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Abstract. The description of the types of geometries is one of the main problems in
the structural classification of algebraic systems. In addition to the well-known classical
geometries, a deep study of the main types of pregeometries and geometries was carried
out for classes of strongly minimal and w-stable structures. These studies include, first
of all, the works of B.I. Zilber and G. Cherlin, L. Harrington, A. Lachlan in the 1980s.
Early 1980s B.I. Zilber formulated the well-known conjecture that the pregeometries of
strongly minimal theories are exhausted by the cases of trivial, affine, and projective
pregeometries. This hypothesis was refuted by E. Hrushovski, who proposed an original
construction of a strongly minimal structure that is not locally modular and for which it
is impossible to interpret an infinite group. The study of types of pregeometries continues
to attract the attention of specialists in modern model theory, including the description
of the geometries of various natural objects, in particular, Vamos matroids.

In this paper we consider pregeometries for cubic theories with algebraic closure
operator. And we notice that for pregeometries (S,acl) in cubic theories, the substi-
tution property holds if and only if the models of the theory do not contain infinite
cubes, in particular, when there are no finite cubes of unlimited dimension. By virtue
of this remark, we introduce new concepts of c-dimension, c-pregeometry, c-triviality, c-
modularity, c-projectivity and c-locally finiteness. And besides, we prove the dichotomy
theorem for the types of c-pregeometries.
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Hayunasa crarnsa
Bunabr npeareomerpuii Kyomdeckux teopuii

C.B. MaJbimes'®

I Hosocubupcknit rOCYIapCTBEHHBIN TeXHIUYecKuil yunsepcuret, HoBocubupck, Poccnii-
ckast Pejiepariyst
= sergei2-mall@yandex.ru

Awnnorarusi. Onncanve BHUJIOB NeOMETPUI sIBJISIETCSI OJIHON M3 OCHOBHBIX 3aJia4 IIPHU
CTPYKTYPHOH KJIacCHPUKAIMHN aJIredpandecKnx cucteM. 1 [oMuMO M3BECTHBIX KJIacCHde-
CKHX TeOMeTpHUil TIyOOKOe MCCJIeIOBAHNE OCHOBHBIX BUJIOB IIPEJIr€OMETPUN U TeOMeTPHit
MIPOBOUJIOCH [JIs KJIACCOB CHJIbHO MHHUMAJIBHBIX U W-CTAOMIBHBIX CTPYKTYp. K sTum
HCCAEOBAHUSAM HEODXOIUMMO OTHECTH Ipexkie Bcero paborsl b. M. Sunnbepa u I'. Hep-
smna, JI. Xappunrrona, A. Jlaxsana 1980-x rr. B magasne 1980-x rr. B. 1. Suinbepom
OblLIa BBIJBUHYTA U3BECTHAS THIIOTE3a O TOM, 9TO IPEAreOMEeTPUU CHIbHO MUHUMAIBHBIX
TEOpUl HMCYEPIIBIBAIOTCS CJIy4YasMU TPUBUAJIBHBIX, ad@UHHBIX U IPOEKTUBHBIX IIPEJI-
reoMeTpuii. JTa rUMnoTe3a ObLIa OMPOBEPTHYTA . XPYMIOBCKUM, KOTOPBIA MPEII0KUIT
OPUTMHAJIBHYIO KOHCTPYKIMIO CHUJIBHO MHHUMAJBHON CTPYKTYpPBI, He SIBJISIOLIENCS JIO-
KaJIbHO MOJYJISIPHOHN M JJIsT KOTOPO# HEBO3MOXKHO MPOUHTEPIPETUPOBATH OECKOHEUHYIO
rpymmy. MccaenoBanue BUIOB MPeAreOMETPHI TPOIOJIKAET IPUBJIEKATH BHUMAHUE CIIe-
IUAJIMCTOB IO COBPEMEHHOU TE€OPUU MO/eJieil, BKIYad ONUCAaHUEe TeOMEeTPUN pa3IndHbIX
€CTECTBEHHBIX O0bEKTOB, B YACTHOCTH, MATPOUI0B Bamoca.

B macrosimeit pabore jaercs KiaacCuUKAIUs TPEIreOMeTpU )i KYOUIeCKUX TeOpHit
C aJrebpandecKuM OIepPaTOPOM 3aMbBIKAHUS. YCTaHABIUBAETCsI, UTO JJIsT TPEAreOMeTPHit
(S, acl) B KybudaecKnx TeopusiX BHIIOJHIETCS CBOMCTBO 3aMEHbI TOTA U TOJILKO TOTZa, KO-
T1a MOJIESTH TEOPUU HE COMEPKAT OHECKOHEUYHBIX KyOOB, B YaCTHOCTH, KOTJIa HET KOHEUHBIX
KyOOB HEOTDAHUYEHHOH pa3MepHOCTH. B cuity 3T0oro csoiicTBa Mbl BBOJIUM HOBBIE IIOHATHS
C-pa3MEepHOCTH, C-TIPEJATEOMETPHI, C-TPUBUAIBHOCTH, C-MOJIYJISPHOCTH, C-ITPOEKTUBHOCTH
U C-JIOKAJBbHO KOHe4HOCTU. Kpome TOro, JToKa3bIBaeM TEOPEMY O JUXOTOMUU JIJIsT TUIIOB
c-IpeAreOMeTpHUii.

KuaroueBrble cjoBa: mpeareoMerpusi, KyOudeckas TeOpHUsi, C-IIPEIre€OMeTPHUsI, C-TPUBU-
aJIbHOCTD, C-MOJLYJISIPHOCTD, C-IIPOEKTUBHOCTD, C-JIOKAJILHO KOHEYHOCTh
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1. Introduction

The structural classification of algebraic systems involves the description
of the types of their geometries. In addition to the well-known classical
geometries, an in-depth study of the main types of pregeometries and
geometries was carried out for classes of strongly minimal and w-stable
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structures.These studies should include, first of all, the works of B.I. Zil-
ber [14-17] and G. Cherlin, L. Harrington, A. Lachlan [4] of the 1980s.
The classification of w-categorical strictly minimal sets is a fundamental
result that was established by G. Cherlin and B.I. Zilber. Such objects
turned out to be either (infinite-dimensional) affine or projective spaces
over finite fields, or (infinite) indistinguishable sets. In the 1970s, B.I. Zilber
obtained a number of results and formulated hypotheses about uncountably
categorical theories, among which the key hypothesis was the possibility of
classifying such theories with accuracy up to b and interpretability. In
the early 1980s, B.I. Zilber put forward a well-known hypothesis that the
pregeometries of strongly minimal theories are exhausted by the cases of
trivial, affine and projective pregeometries.This hypothesis was refuted by
E. Hrushovski [7], who proposed an original construction of a strongly min-
imal structure that is not locally modular and for which it is impossible
to interpret an infinite group. The study of the types of pregeometries
continues to attract the attention of specialists in modern model theory,
including the description of the geometries of various objects [1-3], in par-
ticular, Vamos matroids [9]. Natural questions arise about the classification
of pregeometries and geometries for various significant classes of structures
and their theories.

In this paper, we find conditions for the types of pregeometries of cubic
theories with an algebraic closure operator. Definitions of pregeometry and
its types are taken from the work, and [10] cubic theory from [11;12]. Based
on them, we introduce new concepts of types of pregeometries, such as c-
modular c-pregeometry, and give a description of types of pregeometries for
cubic theories.

2. Kinds of pregeometries of cubic theories

From the works [4-6;8;10-12] and [13] we will take the definitions we
need.

Definition 1. A pregeometry is a set S together with a certain closure
operation cl : P(S) — P(S) satisfying the following conditions:

1) for anyone X C S in progress X C cl(X);

2) for anyone X C S in progress cl(cl(X)) = cl(X);

3) for anyone X C S and any a,b € S if a € cl(X U {b}) — cl(X) then
bec(XU{a});

4) for anyone X C S ifa € cl(X) then a € cl(Y) for some finite Y C X.

In the presence of pregeometry (S, cl), each subset X C S has a minimum
set X’ C X such that cl(X) = cl(X’). This minimal set X’ is called the
basis of the set X. In this case, the power |X’| does not depend on the
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choice of the basis in the X, and this power is called the dimension of the
set X in the pregeometry (5, cl), denoted by dim(X).

By definition, we have dim(X) = dim(cl(X)), i.e. the dimension is pre-
served during the transition to the closure of the set X in the pregeometry
(S, cly.

If dim(X) € w then set X called finite.

Definition 2. A pregeometry (S,cl) is called trivial or degenerate if for
any X C S, cl(X) = {cl({a}) | a € X}.

A pregeometry (S, cly is called modular if for any closed sets Xo,Yy C
S, Xo independently of Yo with respect to Xg N Yy, i.e. for any finite-
dimensional closed sets X C Xg, Y C Yy s true

dim(X) + dim(Y) —dim(X NY) = dim(X UY).

A pregeometry (S, cl) is called a local modular if, for any a € S, the
pregeometry (S, clyqy) is modular, where cly,y (X) = cl(X U {a}).

A pregeometry (S, cl) is called projective if it is modular and not trivial,
and locally projective if it is locally modular and not trivial.

A pregeometry (S, cl) is called locally finite if, for any finite subset A C
S, the set cl(A) is finite.

Definition 3. Let S be a model of the theory of T. Then the algebraic
closure operator for the model M is an operator acl : P(M) — P(M) such
that for any subset X C S, acl(X) = {a € S| S = I“z¢(x,b) A¢(a,b) for
some formula ¢(x,9) and b € X}.

Below pregeometries of the form (S, acl) will be considered.

Definition 4. Let’s call an n-dimensional cube, or n-cube, any graph
isomorphic to a graph with a carrier {0, 1}" in which two vertices (91, ..., dp,)
and (0%, ...,0,,) are adjacent if and only if they differ by exactly one coordi-
nate. In this case, the described graph Q, with carrier {0,1}" is called a
canonical representative of the class of n-cubes.

Definition 5. Let A be some infinite cardinal. Let’s call an A-dimensional
cube, or an \-cube, any graph isomorphic to a graph Q = (X; R) satisfying
the following conditions:

1) the carrier X C {0,1}* is generated from an arbitrary function
f € X by the operator (f), which attaches to the set {f} the result of
replacing any finite set of values of (f(i1),..., f(im)) by a set of values of
(1 _f(il)v"'vl - f(lm));

2) the relation R consists of edges connecting functions that differ by
exactly one coordinate.

Definition 6. A cubic system is a graph T = (X;R), in which each
component of connectivity is a cube. The theory T of a graph signature
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{R@)} s called cubic if T = Th(M) for some cubic system M. In this
case, the system M 1is called a cubic model of the theory T.

Definition 7. An invariant of the cubic theory T is a function
Invy : wU {0} — wU {0},

satisfying the following conditions:

1) each natural number n is assigned a number Invrp(n) is the connec-
tivity component of any model of the theory T, which are n-cubes if this
number is finite, and the symbol oo if this number is infinite;

2) the symbol oo corresponds to the wvalue 0 if there are no infinite-
dimensional cubes in the models of the theory T (or, equivalently, the
dimensions of the cubes are limited in aggregate), and the value 1 - oth-
erwise.

Definition 8. The diameter d(T') of the cubic theory T is called the maz-
imum distance between the elements of the models of the theory T, if these
distances are limited, and it is assumed that d(T) = oo otherwise. The
carrier (respectively, the oo-carrier) Supp(T) (Supp.(T)) of the theory
T is called the set {n € wU{oo} | Invp(n) # 0} ({n € wU {0} —
Invp(n) = oo}).

Remark 1. For systems (S, acl) in cubic theories T', the substitution
property holds if and only if the models S of the theory T do not contain
infinite cubes, in particular, when there are no finite cubes of unlimited
dimension.

Indeed, for finite cubes we have a degenerate pregeometry, for which
replacing an element of an algebraic closure with any other element from
this closure will mean either replacing an element from acl(()) with another
element from this set, or replacing one element of a finite cube C' with
another with the capture of all elements from C. And if we consider three
different elements a, b, ¢ of some infinite cube C’, for which d(a,c) > 1 and
b belong to some shortest (a,c)-route, then b € acl({c,a}) \ acl({c}), but
a ¢ acl({c, b}).

By virtue of the remark 1, for systems (S, acl), the dimension of cubes
should be considered as the dimension and we should talk about the c-
modularity of pregeometries, i.e. about the connection of the dimensions
of cubes, without relying on the substitution property. In this case, the
systems (S, cl) satisfying the conditions 1), 2), 4) of the definition of pre-
geometry will be called c-pregeometry.

Definition 9. For cubic theory T, the value pg + > vancr is considered
C/
as the c-dimension dim.(A), where A C M = T, where ua is the number
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of finite cubes C C M with the condition C N A # 0, and vancr 1s the
dimension of the smallest bribes of K infinite cubes C' C M with the
condition (ANC") C K.

Definition 10. A c-pregeometry (S, cl) is called c-modular if for any acl-
closed sets Xo,Yy C S, Xo independently from Yy with respect to XogNYy,
i.e. for any finite-dimensional acl-closed sets X C Xg, Y C Yy are true:

1) if there exists an infinite-dimensional cube C for which XNY NC =0,
XNC#0D,YNC#0D, then the equality holds:

dim.(X NC) + dim.(Y N C)+

+p(XNC,Y NC) = dim((XUY)NC), (2.1)

where p(X NC,Y NC) is shortest distance between vertices v € X NC and
yeYNnd;
2) in other cases, for the connectivity components C, the equality is

fulfilled:
dim.(XNC)+dim.(YNC) —dim (X NY NC) = dim ((XUY)NC). (2.2)

Remark 2. According to the definitions of c-dimension and c-modulari-
ties when summing the relations (2.1) and (2.2) over all connected com-
ponents of C', some generalized analogue of the modularity formula in the
pregeometry for c-pregeometry is obtained:

D dim(XNC)+ > dim (Y NC) =Y dim (X NY NC)+
C C C

+> p(XNCYNC)=> dim((XUY)NC). (2.3)
C C

With the exception of the first case in the definition c-modularity equal-
ity is satisfied:
dim.(X) + dim.(Y) — dim (X NY) = dim (X UY). (2.4)

Note that according to the definition of c-dimension, the formula (2.3)
can be rewritten as follows:

BUxX + 1y — UXnY = BXUY,

Z VXmC+Z VYmC—Z VXmYmC+Z p(XNC,YNCO) = Z Y(XNC)u(YNC)-
C C C C C

Indeed, let be an infinite-dimensional cube C: XNYNC =0, XNC # 0,
Y NC # (). In this case vxny = 0, V(xnc)u(yne) equal to the dimension of
two cubes X NC, YNC and the dimensions of the cube between them, that
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in turn coincides with the shortest distance between vertices x € X N C
and y € YNC equals p(X,Y). If the sets X and Y intersect in an infinite-
dimensional cube C, so X NY NC # (), then p(X,Y) = 0 and the following
equality is fulfilled:

vXnC T Vync — VXnynC = Y(XnC)u(YNC)-

Definition 11. A c-pregeometry (S,cl) is called c-projective if it is c-
modular and nontrivial.

Theorem 1. Let T be a cubic theory. Then for any model M = (S, R) of
the theory T' one of the following two conditions holds:

1) all the connectivity components of the model M are finite and have
limited cardinality, and the pregeometry (S, acl) is degenerate;

2) The model M has an infinite connectivity component, which is a
A-cube for some cardinal A, and the c-pregeometry (S,acl) is c-modular.

Proof. 1. 'We prove that the c-pregeometry satisfying the conditions of
point 1 is degenerate.
When taking an algebraic closure, we will consider formulas

IYxdp(x, 13),

where ¢,, are formulas that do not depend on b and take the value of truth
if vertex x is incident to n edges and there are finitely many such vertices,
n € N, or tuple b consists of one element if there are infinitely many vertices
of degree n. In the first case, the solutions of formulas ¢, (z,b) will be the
set acl(P), and in the second case, the set of cubes containing elements b
and constituting the closure acl(X) of the set X C S, the elements of which
lie in finite-dimensional cubes.

Let there be an infinite number of cubes of the same finite dimen-
sion. The set of all their vertices is denoted S’. Thanks to the formulas
I<Yz g, (x,b), the closure of any subset of S will contain S” = S\S’, that
is, for any X C S, §” C acl(X) is true, in particular, S” C acl(0).

Note that for any set of vertices X from the cube C' C 5’ acl(X) = S"uUC
is true. If the set X contains elements from several cubes C1, ..., C,, such
that Cy,...,Cp, C 5, then acl(X) =S"UCLU...UC,, is true.

It turns out that for any set X, some elements of which are contained
in S, that is, X NS’ # 0, U{acl{a})|a e X} =S"UCLU...UCLU...U
CpnU...UC, =5"UC1U...UCy,, = acl(X) is true.

If the number of cubes, of any finite dimension, is finite, that is, S’ = 0,
then the closure of any subset of the model, X C S, carrier will coincide
with the entire S carrier. So the following equality acl(X) =S = SuUS...U
S ={acl({a})| a € X} is true.

WsBectus MpkyTcKoro rocy1apCTBEHHOTO YHUBEPCUTETA.
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It turns out for anyone X C S, acl(X) = (J{acl({a}) | @ € X}. So by
the definition the pregeometry is degenerate.

Suppose that the model M contains an infinite connectivity component.
We prove that in this case the pregeometry is non-degenerate. The closure
of any set of two or more vertices of this connectivity component is the
smallest in terms of the number of incident edges by vertices containing
all the vertices from this set. And the closure of any singleton set {a},
for any a € S, translates it into itself. Therefore, by the definition, the
pregeometry is non-degenerate.

2. Due to the fact that any non-empty intersection of cubes in the model
of cubic theory is again a cube, we note that, with the exception of the first
case, in the definition of c-modularity, under the conditions of the second
point of the theorem, the equality holds (2.4), specifying is a c-modularity.

By virtue of remark 2, the equalities are fulfilled:

BX + 1Yy — UXnY = BXUY,

vxne +vync — vxnyne + p(X NC Y NC) = vixnoyuyno)-

Thus, the c-pregeometry is c-modular. O

Corollary 1. Let T be a cubic theory, and the M = (S, R) model of T
theory has an infinite connectivity component, which is a A-cube for some
cardinal \. Then the c-pregeometry of (S,acl) is c-projective.

Definition 12. A c-pregeometry (S, cl) is called c-locally finite if for any
finite subset A C S, the set cl(A) is finite.

Theorem 2. Let T be a cubic theory. Then for any model M = (S, R) of
the T theory, the c-pregeometry (S, cl) is not locally finite if and only if there
is an infinite number of natural numbers n for which 0 < Invp(n) < co.

Proof. First, consider the proof from right to left. Let there be an infinite
number of natural numbers n for which 0 < Invr(n) < co.

Then we can take the algebraic formula ¢, (z,b), independent of b, and
taking the value of truth when z is an element of an n-cube. For numbers
n such that 0 < Invp(n) < oo, algebraic formulas ¢, (x,b) will have a
finite number of solutions, which means that all vertices of such n-cubes
will be contained in the closure of any set. Since the number of such
n is infinite, then the closure of any set will be infinite. In particular,
lacl(@)| > w. Thus, if there are an infinite number of natural numbers n for
which 0 < Invr(n) < oo, then the c-pregeometry of (S, cl) is not c-locally
finite.

Let’s give the proof from left to right. Let c-pregeometry (S,acl) not
be c-locally finite, but there is no infinite number of natural numbers n for
which 0 < Invr(n) < co. Then we consider:
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1) a finite number of natural numbers n for which 0 < Invp(n) < oo;

2) a n-cubes for which Invy(n) = oo;

3) a A-cube for some cardinal \.

In the first case, the closure of a finite set will be finite. Secondly, any
formula will give an infinite number of solutions, which means they will
not be contained in the closure of any set. Hence, the presence or absence
of such cubes does not affect the c-locally finiteness. In the third case,
the closure of any finite set A will be the vertices of the smallest cube
containing all the elements from A and lying in the A-cube. It turns out
that the closure will be of course. This means that the c-pregeometry (S, cl)
is not c-locally finite only in one case - there is an infinite number of natural
numbers n for which 0 < I'nvp(n) < oco. O

Corollary 2. Let T be a cubic theory. Then one of the following conditions
is fulfilled for some model M = (S, R) of theory T':

1) a c-pregeometry (S, acl) is c-locally finite;

2) the algebraic closure of any set A C M is infinite.

3. Conclusion

The dependences of the types of c-pregeometries on the connectivity
components of the cubic theory model and the algebraic closure operator
are shown. In addition, a condition for fulfilling the substitution property
from the definition of a pregeometry with an algebraic closure operator in
cubic theories is given.
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