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Abstract. When choosing the optimal complexity of the method for constructing deci-
sion functions, an important tool is the decomposition of the quality criterion into bias
and variance.

It is generally assumed (and in practice this is most often true) that with increasing
complexity of the method, the bias component monotonically decreases, and the variance
component increases. The conducted research shows that in some cases this behavior is
violated.

In this paper, we obtain an expression for the variance component for the kNN method
for the linear regression problem in the formulation when the “explanatory” features
are random variables. In contrast to the well-known result obtained for non-random
“explanatory” variables, in the considered case, the variance may increase with the growth
of 𝑘.
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О свойствах разложения функции потерь на смещение и
разброс для метода kNN
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Аннотация. Для метода ближайших соседей (kNN) существует общеизвестное
аналитическое выражение для разложения ошибки регрессионной модели на сме-
щение и разброс. Однако данное выражение справедливо только для классической
постановки задачи регрессионного анализа, в которой случайной является только
целевая переменная, а «объясняющие» переменные неслучайны. Получены анали-
тические выражения для разложения для некоторых постановок, когда все перемен-
ные являются случайными. В отличие от классической постановки в полученных
выражениях компонента разброса демонстрирует различное поведение при разной
размерности пространства, в частности, при размерности 1 разброс практически
линейно увеличивается с ростом k, т.е. уменьшается с ростом сложности. Подобное
поведение разложения на смещение и разброс является нежелательным его свой-
ством при использовании для объяснения структуры ошибок обучения. В связи
с этим представляется целесообразным использовать разложение ошибки на по-
грешность аппроксимации и статистическую погрешность. Компоненты последнего
разложения всегда монотонны.

Ключевые слова: разложение на смещение и разброс, машинное обучение, метод
k-ближайших соседей, проблема переобучения
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1. Introduction

When analyzing the effectiveness of methods for constructing decision
functions [18], the error decomposition into bias and variance [19] is widely
used.

In the classical version of the decomposition, the variance is understood
as the average variance of the predicted values, and the bias is called the
average square of the difference between the average forecast and the opti-
mal forecast. Averaging is performed over the space of variable values and
over samples (from which the decision function is constructed).

This decomposition is widely used to explain the characteristic shape of
the learning curve (the dependence of the quality [17] of the solution on
the complexity of the method [8]), and for justification [13;14] of ensemble
methods [3; 6; 7], such as a random forest. In most of the examples [5]
the dependence of the decomposition components on complexity has a
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characteristic qualitative form: the bias decreases monotonically, the vari-
ance increases monotonically, the sum of these values has a characteristic
minimum. However, it is noted that in practice, the bias with a suffi-
ciently high complexity can also begin to grow [1], and the variance can
decrease [2; 11;12;20].

In [15] some formal statements are proved that with increasing complex-
ity, the bias can grow, and the variance decrease.

In this paper, we investigate the behavior of the error decomposition
for the 𝑘 nearest neighbors (kNN) method. This method has a relatively
low relevance in solving applied problems (although it is often used as an
ensemble component), however, it is one of the rare examples when an
analytical expression is obtained for the error decomposition.

At first glance, it may seem that this issue has been fully investigated.
Indeed, even on Wikipedia there is an analytical expression [4] for the
bias-variance decomposition for kNN.

However, this expression is obtained for the “classical” formulation of
the regression problem, when the “explanatory” variables are not random.
But in real problems, the available data can most often be adequately
interpreted as a random sample. In this case, all variables are random, not
just the target one.

In the case of random “explanatory” variables, the expression remains
valid, but it ceases to be a decomposition into bias and variance, since one
of the terms ceases to be a constant and contributes to both the bias and
the variance.

In this paper, we will obtain an analytical expression for decomposition
of the error for the kNN method for the case of one-dimensional regression,
when all variables are random variables. It turns out that in this formu-
lation, the qualitative behavior of the variance component turns out to be
fundamentally different.

2. Problem statement

2.1. Regression problem

Let 𝑋 be the space of values of variables used for forecasting, and 𝑌 be
the set of values of the predicted variable.

All variables are random variables with some joint distribution function.
Decision function is a mapping 𝑓 : 𝑋 → 𝑌 .
The decision function is constructed based on some training sample of

size 𝑁
𝑆𝑁 =

(︀
(𝑥𝜔, 𝑦𝜔), 𝜔 = 1, 𝑁

)︀
.

The quality of the decision made [16] is evaluated by a given loss func-
tion: 𝐿 : 𝑌 × 𝑌 → [0,∞). In this paper, we will consider the square of the
deviation as a loss function, i.e. 𝐿(𝑦, 𝑓(𝑥)) = (𝑦 − 𝑓(𝑥))2.
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For the decision function as a whole, the quality criterion will be MSE,
i.e.

𝑅(𝑓(·)) = E𝑥,𝑦(𝑦 − 𝑓(𝑥))2.

By this criterion, the optimal solution will be a regression function, i.e.
a conditional mathematical expectation.

2.2. The classical formulation of the regression analysis
problem

In the classical statement of regression ploblem, the values of 𝑋 are not
random. Only the target variable is random, which is represented as

𝑦(𝑥) = 𝑓(𝑥) + 𝛿, (2.1)

where 𝑓(𝑥) is some unknown function, and 𝛿 is a random variable with zero
mean and variance 𝜎2.

3. Bias and variance

3.1. Decomposition for MSE

For arbitrary independent random variables 𝑢 and 𝑣 (if the correspond-
ing moments exist), the identity holds

E(𝑢− 𝑣)2 = D𝑢+ (E𝑢− E𝑣)2 + D𝑣,

where D denotes variance, i.e. D𝑢 ≡ E𝑢2 − (E𝑢)2.
Let’s fix a point 𝑥 of the feature space and substitute 𝑢 = 𝑦|𝑥, 𝑣 = 𝑓(𝑥).

Since 𝑓(𝑥) is constructed on a random sample, 𝑣 is a random variable.
Then we get

E𝑆𝑁 ,𝑦|𝑥(𝑦 − 𝑓(𝑥))2 =

D𝑦|𝑥𝑦 + (E𝑦|𝑥𝑦 − E𝑆𝑁
𝑓(𝑥))2 + D𝑆𝑁

𝑓(𝑥). (3.1)

The notation E𝑆𝑁 ,𝑦|𝑥 means that the expectation is taken over all samples
of size 𝑁 and over the conditional distribution on the target variable 𝑦 at
the point 𝑥. So, a subscript at operators E or D indicates the domain for
averaging.

We obtain that 3.1 in this formulation is the decomposition of MSE into
“noise”, bias and variance.

Note that this decomposition is done for each point 𝑥. If necessary, 3.1
can be additionally averaged over 𝑋.
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3.2. Decomposition for kNN when explanatory features are
not random

A number of sources (e.g. [4]) provide the following decomposition for-
mula for the kNN method

E𝑆𝑁 ,𝑦|𝑥(𝑦 − 𝑓(𝑥))2 =

(︃
𝑓(𝑥)− 1

𝑘

𝑘∑︁
𝑖=1

𝑓(𝜉𝑖(𝑥))

)︃2

+
𝜎2

𝑘
+ 𝜎2, (3.2)

where 𝜉𝑖(𝑥) is the coordinates of the 𝑖–th “neighbor” of a point 𝑥.
The second term in this decomposition is proposed to be interpreted as

a variance.
This expression is obtained for the case when the coordinates of 𝑥𝜔 in

the training sample are fixed, i.e. for the statement 2.1.
Note that the conventional definition of the decomposition components

assumes complete averaging over random samples.
The variance component in 3.2 decreases monotonically with the growth

of 𝑘, i.e. it increases with increasing complexity, since the complexity
characteristic for kNN is opposite to 𝑘 and can be, for example, 1

𝑘 .

4. Decomposition for kNN for random features

4.1. Single dimension

Let’s consider the problem of regression recovery in the one-dimensional
case.

Let 𝑋 = [0, 1] and 𝑦 = 𝑥 + 𝛿, where 𝛿 is the so-called “noise”, i.e. an
independent random variable with variance 𝜎2 and zero mean. We consider
the model 𝑓(𝑥) = 𝑥 as a linear regression model (single dimensional) with-
out loss of generality because any coefficient at 𝑥 will give only a constant
factor in expressions.

Suppose that 𝑥 is a random variable with a uniform distribution, i.e.
𝑥 ∼ 𝑈(0, 1). This assumption fundamentally distinguishes this problem
statement from 2.1.

Proposition 1. For the inner points of the segment 𝑋, there is:

E𝑆𝑁 ,𝑦|𝑥(𝑦 − 𝑓(𝑥))2 ≈ (𝑘 + 1)(𝑘 + 2)

12𝑁2𝑘
+
𝜎2

𝑘
+ 𝜎2. (4.1)

The decomposition is asymptotically exact as 𝑁 → ∞.

Here, the first two terms are variance, the last term is the noise. The
bias is approximately 0.
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Proof. Let’s fix an arbitrary inner point 𝑥 from the segment 𝑋.
Since the sample is random, the coordinates of the neighboring points

𝜉𝑖(𝑥) are random variables. With the growth of 𝑁 , the distributions for
𝜉𝑖(𝑥) become (approximately) symmetric with respect to 𝑥. It follows that

E𝑓(𝜉𝑖(𝑥)) ≈ 𝑓(𝑥) = 𝑥.
If 𝑥 is significantly more distant from the edges of the segment 𝑋 than

by 𝑘
𝑁 , then the distributions are almost symmetric and the equality can be

considered almost exact.
Thus, the bias component really tends to 0.
Let’s calculate the variance component

D𝑓(𝑥) = D

[︃
1

𝑘

𝑘∑︁
𝑖=1

𝜉𝑖(𝑥)

]︃
+
𝜎2

𝑘
.

The values of 𝜉𝑖(𝑥) are not independent, but they are uncorrelated (due
to the symmetry of conditional distributions), so the variance of the sum
is equal to the sum of the variances.

It remains to find D𝜉𝑖(𝑥).
Consider in 𝑋 a certain segment of length Δ. The probability 𝑃Δ(𝑚)

that 𝑚 points from the sample will fall into this segment is

𝑃Δ(𝑚) = 𝐶𝑚𝑁Δ𝑚(1−Δ)𝑁−𝑚 ≈ (𝑁Δ)𝑚

𝑚!
𝑒−𝑁Δ.

Let 𝜁𝑖 = 2|𝜉𝑖(𝑥)− 𝑥|. Then

D𝜉𝑖(𝑥) = E(|𝜉𝑖(𝑥)− E|𝜉𝑖(𝑥))2 = E(|𝜉𝑖(𝑥)− 𝑥)2 =
1

4
E𝜁2𝑖 .

Let 𝐹𝑖(Δ) = P(𝜁𝑖 < Δ) be a distribution function for 𝜁𝑖(𝑥).
Note that

𝐹𝑖(Δ) =
𝑁∑︁
𝑚=𝑖

𝑃Δ(𝑚) = 1−
𝑖−1∑︁
𝑚=0

𝑃Δ(𝑚).

We have

E𝜁2𝑖 =

∫︁ ∞

0
Δ2𝑑𝐹𝑖(Δ) =

∫︁ ∞

0
2Δ(1− 𝐹𝑖(Δ))𝑑Δ =

∫︁ ∞

0
2Δ

𝑖−1∑︁
𝑚=0

𝑃Δ(𝑚)𝑑Δ = 2

𝑖−1∑︁
𝑚=0

∫︁ ∞

0

𝑚+ 1

𝑁
𝑃Δ(𝑚+ 1)𝑑Δ =

2

𝑖∑︁
𝑚=1

𝑚

𝑁

∫︁ ∞

0
𝑃Δ(𝑚)𝑑Δ =

𝑖(𝑖+ 1)

𝑁2
.

Now

D𝜉𝑖(𝑥) ≈
𝑖(𝑖+ 1)

4𝑁2
.
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Figure 1. The dependence of the variance component on 𝑘 for 𝜎 = 0 estimated
using the formula 4.2

Using the formula
𝑘∑︀
𝑖=1

𝑖2 = 𝑘(𝑘+1)(𝑘+2)
6 we get

D

[︃
1

𝑘

𝑘∑︁
𝑖=1

𝜉𝑖(𝑥)

]︃
=

1

𝑘2

𝑘∑︁
𝑖=1

𝑖(𝑖+ 1)

4𝑁2
=

(𝑘 + 1)(𝑘 + 2)

12𝑁2𝑘
.

So, we obtained the desired expression.

In contrast to 2.1, the resulting decomposition has a monotonically in-
creasing (close to linear growth) term in the variance component. This term
provides the possibility of decreasing variance with increasing complexity.

4.2. Multi-dimensional case

Let 𝑋 = [0, 1]𝑛 and 𝑦 = 𝑥1 + 𝛿, where 𝑥 = (𝑥1, ..., 𝑥𝑛) ∈ 𝑋.

We consider the model 𝑓(𝑥) = 𝑥1 as a linear regression model without
loss of generality because any linear model may be converted to it via proper
transformation of features.

Suppose that 𝑥𝑗 are independent random variables, 𝑥𝑗 ∼ 𝑈(0, 1).

Proposition 2. For the inner points of 𝑋, there is:

E𝑆𝑁 ,𝑦|𝑥(𝑦 − 𝑓(𝑥))2 = D

[︃
1

𝑘

𝑘∑︁
𝑖=1

𝜉𝑖(𝑥)

]︃
+
𝜎2

𝑘
+ 𝜎2,

where

D

[︃
1

𝑘

𝑘∑︁
𝑖=1

𝜉𝑖(𝑥)

]︃
≈ (𝑁*)−

2
𝑛

2𝑛2𝑘2

𝑘−1∑︁
𝑚=0

𝑘 −𝑚

𝑚!
Γ

(︂
𝑚+

2

𝑛

)︂
(4.2)
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Figure 2. The dependence of the variance component on 𝑘 for 𝜎 = 0. Curve
“real” simulation result at 𝑁 = 300, curve “estimate” estimate using the

formula 4.1. For convenience, the values are multiplied by 4𝑁2

and

𝑁* = 𝑁𝑉0, 𝑉0 =
𝜋

𝑛
2

2𝑛Γ
(︀
1 + 𝑛

2

)︀ .
The decomposition is asymptotically exact as 𝑁 → ∞.

Here 𝑉0 is the 𝑛-dimensional volume of a Euclidean ball of diameter 1.
If 𝑋 is an arbitrary finite interval from 𝑅𝑛, then one need to take 𝑁* =

𝑁 𝑉0
𝑉 , where 𝑉 is the volume (measure) of 𝑋.
The proof for proposition 2 is is similar to the proof of proposition 1,

but is more cumbersome, so we will omit it.
For 𝑛 = 2 the formula 4.2 get simple

D

[︃
1

𝑘

𝑘∑︁
𝑖=1

𝜉𝑖(𝑥)

]︃
=

𝑘 + 1

4𝜋𝑁𝑘
.

We can see that the variance for kNN demonstrates different behavior
depending on dimensionality. By 𝑛 = 1 the variance increases as 𝑘 in-
creases. By 𝑛 = 2 the variance tends to a positive constant when 𝑘 → ∞.
By 𝑛 > 2 the variance tends to zero.

Some examples are shown on figure 1.

5. Experimental results

To evaluate the accuracy of the estimate by formula 4.1 for finite 𝑁 , we
performed statistical modeling on synthetic data (single dimension) using
the implementation of the kNN method from the scikit-learn library.

The synthetic data were drawn using the model from section 4.1: 𝑦 =
𝑓(𝑥) + 𝛿, 𝑓(𝑥) = 𝑥, 𝑥 ∼ 𝑈(0, 1).
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Figure 3. The dependence of the bias and variance on the depth of the tree (the
complexity parameter) in the problem of one-dimensional linear regression

In Fig. 2 the simulation result is given together with the theoretical
estimate 4.1.

As you can see, the qualitative behavior is consistent, but with the
growth of 𝑘, the discrepancy increases. The discrepancy is mainly ex-
plained by the fact that during modeling, the variance was averaged over
the entire segment 𝑋. At the same time, at the edges of the segment 𝑋,
the estimate 4.1 has a significant error due to the fact that the distributions
for 𝜉𝑖(𝑥) become asymmetric.

In Fig. 3 the result of modeling (on the same regression model) for
decision trees is given.

We see that the variance also demonstrates “atypical” behavior, namely,
it decreases (on the first half of the plot) with increasing complexity.

6. Discussion

Based on the results obtained, the following conclusions can be drawn:
the variance with increasing complexity can not only grow, but also de-
crease; depending on the assumptions about the randomness or non-ran-
domness of 𝑋, qualitatively different results can be obtained in the regres-
sion problem.

The discovered facts make the explanation of the learning process, as well
as the justification of the effectiveness of collective methods for constructing
decision functions, using this decomposition less convincing.

Such undesired properties of bias-variance decomposition encourage to
search alternatives. As such alternative might be considered another de-
composition of the error: into a measure of adequacy and a measure of
stability, that was proposed in [9] [10]. Since the cited references are
hardly accessible, one can read brief statement of the concept in [15]. The
idea of the approach is to decompose the error into the approximation

Известия Иркутского государственного университета.
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error and the statistical error. The components of this decomposition are
obviously monotonic. However, this decomposition also has disadvantages,
in particular, there is a difficulty in determining the adequacy measure for
methods containing regularization by sample size.

It is relevant to study the question to what extent and in what cases the
bias can be used as an assessment of the adequacy measure.

The topics for future work might be a generalisation of obtained results
to the case of non-uniform distributions, as well as the revealing the rela-
tionship between the bias-variance decomposition properties for kNN and
other methods.
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