 𝑔, 𝐻3(𝑋,𝐷) = 𝐷, 𝐻3(𝑔, ℎ) = ℎ for all
𝑋,𝐷 ∈ 𝑂𝑏(𝑆𝑆 −𝐴𝑐𝑡), 𝑔 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝑋

′, 𝑋), ℎ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐷,𝐷
′).

Then

𝑟𝑋𝐷 = 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐻1(𝑋,𝐷)×𝐻2(𝑋,𝐷), 𝐻3(𝑋,𝐷)),

and by Lemma 1(𝑏), we have

(𝐻1(𝑔, ℎ), 𝐻2(𝑔, ℎ), 𝐻3(𝑔, ℎ)) = (ℎ𝑔, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑋𝐷, 𝑟𝑋′𝐷′).

Therefore the condition (𝑏) of Theorem 3 is true for the category 𝑍 =
(𝑆𝑆 −𝐴𝑐𝑡)𝑜 × (𝑆𝑆 −𝐴𝑐𝑡) and functors 𝐹𝑖 = 𝐻𝑖. Hence, by Theorem 3(𝑎),
the mapping given by the equalities

𝐻(𝑋,𝐷) = (𝐷𝑋 , 𝑋,𝐷, 𝑟𝑋𝐷), 𝐻(𝑔, ℎ) = (ℎ𝑔, 𝑔, ℎ)

is a functor 𝐻 : (𝑆𝑆 −𝐴𝑐𝑡)𝑜 × (𝑆𝑆 −𝐴𝑐𝑡) → 𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡).

Theorem 4. (on the functor 𝐻)
1) The functor 𝐻 is full and faithful.
2) Let 𝐹 : 𝑍 → 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) be a functor given by the equality (1).

There is a canonical functor homomorphism

𝑉 = {𝑉 (𝑧) | 𝑧 ∈ 𝑂𝑏(𝑍)} : 𝐹 → 𝐻 ∘ 𝐹23,

such that 𝑉 (𝑧) = (𝑊 (𝑧), 𝑒𝐹2(𝑧), 𝑒𝐹3(𝑧)) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟(𝑧), 𝑟𝐹2(𝑧)𝐹3(𝑧)),

where 𝑊 (𝑧) = ̂︂𝑟(𝑧) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐹1(𝑧), 𝐹3(𝑧)
𝐹2(𝑧)).

3) The functor 𝐻 is right adjoint for the functor 𝑃23.
4) (a) Let 𝑧 ∈ 𝑂𝑏(𝑍). Then

𝑉 (𝑧) is a monomorphism ⇔ 𝑊 (𝑧) is a monomorphism ⇔ 𝐹 (𝑧) is a sepa-
rable Chu space;
𝑉 (𝑧) is an isomorphism ⇔ 𝑊 (𝑧) is an isomorphism ⇔ 𝐹 (𝑧) is a complete
separable Chu space.

(b) The functor homomorphism 𝑉 : 𝐹 → 𝐻 ∘ 𝐹23 is an isomorphism ⇔
𝐹 (𝑧) is a complete separable Chu space for all 𝑧 ∈ 𝑂𝑏(𝑍).

Proof. 1) Let us show that 𝐻 is a full and faithful functor, i.e., the mapping

𝐻𝑜𝑚(𝑆𝑆−𝐴𝑐𝑡)𝑜×(𝑆𝑆−𝐴𝑐𝑡)((𝑋,𝐷), (𝑋 ′, 𝐷′)) → 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑋𝐷, 𝑟𝑋′𝐷′),

Известия Иркутского государственного университета.
Серия «Математика». 2023. Т. 44. С. 116–135



ON CHU SPACES OVER 𝑆𝑆 −𝐴𝑐𝑡 CATEGORY 129

such that 𝐻(𝑔, ℎ) = (ℎ𝑔, 𝑔, ℎ), is bijective. The injectivity is obvious.
We prove surjectivity. Let (𝑓, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑋𝐷, 𝑟𝑋′𝐷′). Since
(ℎ𝑔, 𝑔, ℎ) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑋𝐷, 𝑟𝑋′𝐷′), then by Lemma 1(𝑑), we have
𝑓 = ℎ𝑔, i.e., 𝐻(𝑔, ℎ) = (𝑓, 𝑔, ℎ). Hence, the mapping 𝐻(𝑔, ℎ) ↦→ (ℎ𝑔, 𝑔, ℎ) is
bijective. Thus, the functor 𝐻 is full and faithful.

2) There are equalities (𝐻 ∘ 𝐹23)(𝑧) = 𝑟𝐹2(𝑧)𝐹3(𝑧);

(𝐻 ∘ 𝐹23)(𝑎) = (𝐹3(𝑎)
𝐹2(𝑎), 𝐹2(𝑎)𝐹3(𝑎));

𝐹 (𝑧) = 𝑟(𝑧); 𝐹 (𝑎) = (𝐹1(𝑎), 𝐹2(𝑎), 𝐹3(𝑎)).

To prove that 𝑉 is a functor homomorphism, , it is necessary to prove the
equality

𝑉 (𝑧′) ∘ 𝐹 (𝑎) = (𝐻 ∘ 𝐹23)(𝑎) ∘ 𝑉 (𝑧) (4)

for all 𝑎 ∈ 𝐻𝑜𝑚𝑍(𝑧, 𝑧
′).

Since 𝑉 (𝑧′) ∘ 𝐹 (𝑎) = (𝑊 (𝑧′) · 𝐹1(𝑎), 𝑒𝐹2(𝑧′) · 𝐹2(𝑎), 𝑒𝐹3(𝑧′) · 𝐹3(𝑎)) and

(𝐻 ∘ 𝐹23)(𝑎) ∘ 𝑉 (𝑧) = (𝐹3(𝑎)
𝐹2(𝑎) ·𝑊 (𝑧), 𝐹2(𝑎) · 𝑒𝐹2(𝑧), 𝐹3(𝑎) · 𝑒𝐹3(𝑧)), then

the equality (4) means that the following three equalities are true:

𝑊 (𝑧′) · 𝐹1(𝑎) = 𝐹3(𝑎)
𝐹2(𝑎) ·𝑊 (𝑧);

𝑒𝐹2(𝑧′) · 𝐹2(𝑎) = 𝐹2(𝑎) · 𝑒𝐹2(𝑧); 𝑒𝐹3(𝑧′) · 𝐹3(𝑎) = 𝐹3(𝑎) · 𝑒𝐹3(𝑧).

The first of the equality coincides with equality (3) of Theorem 3 and
therefore it is true, the second and the third equalities are obvious.

3) Let us use one of the standard properties of adjoint functors [4], and
to do this, we will prove that the anjunction gives an unit and a counit,
i.e. there are the functor homomorphisms 𝜂 : 1𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡) → 𝐻 ∘ 𝑃23,
𝜀 : 𝑃23 ∘𝐻 → 1𝑆𝑆−𝐴𝑐𝑡𝑜×𝑆𝑆−𝐴𝑐𝑡, such that

𝐻𝜀 ∘ 𝜂𝐻 = 1𝐻 , 𝜀𝑃23 ∘ 𝑃23𝜂 = 1𝑃23 , (5)

where the functor homomorphisms

𝐻𝜀 : 𝐻 ∘ 𝑃23 ∘𝐻 → 𝐻 and 𝜂𝐻 : 𝐻 → 𝐻 ∘ 𝑃23 ∘𝐻

are defined as follows:

(𝜂𝐻)(𝑋,𝐷) = 𝜂(𝐻(𝑋,𝐷)) : 𝐻(𝑋,𝐷) → (𝐻 ∘ 𝑃23)(𝐻(𝑋,𝐷)),

(𝐻𝜀)(𝑋,𝐷) = 𝐻(𝜀(𝑋,𝐷)) : 𝐻((𝑃23 ∘𝐻)(𝑋,𝐷)) → 𝐻(𝑋,𝐷).

Note that 𝑃23 ∘𝐻 = 1(𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡))𝑜×𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡).
Define the counit 𝜀 of adjunction as the identity homomorphism

𝜀 = {𝜀(𝑋,𝐷) ∈ 𝐻𝑜𝑚(𝑆𝑆−𝐴𝑐𝑡)𝑜×(𝑆𝑆−𝐴𝑐𝑡)((𝑋,𝐷), (𝑋,𝐷)) |

𝑋,𝐷 ∈ 𝑂𝑏(𝑆𝑆 −𝐴𝑐𝑡)},
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𝜀(𝑋,𝐷) = (𝑒𝑋 , 𝑒𝐷). Obviously, the functor homomorphisms 𝐻𝜀 and 𝜀𝑃23

are the identity transformation of functors.
To define the units 𝜂 of an adjunction we apply the result of 2) to the case

𝑍 = 𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡) and 𝐹 = 1𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡) : 𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡) → 𝐶ℎ𝑢(𝑆𝑆 −
𝐴𝑐𝑡). Therefore 𝐹23 = 𝑃23 and if 𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴 × 𝑋,𝐷), then 𝐻 ∘
𝑃23(𝑟) = 𝐻(𝑋,𝐷) = 𝑟𝑋𝐷, 𝑉 (𝑟) = (𝑟, 𝑒𝑋 , 𝑒𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑟𝑋𝐷)
and 𝑉 : 1𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡) → 𝐻 ∘ 𝑃23 is a functor homomorphism. Suppose
𝜂 = 𝑉 . Since 𝑟𝑋𝐷 = 𝑒𝐷𝑋 , it follows that

(𝜂𝐻)(𝑋,𝐷) = 𝑉 (𝑟𝑋𝐷) = (𝑒𝐷𝑋 , 𝑒𝑋 , 𝑒𝐷) =

= 1𝐻(𝑋,𝐷) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝐻(𝑋,𝐷), 𝐻(𝑋,𝐷))

so that 𝜂𝐻 : 𝐻 → 𝐻 = 𝐻 ∘ 𝑃23 ∘ 𝐻 is the identity transformation of
functors. We also have

(𝑃23𝜂)(𝑟) = 𝑃23(𝑟, 𝑒𝑋 , 𝑒𝐷) = (𝑒𝑋 , 𝑒𝐷) =

= 1𝑃23(𝑟) ∈ 𝐻𝑜𝑚(𝑆𝑆−𝐴𝑐𝑡)𝑜×(𝑆𝑆−𝐴𝑐𝑡)(𝑃23(𝑟), 𝑃23(𝑟)).

Hence 𝑃23𝜂 : 𝑃23 → 𝑃23 = 𝑃23 ∘𝐻 ∘ 𝑃23 is the identity transformation of
functors.

Thus, the functor homomorphisms 𝐻𝜀, 𝜂𝐻, 𝜀𝑃23, 𝑃23𝜂 are the identity
transformation of functors, hence the equalities (5) are hold. Therefore the
functor 𝐻 is right adjoint for the functor 𝑃23.

4) directly follows from Theorem 3 and general properties of functor
homomorphisms.

8. Limits, products and coproducts in the category
𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡)

Theorem 5. (on limits) Let 𝑍 be a category, 𝐹 : 𝑍 → 𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡) be a
functor such that 𝐹 (𝑧) is a complete separable Chu space for all 𝑧 ∈ 𝑂𝑏(𝑍).
If every functor 𝑍 → 𝑆𝑆−𝐴𝑐𝑡 has a limit and every functor 𝑍𝑜 → 𝑆𝑆−𝐴𝑐𝑡
has a colimit, then there exists 𝑙𝑖𝑚𝐹 that is complete separable Chu space.

Proof. By Theorem 3, there are functors 𝐹1 : 𝑍 → 𝑆𝑆 − 𝐴𝑐𝑡, 𝐹2 : 𝑍 →
(𝑆𝑆−𝐴𝑐𝑡)𝑜, 𝐹3 : 𝑍 → 𝑆𝑆−𝐴𝑐𝑡 such that 𝐹 (𝑧) = (𝐹1(𝑧), 𝐹2(𝑧), 𝐹3(𝑧), 𝑟(𝑧)),
𝐹 (𝑎) = (𝐹1(𝑎), 𝐹2(𝑎), 𝐹3(𝑎)), where

𝑟(𝑧) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐹1(𝑧)× 𝐹2(𝑧), 𝐹3(𝑧)), 𝑎 ∈ 𝐻𝑜𝑚𝑍(𝑧, 𝑧
′).

By 𝐹 𝑜
2 : 𝑍𝑜 → 𝑆𝑆 − 𝐴𝑐𝑡 we denote the functor given by the equali-

ties 𝐹 𝑜
2 (𝑧) = 𝐹2(𝑧) and 𝐹 𝑜

2 (𝑎) = 𝐹2(𝑎) ∈ 𝐻𝑜𝑚(𝑆𝑆−𝐴𝑐𝑡)𝑜(𝐹2(𝑧), 𝐹2(𝑧
′)) =

𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐹
𝑜
2 (𝑧

′), 𝐹 𝑜
2 (𝑧)), where 𝑎 ∈ 𝐻𝑜𝑚𝑍𝑜(𝑧′, 𝑧). By the conditions of
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Theorem, the functor 𝐹 𝑜
2 has a colimit, and the functor 𝐹3 has a limit, i.e.,

there are universal cones

𝜙𝑜
2 = {𝜙2(𝑧) ∈ 𝐻𝑜𝑚(𝑆𝑆−𝐴𝑐𝑡)𝑜(𝐹

𝑜
2 (𝑧), 𝑋)) | 𝑧 ∈ 𝑂𝑏(𝑍)},

𝜙3 = {𝜙3(𝑧) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐷,𝐹3(𝑧)) | 𝑧 ∈ 𝑂𝑏(𝑍)}

where the first cone is the colimit, the second cone is the limit. Thus,
𝑋 = 𝑐𝑜𝑙𝑖𝑚𝐹 𝑜

2 , 𝐷 = 𝑙𝑖𝑚𝐹3. By properties of dual categories,

𝜙2 = {𝜙2(𝑧) ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝑋,𝐹2(𝑧)) | 𝑧 ∈ 𝑂𝑏(𝑍)}

is the limit cone of the functor 𝐹2 such that 𝑋 = 𝑙𝑖𝑚𝐹2. Hence, by the
properties of the product of categories,

𝜙23={(𝜙2(𝑧), 𝜙3(𝑧))∈𝐻𝑜𝑚(𝑆𝑆−𝐴𝑐𝑡)𝑜×(𝑆𝑆−𝐴𝑐𝑡)((𝑋,𝐷), 𝐹23(𝑧)) |𝑧 ∈ 𝑂𝑏(𝑍)}

is the limit cone of the functor 𝐹23 = (𝐹2, 𝐹3).
Since the functor 𝐻 has a left adjoint, it translates the limit cone

into the limit cone, i.e., 𝐻(𝜙23) = {𝐻(𝜙23(𝑧)) | 𝑧 ∈ 𝑂𝑏(𝑍)}, where
𝐻(𝜙23(𝑧)) = (𝜙3(𝑧)

𝜙2(𝑧), 𝜙2(𝑧), 𝜙3(𝑧)) is the limit cone of the functor 𝐻 ∘
𝐹23. In particular, 𝐻(𝑋,𝐷) = 𝑟𝑋𝐷 = 𝑙𝑖𝑚(𝐻 ∘ 𝐹23).

By Theorem 4, there is a canonical functor homomorphism 𝑉 : 𝐹 →
𝐻 ∘ 𝐹23. Since each 𝐹 (𝑧) is a complete separable Chu space, then 𝑉 is an
isomorphism of functors. Hence

{𝑉 (𝑧)−1 ∘𝐻(𝜙23(𝑧)) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑋𝐷, 𝐹 (𝑧)) | 𝑧 ∈ 𝑂𝑏(𝑍)}

is the limit cone of the functor 𝐹 . Therefore 𝑙𝑖𝑚𝐹 = 𝑟𝑋𝐷. Since 𝑉 (𝑧) =

(̂︂𝑟(𝑧), 1𝐹2(𝑧), 1𝐹3(𝑧)) then 𝑉 (𝑧)−1 = (̂︂𝑟(𝑧)−1
, 1𝐹2(𝑧), 1𝐹3(𝑧)), i.e.,

𝑉 (𝑧)−1 ∘𝐻(𝜙23)(𝑧) = (̂︂𝑟(𝑧)−1
· 𝜙3(𝑧)

𝜙2(𝑧), 𝜙2(𝑧), 𝜙3(𝑧)).

The proof of Theorem 6 implies the existence of the product in complete
separable Chu spaces.

Theorem 6. Let 𝑟𝑖 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴𝑖 × 𝑋𝑖, 𝐷𝑖) (𝑖 ∈ 𝐼) be the complete
separable Chu spaces. The product of Chu spaces 𝑟𝑖, 𝑖 ∈ 𝐼, is the complete
separable Chu space 𝑟𝑋0𝐷0 with Chu transforms

((𝑟𝑖)
−1 · 𝑝𝑞𝑖𝑖 , 𝑞𝑖, 𝑝𝑖) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑋0𝐷0 , 𝑟𝑖),

where 𝑋0 =
∐︀
𝑖∈𝐼

𝑋𝑖, 𝐷0 =
∏︀
𝑖∈𝐼

𝐷𝑖, 𝑞𝑖(𝑠, 𝑥𝑖) = 𝑥𝑖, 𝑝𝑖(𝑠, 𝑑) = 𝑑(𝑖) for all

𝑥𝑖 ∈ 𝑋𝑖, 𝑑 ∈
∏︀
𝑖∈𝐼

𝐷𝑖, 𝑖 ∈ 𝐼.
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Proof. Consider a discrete category 𝑍 such that objects are elements of the
set 𝐼. Then the family {𝑟𝑖 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴𝑖 ×𝑋𝑖, 𝐷𝑖) | 𝑖 ∈ 𝐼} is the same
as functor 𝐹 : 𝑍 → 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) defined by equality 𝐹 (𝑖) = 𝑟𝑖, and the
limit of the functor 𝐹 is the product of the family. Therefore, the result
being proved is a particular case of Theorem 5.

The following theorem shows that in the category 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡) the
coproducts exist for any Chu spaces.

Theorem 7. Let 𝑟𝑖 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐴𝑖 ×𝑋𝑖, 𝐷𝑖), 𝑖 ∈ 𝐼. The coproduct of
the Chu spaces 𝑟𝑖, 𝑖 ∈ 𝐼, is the Chu space

𝑟 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(
∐︁
𝑖∈𝐼

𝐴𝑖 ×
∏︁
𝑖∈𝐼

𝑋𝑖,
∐︁
𝑖∈𝐼

𝐷𝑖)

with Chu transforms (𝑓𝑖, 𝑔𝑖, ℎ𝑖) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑖, 𝑟), where

𝑟(𝑠, (𝑎𝑖, 𝑥)) = 𝑟𝑖(𝑠, (𝑎𝑖, 𝑥(𝑖))),

𝑓𝑖(𝑠, 𝑎𝑖) = 𝑎𝑖, 𝑔𝑖(𝑠, 𝑥) = 𝑥(𝑖),

ℎ𝑖(𝑠, 𝑑𝑖) = 𝑑𝑖

for all 𝑎𝑖 ∈ 𝐴𝑖, 𝑥 ∈
∏︀
𝑖∈𝐼

𝑋𝑖, 𝑑𝑖 ∈ 𝐷𝑖, 𝑖 ∈ 𝐼.

Proof. Let 𝑖 ∈ 𝐼. The equalities

ℎ𝑖(𝑠, (𝑟𝑖(𝑠, (𝑎𝑖, 𝑔𝑖(𝑠, 𝑥))))) = 𝑟𝑖(𝑠, (𝑎𝑖, 𝑥(𝑖))) =

= 𝑟(𝑠, (𝑎𝑖, 𝑥)) = 𝑟(𝑠, (𝑓𝑖(𝑠, 𝑎𝑖), 𝑥))

for all 𝑎𝑖 ∈ 𝐴𝑖, 𝑥 ∈
∏︀
𝑖∈𝐼

𝑋𝑖, imply well-definability of the definition of the

Chu transform (𝑓𝑖, 𝑔𝑖, ℎ𝑖).
Let 𝑡 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝐵 × 𝑌,𝐷), (𝑓 ′𝑖 , 𝑔

′
𝑖, ℎ

′
𝑖) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑖, 𝑡). By

Theorem 4 [6], 𝑆-act
∐︀
𝑖∈𝐼

𝐴𝑖 with morphisms 𝑓𝑖, 𝑖 ∈ 𝐼, is a coproduct of

𝑆-act 𝐴𝑖 (𝑖 ∈ 𝐼), 𝑆-act
∐︀
𝑖∈𝐼

𝐷𝑖 with morphisms ℎ𝑖, 𝑖 ∈ 𝐼, is a coproduct

of 𝑆-acts 𝐷𝑖 (𝑖 ∈ 𝐼), and 𝑆-act
∏︀
𝑖∈𝐼

𝑋𝑖 with morphisms 𝑔𝑖, 𝑖 ∈ 𝐼, is a

product of 𝑆-acts 𝑋𝑖 (𝑖 ∈ 𝐼) in the category 𝑆𝑆 − 𝐴𝑐𝑡. Then there are
unique morphisms 𝑓 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(

∐︀
𝑖∈𝐼

𝐴𝑖, 𝐵), 𝑔 ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(𝑌,
∏︀
𝑖∈𝐼

𝑋𝑖),

ℎ̃ ∈ 𝐻𝑜𝑚𝑆𝑆−𝐴𝑐𝑡(
∐︀
𝑖∈𝐼

𝐷𝑖, 𝐷) such that 𝑓 ′𝑖 = 𝑓 ·𝑓𝑖, 𝑔′𝑖 = 𝑔𝑖 ·𝑔 and ℎ′𝑖 = ℎ̃ ·ℎ𝑖 for

all 𝑖 ∈ 𝐼, i.e., 𝑓(𝑠, 𝑎𝑖) = 𝑓𝑖(𝑠, 𝑎𝑖), 𝑔(𝑠, 𝑦)(𝑖) = 𝑔′𝑖(𝑠, 𝑦) and ℎ̃(𝑠, 𝑑) = ℎ′𝑖(𝑠, 𝑑)
for all 𝑎𝑖 ∈ 𝐴𝑖, 𝑦 ∈ 𝑌 , 𝑑 ∈ 𝐷, 𝑖 ∈ 𝐼.

Let us prove (𝑓, 𝑔, ℎ̃) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟, 𝑡), that is, the equality is

hold ℎ̃(𝑠, 𝑟(𝑠, (𝑎, 𝑔(𝑠, 𝑦)))) = 𝑡(𝑠, (𝑓(𝑠, 𝑎), 𝑦)) for all 𝑎 ∈
∐︀
𝑖∈𝐼

𝐴𝑖, 𝑦 ∈ 𝑌 . Since
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(𝑓𝑖, 𝑔𝑖, ℎ𝑖) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑖, 𝑟), then

𝑟(𝑠, (𝑓𝑖(𝑠, 𝑎), 𝑔(𝑠, 𝑦))) = ℎ𝑖(𝑠, 𝑟𝑖(𝑠, (𝑎, (𝑔𝑖 · 𝑔)(𝑠, 𝑦))))

for all 𝑎 ∈ 𝐴𝑖, 𝑦 ∈ 𝑌 . Since ℎ′𝑖 = ℎ̃ · ℎ𝑖 and 𝑔′𝑖 = 𝑔𝑖 · 𝑔, then

ℎ̃(𝑠, 𝑟(𝑠, (𝑎, 𝑔(𝑦)))) =

= (ℎ̃ · ℎ𝑖)(𝑠, 𝑟𝑖(𝑠, (𝑎, (𝑔𝑖 · 𝑔)(𝑠, 𝑦)))) = ℎ′𝑖(𝑠, 𝑟𝑖(𝑠, (𝑎, 𝑔
′
𝑖(𝑠, 𝑦))))

for all 𝑎 ∈ 𝐴𝑖, 𝑦 ∈ 𝑌 . Since (𝑓 ′𝑖 , 𝑔
′
𝑖, ℎ

′
𝑖) ∈ 𝐻𝑜𝑚𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡)(𝑟𝑖, 𝑡), then

ℎ′𝑖(𝑠, 𝑟𝑖(𝑠, (𝑎, 𝑔
′
𝑖(𝑠, 𝑦))) = 𝑡(𝑠, (𝑓 ′𝑖(𝑠, 𝑎), 𝑦))) for all 𝑎 ∈ 𝐴𝑖, 𝑦 ∈ 𝑌 . Since

𝑓(𝑠, 𝑎) = 𝑓 ′𝑖(𝑠, 𝑎) then 𝑡(𝑠, (𝑓 ′𝑖(𝑠, 𝑎), 𝑦)) = 𝑡(𝑠, (𝑓(𝑠, 𝑎), 𝑦)) for all 𝑎 ∈ 𝐴𝑖,
𝑦 ∈ 𝑌 . Thus,

ℎ̃(𝑠, 𝑟(𝑠, (𝑎, 𝑔(𝑠, 𝑦)))) = 𝑡(𝑠, (𝑓(𝑠, 𝑎)× 𝑦))

for all 𝑎 ∈
∐︀
𝑖∈𝐼

𝐴𝑖, 𝑦 ∈ 𝑌 .

9. Conclusion

In this paper, we study the category 𝐶ℎ𝑢(𝑆𝑆 − 𝐴𝑐𝑡). It is known [6]
that the category 𝑆𝑆 −𝐴𝑐𝑡 is Cartesian closed and the embedding functor
𝑆 − 𝐴𝑐𝑡 → 𝑆𝑆 − 𝐴𝑐𝑡 has a left adjoint. Using this result, we prove the
general properties of morphisms of Chu spaces and functors with a value
in the category 𝐶ℎ𝑢(𝑆𝑆 −𝐴𝑐𝑡) of Chu spaces over the category 𝑆𝑆 −𝐴𝑐𝑡.
As a consequence, for the category 𝐶ℎ𝑢(𝑆𝑆−𝐴𝑐𝑡) the existence of coprod-
ucts and some products is proved, monomorphisms and epimorphisms are
characterized; in terms of this category the characteristics of separable and
complete separable Chu spaces are given.
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