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56 S. CHANDRAGIRI

Awnnoranusi. TpaekTopun pemeTkn MOTYT OBITh MTOACUYUTAHBI OJIATOAAPS WX MIATOBBIM
BEKTOPaM, KOTOPbIE BHIPOBHEHBI 110 TOJIOXKUTETLHOMY OKTAHTY. IyTh MOXKET MpOXOIUTH
OT OIHON TOYKU K OECKOHEYHOMY KOJUUIECTBY APYTUX, €CJIU HE MPUMEHSETCS OI'DaHUYIe-
HUe, TaK YTO KaKJasl TOYKA UMEeeT TOJBKO KOHEYHOEe UHCJIO MPEIIIIeCTBEHHUKOB. JInHeli-
Hble PA3HOCTHbIE YPABHEHNU C HEIOCTOSHHBIMU KO3 dunrenTaMu Oy/IyT NCIIOIb30BATHC
JIJIsl y9€eTa 9TOrO OTPAHUYEHUS TP U3YIEeHUN TPACKTOPHUIl PEIIeTKH, KOTOPHIE JIEXKAT Ha
JIMHUH C PAIOHAJIbHBIM HAKJIOHOM mian HaJ Heil. Ilosydens! renepupyiomne GOyHKIMNT,
OCHOBAHHBIE Ha Pa3pabOTKe KOHKPETHOTO METO/A BBIMHC/ICHHS YHCIA OTPAHUIEHHBIX
yTell pelnieTKu.

KuroueBbie cioBa: mpousBofsinasi (DYHKIUsI, PA3HOCTHOE ypaBHEHUe, (MYHKIIMOHAIb-
HOe ypaBHEHME, PelIeTOYHbIN IIyTh

Baaromapuoctu: Pabora Beimosinena mpu noggepxkke Uuacturyra maremarnku um. C.
JI. Co6osea CO PAH B r. HoBocubupck, Poccust mo gorosopy Ne 10-3/439.

Ccolika agis nurupoanus: Chandragiri S. Counting Lattice Paths by Using Differen-
ce Equations with Non-constant Coefficients // W3Bectust IpKyTCKOro rocyapcTBeHHOIO
yuuepcurera. Cepust Maremaruka. 2023. T. 44. C. 55-70.
https://doi.org/10.26516/1997-7670.2023.44.55

1. Introduction

The classical problem in combinatorics is enumeration of lattice paths,
which is still considered to be an active field of research. Its interest lies
in the fact, that despite being easily understood construction of lattice
paths, most of their properties remain unproven. The constant coefficient
difference equations in conjunction with the generating functions is an ef-
fective tool and also a wide variety of two-dimensional sequences that can
lead to generating functions is well-known in the enumerative combinatorial
analysis (see [1], [2], [14]), which can be utilised as a standard tool to derive
functional equations. Finally, we give a characterization of the nature of
generating functions into rational and algebraic functions, which proved
to be useful. The derived theory is combined with classical examples of
general lattice path counting problems.

Because of the absence of geometric obstacles, the one-dimensional case
is studied well (see [7]). In [13], A. Moivre considered the power series

FO) + f(Dw+ ...+ f(k)wk +...
with the coeffcients f(0), f(1),... satisfying the difference equation
emfx+m)+emaiflt+m—1)+...+cof(z) =0, 2=0,1,2..., (1.1)

where ¢, # 0, and ¢; € C are constants. He proved that this series always
represents a rational function (De Moivre’s Theorem, [13]).
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COUNTING LATTICE PATHS 57

For example, along with lattice paths problem, one can assume with
Bloom’s strings, a number of placement of the pieces on the chessboard
etc. (see [3]).

2. Known Results and Formulation of the Problem

For w = (wy,...,wy) where w;,i = 1,..., N are indeterminates, we
let Clw],C(w), C[[w]] denote the ring of polynomials, the field of rational
functions, and the ring of formal power series in wi,...,wy, where w® =
wit, ..., wi. If f is a function on Zg we will identify it as a function on
ZN by setting it equal to zero on the complement ZV \ZJZV .

Let ¢ > 0. Denote by € a lattice path with length ¢, that is a finite
sequence p(0),p(1),...,p(L) of points in ZV, and its steps are the set of
lattice vectors {0} U {p(k) —p(k — 1) : k = 1,...,¢}. Specific classes of
lattice paths arise by placing conditions on the paths including: the steps
are in a specified S C Z", the points are in a specified P C ZV, fixing
the length L, and requiring that the points are distinct (this describes non
intersecting paths).

For a class of paths where the points belong to a specified subset P c ZV,
we can compute f for the Restricted lattice class problems. Clearly 0 € P,
otherwise there are no paths in P which start from 0. The counting function
f has support in P, f(0) = 1, and f satisfies the linear homogeneous
difference equation when the possible set of steps S C ZV.

@) =3 xpl(@) flz—y), (2.1)

yes

where yp is the characteristic function of P. We recall that xp(z) = 1 if
x € Pand xp(z) =0if = ¢ P.

This paper computes f for some general lattice paths. For some general
classes S C Zg so f is supported on Rg and therefore f is uniquely specified
by its generating function F(w) € C[[w]].

Fw) =3 f)u, (2.2)

mezg

Let x,m,vy € Zg, the characteristic polynomial P : CN — C, P(w) =

> cyw?Y, where vy = (y1,...,7n), ¢, represent constant coefficients, and
0ysm
its characteristic variety
V ={w e C": P(w) = 0}. (2.3)

Definition 1. Throughout the paper, we assume that the set € lies in
the positive octant Z]/V ={(x1,...,zN) 1 2; € Z,x; 2 0,i=1,...,N} of
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the integer lattice and the inequality 0 < v < m means that 0 < v; < m;
satisfies the condition

m=(mi,...,my),m; =max{y;:j=1,..., N} €C:¢, #0and vy € C.
(2.4)
We denote F,(w) = > f(z)w®, &, (w) = Y ¢¥(z)w”, and Fy(w) = F(w)—
=y T Ey
®,(w), where the inequality z % ~ means, that for at least one jy €
{1,..., N} the inequality xj, < =, holds.
Let §; be a shift operator over 5 variable : §;f(x) = f(21,...,7j-1,7;+
L,zjt1,...,2N), then 67 = §]* o---0dJ¥ and P(J) = > ¢,07 be a
0<ysm
polynomial difference operator with constant coefficients and P(§) € Clw].
Every delta operator is shift-invariant; it commutes with all shift operators
§7 where 67 f(x) = f(x + 7) for every v € Z%.

Theorem 1. [5] The generating function F(w) € C[[w]] then the identity
s represented as

P)F(w)— Y cyw®p(w)= Y P f@u”  (25)

0<ysm r=>m
holds, where I = (1,...,1).

The identity (2.5) implies that for any function of initial data
Y(x), x # m, z > 0 and any function h(z), = > m, the equation
P(6~1)f(z) = h(z) has a unique solution f(z) satisfying initial data:

f(z) =9(z), © =0, % m (see [4], [10]). (2.6)

If Hw) = Y h(z)w®, then identity (2.5) gives

r>m

Pw)F(w)= Y cyw®p_(w) + H(w).

0<ysm

For a two-dimensional case from the identity (2.5), we denote F'(wi,ws) =
> f(x1, z2)w{'ws? is a bivariate generating function, then its cor-
(z1,22)>(0,0)
responding diagonal generating function, diag(F) = Y. f(k, k)wkw}, is
k>0
o0
algebraic and F, (w1, w2) = Y f(uk,vk)wi*ws¥, where (u,v) € Z2.
k=1
Let the function f(z,y) = ¥(z,y), (z,y) # (u,v), (x,y) > 0 satisfy the
difference equation

P(o7t, 6,1 f,y) = h(z,y),
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fz,y), if x=uk, y=vk, k>1
0, otherwise

Fu,v (wb w2) = Z h(xa y)wfwg
(z,y)>(uv)

where h(z,y) = { , then

and identity (2.5) is

Fyu(wi, wa)=P(wy,wz) F(w,ws)— Z Copp oW1 WP Py s (W1, W2).

0<y1<u
0<y2 v

wiwd =t
P(wl,wg) =0

)

If w; = wi(t), wy = ws(t) is a solution to a system {

then function F,, satisfies the formulae

Fyo(wi(t), wa(t)) = — Z 0] (D) W3 (£) Pu—ry v, (wl(t)va(t))'
0<7i<u
0<y2<w

Lattice paths problem has been solved in many works (see [4], [6], [8], [9],
[11], [12], [14]). Restricted lattice paths problem has already been solved
for the selected classes lattice paths (see [5]).

In the present paper, we will extend those results for some general cases
for the Restricted lattice paths problems. In section 2.1, we will give an
expression for f(x,y) from which we derive its generating function. By
utilising the results in section 2.1, we can assume that the generating
functions are expressed in terms of its generating series, the coeflicients
of the series represents some general paths.

In order to count some general lattice paths, we can consider set of
two general steps € = {(¢,p), (p,q)} where g € Z>,p€ Z;, and 0 < ¢ < p,
which start from the origin and lie on or over the diagonal y = x. We define
the number of paths f(z,y) going from (0,0) to (z,y), which satisfies the
difference equation

p—q
[z, y)— (1—250(96—?;—00) fl@=py—a)=fle—qy—p) =0, (2.7)
d=1

where do(z) = (1)’ g i ; 8 is a Kronecker symbol with initial data (from
(2.6)):
f@,y) = ¥(z,y), (z,y) = (0,0), (z,y) £ (p,p)- (2.8)

Let Fy1(t) be a diagonal power series of F'(wy,ws) :

Fu(t) =Y f(k, k)t
k=1
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Corollary 1. Let P(w) = . cyw? be a polynomial difference operator
0<ysm
with constant coefficients and P(w) € Clw] then

I RV T

D
w =
1 24

Proof. We can write the polynomial P(w1,w2) = 1 — wiwh — wiwd with
initial data (2.8) from the polynomial difference operator.

Let P(wy,ws) = 0, we see that w] ™ ? is the root of the following quadratic
equation

t1(w ™2 — w1 P =0, (2.9)
which satisfies wiws = t, coo = 1,¢qp = ¢pg = —1 and we reduce (2.9) to
the standard quadratic form to get the root w} 7. O

Lemma 1. The generating function H(wy,w2) of a solution h(x,y) to the
difference equation (2.7) with initial data (2.8) is represented as

> bz, y)wiwl =

xr=>ma
y=ma

= > PO 8D fy)wiwd = —whwd > f(k k) (wiws)*.
ximl k>=p—q
Yyzma

Proof. From Theorem 1 we can write the generating function

> Pyt o) f(ay = > (0 6 f (@ y)wiwd,

z2m zzm1 0<y1<my
y=ma yzmz 0<y2<ma

by taking the initial data (2.8), and from (2.7) we can write

D (=676, = 6776, fa, y)wfwd =

Z=p

y2p

== (Goz—y—1)+...+@—y—(p-q)f(z—py—quiwy,
vor

by applying the Kronecker data (dp(z)) notation we get

D (=677, = 6776, ) f(a, y)wiwd = —whwd > f(k, k) (wiws)*.
Zﬁiﬁi k>p—q
(2.10)
O
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2.1. FROM THE DIFFERENCE EQUATION TO A FUNCTIONAL EQUATION
Proposition 1. Let F(wi,w3) be the generating function of the solution
of (2.7). Then the series F' (w1, w2) satisfy the following functional equation

(1 — wiwy — wiw)) F(wi, wa) = Ppp(wr, wa) + wiwy®py g 0wy, 22)+

+ wiwd®g p_g (w1, w2) = —whwi Z fk, B)(wiwa)®.  (2.11)

k>zp—q
Proof. For N = 2 and P(wy,ws2) = 1 — wiw) — wiwd, m = (p,p) where
p € Z; satisfies (2.4).

Then by Theorem 1, we get

(1= wiws — wiwi) F(wy, wa) = coo®pp(wr, wa) — copuiwi®p—gq,0(w, wa)—

— Cpgw Wi Po p—g(w1, w2) = Z(l — 079057 = 0770, %) f 2, y)wiws.
TZ=p
y=p
Using (2.10) from Lemma 1, we get (2.11) where
B, (w1, wa) = Bp1p—1(wi, w2) + Do p_1(wr, w2)+
+ q)p—l,(](wla 2) f( -1 D — 1)(w1w2)p_17
p—g—1 _ p—q—2p—gq—2 ntl
o p—g(wr, w2) = Do i (w1, we) + fG,n+ 1)“’1“’2 )
i=0 j=0 n=j
p—q—1 _ P—q—2p—q—2 gl
Qg 0(wi,wa) = ®; o(wr,wa) + Fn+ 1, )wi s,
=0 7=0 n=j
— ~ - o0
and ®,_1 p_1(wi,w2) = > Pio(wi,ws), Pop_1(wi,w2) = > flx,p—
=0 r=p—1
z, P—1 & = p—1 vy
Dwfwy —, @p_1o(wi,we) = > f(p—1Lywy ws.
y=p— 1
Let P(wy,wz) = 1 — wiwh — wiwd = 0, as a result we obtain

Dy 1 p-1(wr,w2) + i)07p,1(w1, wa)+
+ (ip—l,O(/wla U)Q) - f(p - ]-ap - 1)(w1w2)p_1_

p—q—2p—q—2 p—q—1
_w1w2< Z Z fn+ 1, Hupwd + Z w17w2>

=0
pP—q—2p—q—2 p—q-1

— wiwd Z FG,n+ Dwlwitt + Z Qg i(wr,we) | =
j= n= =0

= wiwd Z £k, k) (wywg)E.

k>p—q
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Since f(z,y) = 0 below the diagonal, we get

p—1 p—q—1
E P; o(w1, ws) — wiwh E ®; o(wy,ws) | —
=0

=0
p—g—lp—g—1 ,
—wlw2< Z Z f(j,n)w{w§>> = Z fk, k) (wiwa)®. (2.12)
Jj=0 n=j k>p—q
For ¢ =1 and p = 2 we have the initial data:
f(z,0)=0, f(z,1)=0, z=1,2,3,..., f(0,y)=0,
fLy+2)=0, y=1,2,3,..., f(y,2y)=1, y=0,1,

while the generating function for the initial data equals

~ o0 ~
Doo(wi,w2) = Y fO,y)wd =1, @1p(wi,wz) = f(Ly)wwl =
y=0

(18

1

y
wlwg.
Using (2.12) implies

1
-1+ = k, k) (wiws k.
s~ e wr)
1+ 1 —4t3
The substitution ¢t = wyws implies wy = +T (from Corollary 1),
we get
o0
1— 1 — 4¢3
Fia(t Zf —1+T:t3+2t6+5t9+14t12+---.
k=1
(2.13)
[
The coefficients of the series (2.13) represent with
2k
3 (3 ik .
Flo k) = 4 753 < % ) , if § € Zy; (Catalan numbers) for k> 1.
0, otherwise,

In order to count some general lattice paths, we can consider set of
three general steps € = {(¢,p), (p,q), (r,7)} where ¢ € Z>,p,r € Z, and
0 < ¢ < p < r, which start from the origin and lie on or over the diagonal
y = x. We define the number of paths f(z,y) going from (0,0) to (z,y),
which satisfies the difference equation

)—(1—2 5o(x—y—d)> f@x=p,y—q)~f(x—q,y—p)—f(z—r,y—7) =0,
- (2.14)

Wssectus VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
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with initial data (from (2.6)):

f(l'ay) = d]('xa y)v (l’,y) Z (an)a (.Z‘, y) ? (T7T)' (215)
Corollary 2. Let P(w) = Y. cyw? be a polynomial difference operator
0<y<m

with constant coefficients and P(w) € Clw] then

peq L=t V1 =207 + 27 — Atrta
w = .
! 2t4

Proof. We can write the polynomial P(wy,ws) =1 —wiwh — wiwd —wiw}

with initial data (2.15) from the polynomial difference operator.
Let P(wy,ws) = 0, we see that w] ™ ? is the root of the following quadratic
equation

t1 (w2 — (1 — ")+ =0, (2.16)
which satisfies wiywa = ¢, coo = 1,¢qp = ¢pg = ¢ = —1 and we reduce
(2.16) to the standard quadratic form to get the root w) . O

Lemma 2. The generating function H(wi,ws) of a solution h(z,y) to the
difference equation (2.14) with initial data (2.15) is represented as

Z h(z, y)wiwy =

r=>mi
y=ma

= > P8 ) fay)wfwd = —whw§ Y f(k, k) (wiws)".

r>=my k>r—q
y=ma

Proof. As in the proof of Lemma 1 we find the generating function

D (=676, = 6776, — 677, T) f(a, y)wiwd =

= —whwd > flk, k) (wiw)*. (2.17)

k>r—q
]

Proposition 2. Let F(wy,ws) be the generating function of the solution of
(2.14). Then the series F(wi,ws) satisfy the following functional equation
(1—wiwh —whwd—wiwh) F (w1, w) —®; (w1, wo) +wiwh @,y r—p(w1, we)+

)

+ wiwd®,_p, g (w1, w2) = —wiwi Z fk, k) (wiwa)®.  (2.18)

k>r—q
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Proof. P(wi,ws) = 1 — wiwh — wiwd — wiwh, m = (r,r) where r € Z

satisfies (2.4).

Using Theorem 1 and (2.17) from Lemma 2, we get (2.18)
p—q—2 r—g—2
where @, p(wi,w2) = Crprp(wi,w2)+ > > fln+1l,r—
J=0 n=r—p+j

—q—
p+ Huwitw 5 pﬂ‘*‘ Z io(wr, wa),
i=r—

P—a-2 T—q-
D pr—q(wi,wa) = <I>T,p¢,p(w1,w2) + Z Z 'f(r —p+in+
=0 -

r—p+j n+1
1) wq + Z (I)O z(wlaw2)
1=r— p
Let P(w1,ws) = 1 — wiwh — wwd — wiwh = 0, as a result we obtain

(Dr—l,r—l('wh w2)+(i)0,7"—1(w17 w?)""ér—l,O('wl, w2)_f(T—1, T—l)(wlwg)T’l—
p—q—2 r—q—2 ‘
—wiwy <q’r—p,r—p(’w1, wo) + Z Z fn+1,7—p+ jwiwh P 4
7=0 n=r—p+j

—q—
p,,4
§ wla w2 ) — Wy Wy <(I>rp,rp(w1a w2)+
2

p—q—2 r—q— r—q—1
S Y S g S ) -
j=0 n=r—p+j i=r—p
= wiwi Z £k, k) (wiws)®.
k>r—q

Since f(z,y) = 0 below the diagonal, we get

1

r—p—
7 wq(Zq)ZO wy, wa) w1w2< Z 0wy, w2)+
103

=0
p—q—1 r—q—1 r—q—1

+ Z Z fr—p+7,n)w] 2>—w‘11w§( Z ‘1>¢,0(w1,w2)>> =
J=0 n=r—p+j i=0

= > [k k) (wiw)*. (2.19)

k>r—q
For ¢ = 1,p = 2, and r = 3 we have the initial data:
f(z,0)=0, f(z,1)=0, f(z+1,2)=0, =1,2,3,...,

f(oyy):07 f(17y+2):0a f(2ay+4)207 y=12.3,...,
f(y72y):17 y:071727 f(y+1ay+2):y_17 y:17
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while the generating function for the initial data equals
o0

~ o0 ~
Do o(wi,w2) = Y fO,y)wy =1, @1p(wi,w2) = Y, f(L,y)ww) =
y=0

~ o
wlwg, Do o(w1,w2) = > f(2,y)w%wg = w%w%.

Using (2.19) implies

1—#34+V1—6t3+16 (t

2t

The substitution ¢ = wjwy implies w; =
Corollary 3), we get

S Flk kYO = 14 3 — VI—63+ 10

23

= 263 4+6¢5+22t9+90¢ 12 +

(2.20)
O

The coefficients of the series (2.20) represent with
bt

k+3 2k—3i
fk, k)= k+3 Z < > < 523 ) , if B8 ¢ Z; (Schréder numbers)
’ j 3

0, otherwzse,

fork>1

NOTE:

(i) Suppose if we take the set of three general steps €={(q, p), (p,q), (r,7)}
and where ¢ € Z>,p,r € Z,, and 0 < ¢ < r < p, then we can write
the functional equation

p—
D; o(wr, w2) — wiwh ‘I%o (w1, we) | —
w1w2
1=0 1=0

p—q—1p—q—1 p_r—1
—w1w2< Z Z fn w1w2) w1w2< Z (I)z',()(w17w2)>> =

M"i

ST fkR) (wiwa)*. (2.21)

kzp—q
For ¢ = 1,p = 3, and r = 2 we have the initial data:
f(z,0)=0, f(z,1)=0, f(z+2,2)=0, x=1,2,3,...,
f(x72):$_1a 1'21,2, f(an):Oa f(lay+3)207 f(27y+6):05
y=123,..., f(y,3y)=1, f(2,y+3)=0, y=0,1,2,
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while the generating function for the initial data equals
~ o0 -~ o0
Doo(wr,wa) = Y f0,9)wy =1, @ro(wi,wa) = Y f(1l,y)wiwy =
y=0 y=1

N 0
wiwy, Pop(wi,w2) = Y f(2,y)wiw§ = wiws + wiws.
y=2

Using (2.21) implies

o 1—t24+1—212—3t4

The substitution ¢ = wjwy implies wy = o7 (from

Corollary 2), we get

1—t2—+1—2t2—3t4

2t4

(o]
> flk k) () =—1+ =124 2t4 445198421410

k=2
(2.22)
The coefficients of the series (2.22) represent with

k+2

2 & (52 b o k=2 ,
f(k,k) = { %2 i;) ( % ) < 3 ) , if %52 € Zx; (Motzkin numbers)
0, otherwise,

for k > 1.

Lattice paths start from the origin and lie on or over the diagonal y = x
using the set of three general steps € = {(q,p), (p,q), (r,s)} where ¢ €
Zo,pr,s € Zy, 0 < g <r <p<sand s—r =p—gq. We define
the number of paths f(z,y) going from (0,0) to (z,y), which satisfies the
difference equation

f(z, y)—<1—2 5o(x—y—d)> fz—p,y—q)—f(z—q,y—p)—f(z—r,y—s) =0,
d=1

(2.23)

with initial data (from (2.6)):
f@,y) = (2, v), (z,y) = (0,0), (,y) % (p, ). (2:24)
Corollary 3. Let P(w) = Y. cyw” be a polynomial difference operator

0<y<m
with constant coefficients and P(w) € Clw] then

peq L4+ V1—4trta — 4gsta
w, = .
24
Proof. We can write the polynomial P(wy,wz) = 1 — wiwd — wiwh — wiwj
with initial data (2.24) from the polynomial difference operator.
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Let P(wq,wq) = 0, we see that w]™? is the root of the following quadratic
equation

t w2 — (1 —t")wd T+ =0, (2.25)
which satisfies wiwa = ¢, coo = 1,¢¢p = ¢pg = ¢rs = —1 and we reduce
(2.25) to the standard quadratic form to get the root w} . O

Lemma 3. The generating function H(w1,ws) of a solution h(z,y) to the
difference equation (2.23) with initial data (2.24) is represented as

Z h(z, y)wiwy =

r=>ma
y=ma

= Z P(éflaégl)f(x y) g *w{)wg Z f(kak)(wlw2)k'

T>my k>s—q
y=ma

Proof. As in the proof of Lemma 1 we find the generating function

D (1= 67957 = 677651 — 6776, °) f (@, y)wiwh =
TZp
y=s

= —wiwd Z f(k, k) (wiwa)*.  (2.26)

k>s—q
]

Proposition 3. Let F(wy,ws) be the generating function of the solution of
(2.23). Then the series F(wi,ws) satisfy the following functional equation

(1 = whd — wluh — wlw§) Flws, ws)—
— @, s(w1, wa) + WwIDg s g (w1, wo)+
+ wiwy®y g s—p(wi, wa) + wWiws Py o(wi, wa) =
= —wiwi Z fk, k)(wlwg)k. (2.27)
k>s—q

Proof. P(wi,wsg) = 1 — whwd — wiwh — wiw§,m = (p, s) where p,s € Z
satisfies (2.4).

Using Theorem 1 and (2.26) from Lemma 4, we get (2.27) where

¢p78(w17 w2) =

s—1 p—q—3 s5—2
=&y p(w1,wa) + Y Doi(wr,wa) + Y fp+d,n+ Dwy Fwptt,
i=p =0 n=p+j

(2.28)
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~ p—q-1 _
Dpgs—p(wi,wa) = Cspsp(wr,w2) + 3 Pig(ws, wa).
i=s—p
Let P(wy,ws) =1 — wiwd — wiwh — wijwi = 0, as a result we obtain
s—1 pP—q—3 s—2
Oy p(wr,w2) + Y Boi(wr,wa) + ) Fp+d,n+ DwiHwy ™ —
i=p j=0 n=p+j
s—q—1 s—q—25—q—2
—U€w3< Do, (w1, w2) + > fO,n+-UUﬁng)
=0 7=0 n=j

p—gq—1 p—r—1
—w?w@(% —pys— p(wlan)‘l_E ®; o(w1, w2) w{wé( E D; o(wr, wa)+

i=s—p

p—r—2p—r—2
+ Z Z flw+1,y) “’HU)Q)—U)lw2 Z £k, k) (wyws)E.

i=0 J=0 n=p+j
s—q—1s—q—1 ‘ p—q—1
— wiwg ( Z Z f,n)wiwy | — wi’wé’( ;. 0(w1, w2)>
j=0 n=j =0
p—r—1
— wijws ( (I)i,o(wlv wQ)) ) = Z f(k, k‘)(wlwg)k. (2.29)
=0 k>s—q

For ¢ =0,p=2,r =1, and s = 3 we have the initial data:

f(@,0)=0, f(z,1)=0, f(z+2,2)=0, 2=1,2,3,...,

ﬂQw—1+g4w,y—QLz”w ﬂLw_(Lﬂ—ﬁ%y—Dj

y=2,34,..., fly+LlLy+1)=y, y=1,

while the generating function for the initial data equals

- o0 1
Do o(wr,we) = 3 f(0,y)wh = T w2 Pq o(w1, wa) Zf (1, y)wwl =
y=0 - W

wlwg‘

(1 —w3)*
Using (2.29) implies

1
—1 — wiws + — = Z f(k, k) (wiwg)F.
YT =3
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1 1 — 442 — 4¢3
The substitution ¢ = wyws implies w% = + 5 (from Corol-

lary 3), we get

Nt 1— V1 —4t2 — 483
> F R = —1-£24 21 0 = 342t At L TOp 15T
k=3

(2.30)

O

The coefficients of the series (2.30) coincides with the numbers of general
paths ending on the main diagonal y = x.
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