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1. Introduction

Problems for differential equations with unknown coefficients and over-
determination conditions, which are called inverse or inverse coefficient
problems, play an important role in many applied research, when the na-
ture of the process is known (the form of the equation of its dynamics
is given), some of its parameters are not available for the direct mea-
surement (unknown coefficients), but can be determined using additional
measurements of the available parameters (setting overdetermination condi-
tions) [21]. Among the studies of inverse problems for first order differential
equations in Banach spaces in addition to the works of A. I. Prilepko, we
note the works of I. V. Tikhonov, Yu. S. Eidelman [5], M. V. Falaleev [7],
M. Al-Horani, A. Favini [11], S. G. Pyatkov [4]. In recent years, works
on the study of inverse problems for equations with fractional derivatives
[1;8;9;12-14;20] have appeared.

Multi-term fractional equations are of great interest to researchers [16;
18;19]. For the multi-term equations with Riemann — Liouville derivati-
ves unusual properties were revealed even in the scalar case [2;15;17]. In
particular, the initial value problem of Cauchy type for such equations is
solvable only if the initial conditions are given only for fractional derivatives
of sufficiently large order [3;10].

In this paper, for multi-term equations in Banach spaces with Riemann —
Liouville derivatives and with bounded operators at them, we consider well-
posedness issues for linear inverse problems with an unknown coefficient
which is independent of time. In this case, the integral overdetermination
condition with the Riemann — Stieltjes integral is used, which includes, as a
partial case, the overdetermination condition at a fixed point of time. Both
the equations resolved with respect to the highest derivative and equations
with a degenerate operator at the highest derivative are considered. In the
first case, conditions of the Cauchy type are specified, in the second, the
initial conditions have a complex form and depend on the orders of the
derivatives from the equation.

In the second section, a criterion for the well-posedness of the inverse
problem for the equation in a Banach space, solved with respect to the
highest Riemann — Liouville derivative, with bounded operators at the
derivatives is obtained. In the third section, the inverse coefficient problem
for the equation with a degenerate operator L at the highest derivative is
reduced to a system of two inverse problems on subspaces for equations
solved with respect to the highest derivative, under the condition that the
operator at the second-highest derivative is (L,0)-bounded. Two essen-
tially different cases are considered: when the fractional part of the order
of the second derivative coincides with the fractional part of the order
of the highest derivative and when it differs (see [10]). For each case, a
criterion for the correctness of the inverse problem is obtained. The fourth
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section contains applications of obtained abstract results to the study of
the inverse problem for an equation with polynomials with respect to a self-
adjoin elliptic differential operator in spatial variables and with Riemann —
Liouville time derivatives in both the nondegenerate and degenerate cases.

2. Nondegenerate inverse problem

Let Z be a Banach space, by £(Z) denote the Banach space of linear
bounded operators in Z, Ry :=={a €R:a >0}, h: Ry — Z. For § >0
denote the Riemann — Liouville integral

t
8 1 _ g
J; h(t =T @ / (t —s)”""h(s)ds.
0
By J? we denote the identity operator. Let a > 0, m := [a] be the
smallest integer, which is greater or equal to o, D;" is the usual derivative
of the order m € N, Dy* is the fractional Riemann — Liouville derivative,
e. Dh(t) := D" J""h(t). At 8 < 0 we will use the notation D} h(t) :=
J; P n(t).
Consider the nondegenerate equation, i.e. the equation, resolved with
respect to the highest derivative

m—1

ApDY T a(t) + 3T BIDRMa(t) + D Cud i 2(t) + olt)u,
=1 =

(2.1)

with ¢ € (0,T], where 0 < o < ag < -+ < ap, < , my := [y, m:= [a],

—myFa—m,l=12,....n p1 > P2 > > >0, operators A;,

i=12....m—-—1 B, 1l =12,...,n, Cs, s =1,2,...,r, are linear and

bounded in the Banach space Z, and ¢ € C((0,T];R)NL1(0,T;R), u € Z.

Let @ := max{ay : | € {1,2,...,n}, oy — my < o —m}, m = [a],

@ :=max{a;:l € {1,2,...,n}, oy —my > a —m}, m = [a]. We denote

by m* := max{m — 1,m} the defect of the Cauchy type problem for the

equation (2.1) [10]. Then the initial conditions of the Cauchy type have
the form

j=1

DR (0) = 2, k=m*m*+1,...,m— 1. (2.2)
The overdetermination condition for the inverse problem take in the form
T
[ =it = . (23)
0

where p has a bounded variation on the segment [0,7]. The integral is
understood as a vector integral of Riemann — Stieltjes.
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By a solution of problem (2.1), (2.2), where the element u € Z is known,
we will call a function z : (0,7] — Z, such that J" %z € C™((0,T]; 2) N
CmH(0,T); 2), %z € O™ ((0,T); 2), 1=1,...,n, J*2€C((0,T]; 2),
s=1,2,...,r,and (2.2), (2.1) for ¢ € (0,7 hold.

Theorem 1. [10]. Let oy < ap < -+ < oy < o, m = [a], my = [ay],
a—myFa—-—m,l=12,...,n, 1 >P2>-->p >0, A; € L(2),
j=12,....m—1, B € L(Z),l=1,2,...,n,Cs € L(Z),s=1,2,...,r,
zp€Z, k=m*m*+1,....m—1, o € C((0,T);R) N L1 (0, T;R), u € Z.
Then there exists a unique solution to (2.1), (2.2), and it has the form

m—1 ¢
- Y 20 zp+/Zm1t—s o(s)uds, (2.4)
p=m* 0
where at p=m*,m*+1,..., m—1
1 m—1
o - —1- i—1-p 4 | M
Zp(t) = o [ ATORx - | AT - 'Z NP A | M),
T Jj=p+1

~1
m—1 n r

Ryi=|T=Y N7mA; =Y XB =Y A Fec |
Jj=1 =1 s=1

F=T,Ul_uUly, I'o={Ae€ C: |\ =rgarg) € (—m,m)}, Iy ={X €
Crargh=m A€ [-rg,—0)}, - ={AeC:arg\ = —7,\ € (—o0, —10]},
ro > 0 is a large enough number.

Now consider the inverse problem (2.1)—(2.3), assuming the element u
to be unknown. By a solution of this problem we will understand a pair
(z,u), where z : (0,T] — Z is a solution of problem (2.1), (2.2) with the
corresponding u € Z, which satisfies condition (2.3). For brevity, we will
also often call this element u € Z the solution of problem (2.1)-(2.3).

We call problem (2.1)—(2.3) well-posed if for any z, € Z, k = m*, m* +

1,...,m—1, zpr € Z it has a unique solution u € Z, satisfying the estimate

Jullz < Cllzm=llz + [|zm=+1llz + -+ + |lzm-1llz + l|lzr[[2), where C' > 0

does not depend on zi, k =m*,m*+1,...,m —1, and z7.

For given z; € Z, k=m*,m*+1,...,m — 1, zr € Z we denote
1 T t
= / Z Zp(t)zpdpu(t) :/d,u /Zm 1(t — s)p(s)ds.

p=m* 0 0

Theorem 2. Let oy < a2 < -+ < oy < a, m = [a], = o],

m; =
-—myFa—m,l=12...n 51 >pP> >0 >0 A € L(Z),
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j=12...om—1, B eLl(Z),l=12...n Cecl(Z),s=12...r
v € C((0, T;R) N L1(0,T;R), p : [0,T] — R have a bounded variation,
for m* = 0 there exist ¢ € (0,T] such that p € C*([0,¢];R). Then problem
(2.1)~(2.3) is well-posed if and only if there exists the operator x~! € L(Z).
In this case the solution has the form u = x .

Proof. By Theorem 1, a solution of Cauchy type problem (2.1), (2.2) exists
for all z € Z, k = m*m*+1,...,m —1, u € Z and has form (2.4).
Substituting solution (2.4) in condition (2.3), we obtain the equality

T m—1 t
/ ant) | 3 2,0y + / Do a(t — 5)f(s)uds | = 1.
0 p=m~ 0

It implies the equation xu = 1. Therefore, problem (2.1)—(2.3) is equivalent
to the last equation. Its unique solvability for any ¢ € Z means exactly
the existence of an inverse operator x~! € £(Z). Then

m—1 1
Jullz < I Hleczy {lerllz + Y | [ Zoozdnte)
p=m* 0 =z

In the work [10] the inequalities

Kerot
1Zo)llcz) < prom 1Zp(t)|lcz) < Ke™', p=1,2,....m—1, (2.5)

were proved. Hence, for p=1,2,...,m —1

T
/ ZoO)mdu(®)]| < KTl 2VE (),
0 L(Z)

where Vil (i) is the variation of the function u on the segment [0,7]. If
m* =0, then

T e T
[ zdne)) <[ zo<t>zo//<t>d / Dadu(t)|| <
0 L(Z) 0 L(Z)
y rot
K™ aolzlellor o [ pacs + ma fn ol 2 ()
0
Thus, the inverse problem is well-posed, if and only if x~! € £L(Z). O
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3. Degenerate inverse problems

Let X, Y be Banach spaces, L, My, Mo, ..., My 1, N1, Na, ..., Ny, S1,
S9,..., Sy € L(X;)Y) (linear continuous operators from X into )), ker L #
{0}. All operators N1, No, ..., Ny, S1, Sa,..., S, are not zero, while some
of (or all) M; are zero operators. If M; =0 forall j =1,2,...,m —1, then
put jo = 0; otherwise there exists jo € {1,2,...,m — 1} such that M;, # 0,
Mj =0,forall j=j0+1,50+2,...,m—1.

Consider the evolution equation

D¢ La(t Z MD} " (t) + 3" NiDfa(t) + > SeJ{ x(t) + p(t)u,

j=1
(3.1)
which we call degenerate provided that ker L # {0}. Here 0 < a1 < ag <
< ap <a,m:=[al,m = lal,qq—my Fa—m, 1l =1,2,....n
a:=max{a;: 1 €{1,2,...,n}, y—my < a—m}, m:= [a], @ = max{q :
le{l,2,....n},q —my > a—m}, m:= [@], m" := max{m — 1,m},

f1>P2>-->0.2>0,0€C(0,T;Y)NL1(0,T;Y), u € Z. Consider
the two possible cases: o, < a —m + jg and a,, > a — m + jo.

3.1. THE FIRST CASE

If o, < o —m + jo, suppose that the operator M, is (L, o)-bounded:
Ja>0 VpeC (ul>a)= ((uL — M) e L(V;X)).

In this case we define the operators R (Mj,) = (uL — M;,)"'L and
Lﬁ(M ) := L(uL — M;,)™1, the prOJeCtIOHS

1

Iy
Y

where v := { € C: |u| = r > a} (see [22, p. 89, 90]). Put A° := ker P,
X1 = 1imP, YV = ker@Q, V' := imQ. Denote Py :=1— P, Qp :=1—Q
for brevity, by L,, M;,, N4 and Ss, denote the restrictions of L, Mj,
j=12,...,50, N;, Il =1,2,...,nand S5, s = 1,2,...,r, on X9, q =
0,1. It is known (see [22, p. 90, 91]) that LP = QL, M;,P = QM;,
Mj, 4 € E(Xq; yQ) and L, € ﬁ(?(q; yQ), q = 0, 1. Moreover, in the situation
under consideration we have the operators M ]5710 € ,c(yo; X 0) and Ll_1
c Y.

We also suppose that Ly = 0; in this case the (L, o)-bounded operator
M, is called (L, 0)-bounded [22]. Moreover, under the additional conditions

P=r / REOM)du € £X), Q= - [ LE(O4,) du € (),

QMj:MjP, j:1,2,...,j0—1, QNl:NlP, l:1,2,...,n,

0S. = S.P, s=1,2,....r (3.2)
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equation (3.1) with the initial conditions

DY R (0) = zp, k=m*m*+1,...,50 — 1,

DO (P)(0) = apy k = oo jo 4+ Lyee o — 1, (3.3)
and with the overdetermination condition
T
[ antt) = 1 (3.4)
0

can be reduced to the following problems for two equations on the mutually
complemented subspaces X' and X°:

Jjo . n
Dgu(t) = S0 LyMGDY ™™ u(t) + 3 LNy DM w(t)+
= =1 (3.5)
+ 3 LS T o(t) + () Lyttt e (0,17,
s=1

D?im+kv(0) = Vg, k:m*,m*—{—l,...,m—l, (36)
T
/ o(B)du(t) = vr (3.7)
0
and
D" () = z MDY () = 32 M LN (t) -

Z 3005 Ty w(t) — p(t) M gu’, e (0,T],

3.8
D Ry(0) = wi, k=m*,m*+1,...,j0— 1, E3.9;
T
/w(t)du(t) = wr, (3.10)
0
where v(t) := Px(t), v := Pxy, k=m*,...,m — 1, vr := Pxr, u' = Qu,
w(t) := Pox(t), wy := Poxy, k =m*, ..., 50— 1, wr := Pyzy and u® = Qou.

Note that equations (3.5) and (3.8) are resolved with respect to the
highest fractional derivative. Consequently, by theorem 2 problem (3.5)—
(3.7) (problem (3.8)-(3.10)) 15 well-posed if and only if there exists the
operator ;' € L(XL V) (xp' € £(X0 yo)) wherein each of these prob-
lems has a unique solution u1 =X] Ly (u® = = Xo Lbo). Here

t T
= /du /Z 1 (t =)L p(s)ds, by i= v — / Z (t)vpdp(t),
0 0 0 "

3

I
3

p
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Jo )
Zl() 2m f)\ O‘Rl (Am l=pr, — > A]_l_pMjJ) e>‘td)\,
j=p+1

—1
Rl = <L1 - z N~ AN — A—ﬁs—aSSJ) :

7j=1 =1 s=1

T t T -1
= /du(t)/ZBl1(t—s)Mj;’10g0(s)ds, o = wT—/ Z Zg(t)wpd,u(t),
0 0 i

o p=m

Z20(t) = 5= f)\ @RY. (Am =P Mo 0 + Z N —1=P )e’\td/\,
j=p+1

~1
Jo—1
R = (Mj00+ Z N7 Mo + Z)\al “Nio + Zl)\ Bs— aSso> :
S
Obvious transformations are used here and contours I'y and I'g are con-
structed as I', taking into account the norms of the operators in the prob-
lem.

Now we introduce strict definitions and formulations.

A solution to problem (3.1), (3.3) is a function z : (0,7] — X such
that J*~*Lx € C™((0,T]; V) N C™ ([0, T]; V), J" “x € CI0((0,T); X) N
Cio=1([0,T); X), J™M ™%z € C™((0,T); X), JPz € C((0,T); X), equality
(3.1) for all ¢t € (0,7] and conditions (3.3) are satisfied.

A solution to problem (3.1), (3.3), (3.4) is a pair (z,u) such that z is a
solution of problem (3.1), (3.3) with the corresponding u € ) and satisfies
condition (3.4).

We call problem (3.1), (3.3), (3.4) well-posed if for any =, € X, k =
0,1,....50— 1, 2z € X', k = jo,jo+1,...,m — 1 and 27 € X it has a
unique solution satisfying the estimate ||ully < C(||zm=||x + ||Tm=+1]lx +

< +||zm-1l|x+||zT| x), Wwhere C does not depend on xy, k = m*,...,m—1
and z7p.

Theorem 1. Let 0 < a1 < az < -+ < oy < o, m:= [a], my = [oy],
a—myFa—m,l=12....n, 0 >p> > >0 LM ecL(2),
j=12,....m—1, Nye L(Z),l=1,2,....n, Ss € L(Z),s=1,2,...,r,
conditions (3.2) hold, oy, < o —m + jo, operator M;, be (L,0)- ounded,
v € C((0,T;R) N L1(0,T5R), function p : [0,T] — R have a bounded
variation, for m* = 0 there exist ¢ € (0,T] such that p € C*([0,e];R).
Then pmblem (3.1), (3.3), (3. 4) is well-posed if and only if there exist the
operators X' € L'(Xl yl) Le £(X% 9. In this case the solution has

the form u = x| Ly + Xo 1/10
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3.2. THE SECOND CASE

Let o, > a—m + jo, and let the operator N,, be (L,0)-bounded. Then

1
P.=—
211

/Rﬁ(Nn)du € LX), Q:= % /Lﬁ(Nn)du e L(Y)
v v

and under the additional conditions

QMJ:MJP7 j:1727"'aj07 QNl:NlP7 l:1>2>"'7n_1?

S, = S.P, s—=1,2,....1, (3.11)

by analogy with the first case consider two equations on the subspaces X!
and X0: equation

Jo . n
Dgo(t) = 5 LTM;DY ™" o (t) + 3 LT N Do (t)+
=1 =1 (3.12)
+ 3 LTSI u(t) + ()Ll
s=1

endowed with conditions

DEMFRy(0) = v, k=m*,m*+1,...,m— 1, (3.13)
T
/ o(t)du(t) = vr, (3.14)
0

and equation

Jo . n—1
Dyw(t) = = 3. N, oM; D" P w(t) - )y N, o NiD{w(t)—

. 0= (3.15)
- 1N,;553Jf3w(t) — @(t)N, ju®, te(0,T],
s=
for which determine the parameters
my = [ag],mo = [@o], mg := max{mg —1,mo},
where
ag=max{a —m+jo,ap:1=1,2,...,n—1,
ap—mp < Qp — My, —m < Qy — My},
ap=max{a—m+jo,q:1=1,2,...,n—1,
Qp — My > Qp — My, 0 — M >y — My}
Now we can formulate the initial conditions for equation (3.15):
DY R (0) = wyy k= mG,mb+1,...,my, — 1, (3.16)

Wssectus VIpKyTCKOro rocy1apCTBEHHOIO YHUBEPCUTETA.
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and the overdetermination condition
T
/ w(t)du(t) = wr. (3.17)
0

As before, v(t) = Px(t), u' = Qu, w(t) = Pyz(t), u’® = Qou.

In this case the conditions of the inverse problem for equation (3.1) can
be given in the form

Dta—m—i-k(Px)(O) = U, k:m*7m*+1,...,m—17 (318)
D= (Rom) (0) = wg, k= mgym+ 1, ome =1, (3.19)
T
/ac(t)d,u(t) =x7 =vr + Wwr. (3.20)
0

Problem (3.1), (3.18)—(3.20) is called well-posed, if problems (3.12)-
(3.14) and (3.15)—(3.17) are well-posed.
By Theorem 2, as in the first case, we obtain the following result.

Theorem 3. Let 0 < a1 < a9 < -+ < apy, < a, m = [a], my == [oy],

—myFa—m,l=1,2....n, B >pF> > >0, LM e L(2),
j=12,....m—1, Nye L(Z),l=1,2,....,n, Ss € L(Z),s=1,2,...,r,
an > o —m + jo, conditions (3.11) hold, operator N, be (L,0)-bounded,
v € C((0,T;R) N L1(0,T5R), function pu : [0,T] — R have a bounded
variation, for m*m{ = 0 there exist ¢ € (0,T)] such that p € C1([0,¢];R).
Then problem (3.1), (3.18) (3 20) is well-posed if and only if there exist

operators x1* € L(X; yl) Le £(X0; 9. In this case the solution has
the form u = x7 "1 + xg ¢0
Here
T t T,
/ /Z 1 (t = s)L7 o(s)ds, by = vp — / Z; Jupdpu(t),
0 o p=m*
1

Jo
1 _ —apl m—1— j—1— At
Zp(t) = 727” //\ R)\ A Pl — E N pMjJ edA,

T Jj=p+1

. —1
Jo . n T

R}\ = <L1 — Z )\1—771]\4],71 _ Z )\al—aNM _ Z )\—Bs—aS&l) 7
j=1 =1 s=1

e o

t Tmn 1
/ 20 (t— )N d(s)ds, o = wr - / _ Z0)wndult)
0 0
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1 mp—1
o / ATRY [ AT PN o+ Y D ATIPT ) eMan,
mro Pl

. -1
Jo . n—1 r
RY = (Nmo + YNTTM 4 3 AN + Y A‘ﬁs‘a&) :

j=1 =1 s=1

Zy(t) =

T, = N; for o — my = ap, — my, T3 = 0 for oy — my # ay — my,.

Remark 1. In the considered cases, when the operator at the second high-
est derivative is (L,0)-bounded, the conditions D™ (Pz)(0) = z are
equivalent to D™ (Lx)(0) = yp, with yp = Ly, k = m*, m*+1,...,m—
1, since ker L = ker P and there exists L1_1 e LYY ).

4. Applications

Let Pi(A) = 2 a7, PI(N) = X 0pA, PY(N) = 3 b\, Pi(N) =
p=0 p=0 p=0

v
Zod;v, ap, b, ¢ s eCp=01,....veNj=12....m-11=
=

1,2,...,n,s=1,2,...,7r, a, # 0, where Q C R% is a bounded domain with
a smooth boundary 92,
(AR)(E) = 3 ay(€) geripets s aq € C(@),

91 5¢92 dd »
42 oelToe? ..0€

la|
(B)(E) = 2 bu(€)gertzeg g b € OF O L=12,.p
P

q=(q1,q2,---,q4) € N, |g| = @1 + --- + g4, and the operator pencil A,
Bi, Ba, ..., B, is regularly elliptic [6]. Let the operator A; € Cl(L2(2))
have the domain D4, = H{le}(Q) = {h € H?(Q) : Bh() = 0,1 =
1,2,...,p, & € 00}, A1h := Ah. Suppose that A; is a self-adjoint operator;
then its spectrum o (A;) is real and discrete [6]. Moreover, assume that the
spectrum o (A;) is bounded from the right and does not contain zero, {¢y :
k € N} is an orthonormal system of eigenfunctions of A; in L9(€2) which is
enumerated in nonincreasing order of the corresponding eigenvalues {\j :
k € N}, taking into account their multiplicities.

let0 <o <am<--<ap,<am-—-1<a<meN m-1<qg<
meEN,oqg—my#a—m,l=1,2,...,n, 81 > o >--- > (. > 0. Consider
the equation in © x (0, 7]
-1
Dy Py(A)o(é.t) = 32 PJA)D] ™ u(€, 1)+

it (4.1)

Pp(A)J0(&s 1) + o(t)w (),

3

n

+ 32 P{(A) D (g, 1) +

=1

M%

1
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with the boundary conditions at (£,t) € 99 x (0,7
BAR (e, t) =0, k=0,1,...,v—1, 1=1,2,...,p, (4.2)

and the overdetermination condition
T

/uamwwzwﬂo,feﬂ. (4.3)

0

The form of initial conditions depends on situation. Put

X ={he H¥(Q): BANE) =0,k=0,1,...,v—1,
1=1,2,...,p, £ €00}, YV =Ls(0),

L=P(A) € L(X;)), M —PJ(A)eﬁ(X;y),j:1,2,...,m—1,Nl:
PLA) € L(X;)), 1 = 1,2,.. n, Ss = P{(A) € L(X;)Y),s=1,2,...,r.
If Pi(\;) # 0 for all £k € N, then there exists the inverse operator
L1e L(Y; X). Define the defect m™* for the collection of numbers a7, as,
., ap, a and consider the Cauchy type conditions

Dy Hu(,0) = orl(), k=m"m" + 1. om—1, £€Q  (44)

Then problem ( .1)—(4.4) can be presented in the form of (2.1)—(2.3), where

Z=X A =L"1M;eL(2),j=12,...,m—1, B = LN € L(Z),
l:12.. n, Oy = L7'S, € L(Z ),3:1,2,...,7’, zp = vp(+), k =
m*m*+1,....,m— 17 zr = vr(+), u = L7 w(-). By Theorem 2 problem

(4.1)—(4.4) is well-posed if and only if for all £ € N
T t
///RA7ke>‘(ts)d)\go(s)dsdu(t) > c, (4.5)
00T

m—1
Ry = [ A*Pi) — D AP (\)—
7j=1

n T -1
=D XMPY(AR) = > APy )\k> :
=1 s=1

It follows from the equation

T ¢
1 & .
X:MZ<790k>SDk///R>\,k6)‘(t )dASO(S)de,lL(t)7
k=1 00T

where (-, -) is the inner product in Lo (€2).
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EXAMPLE 1. Take o = 5/2, m = 3, n =
Pi(\) = A2, PI(\) = bid + b2, P2()) =
dy+di),d=1,Q=(0,7), p=1, Ah = %
at to € (0,7 function. Then m =0, m = 1,
and (4.1)—(4.4) has the form

DIPE3(6.0) = (b1 o + bal) DY u(st) + (o + ea i) Do)+
+ (do+ s ) I (e, )+ (). (60 €0m x0T
v(0,8) = v(m,t) = 24(0,t) = L¥(m,t) = 0, te (0,7,

D1/2 (§70) - Ul(f): D3/2 (f, ) = 1)2(.5), f I~ (()771->7
v(& to) =vr(§), €€ (0,m).

The necessary and sufficient condition (4.5) of its well-posedness has the
form

Lr=1,a =2/3, f1 =1/2,
0, 31()—004-62)\2,P41()\):
h B =1, 1 is the single jump

*=1, A\, = —k? for k €N,

/ (k:4>\3/2 + (bik? — bokMATY2  (co 4 ok
I
—(do — dyE)A32) T (T —1)dA| > ¢ Wk €N,

Consider the degenerate case. Suppose that P;(\;) = 0 for some k € N,
while P £ 0, P =0, j = jo+ 1,50 +2,...,m — 1, for some jy €
{0,1,...,m—1}, and o, > a—m+jo. Then provided that the polynomials
Py and P3' do not have common roots on the set {A;}, the operator N,
(L, 0)-bounded (see [22]), while the projections have the form

P= > oo, Q= D (orer

P1(Ag)#0 P1(Ag)#0

By Remark 1, we take the initial conditions in the form
DR P (A)u(€,0) = yr(€), k=m*m*+1,...,m—1, £€Q, (4.6)

(D= Ry (-, 0), 95) = erjy PrN) =0, k = mg,mi+1,...,my—1. (4.7)
Here conditions (4.7) are given for j € N such that Pi(\;) = 0; this set
is finite, since Py is a polynomial. The finite set of n numbers c; defines
the projection Df‘"_m"+ku(-, 0) to the subspace XY := ker P, k = m{, m +
1,...,my — 1. The defects m*, m{ are determined as above. Now, (4.1)—
(4.3), (4.6), (4.7) is representable in the form (3.1), (3.18)—(3.20) with the
spaces X and ) and the operators L, M;, N;,Ss, j = 1,2,...,m —1, 1 =
1,2,...,n, s=1,2,...,r, which are chosen above.

Theorem 3 implies that problem (4.1)—(4.3), (4.6), (4.7) is well-posed if
and only if for all £ € N such that P;(\;) # 0,

/T/t/RMe =) drp(s)dsdu(t)| > c, (4.8)
0 0

ry
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and for all k£ € N such that P;(\;) =0,

/ / [ BN an(s)dsdu(t) £ 0 (49)

0 I'g
. -1
R} = Z)\O‘ﬂ ™ PJ(Ak) ZWPI (e) + D AP ()
7j=1

EXAMPLE 2. Take a =5/2, m =3, n=1,r=1, a1 = 2/3, f1 = 1/2,
Pi(A) = AA+9), Pr(\) = bid + ba)A2, PZ(\) = 0, P3 (A) = co + 222,
PN =do+diN, d=1,Q=(0,m), p=1, Au = 852’ By = I, uis the
single jump at ¢y € (0,7] function. Then m =0, m =1, m* =1, jo = 1,
ar > a—m+jo, m =1, mg =1, mp = 0 and mj = 0, and problem
(4.1)-(4.3), (4.6), (4.7) has the form

D} (& +9% ) v(&t) = (b +bofer ) DY Po(e )+
+(00+c2a§2) D;Pu(g, 1) + <d0+d1352)‘]1/2 (& t) + w(),

(6.) € (0.m) x (0.7);
0(0.1) = v(m.1) = gg;wt) Eo(m 1) =0, t€(0,T], €€ (0,m),

DY (2 +9a§2 (€,0) = 1(€), £ € (0,7),
D2 (27 + 925 ) v(&,0) = y2(6), € € (0,7),

(Jtl/3 (-,0),sin3¢) = c,
’U(f,to) = UT(§)7 5 € (O’ﬂ-)'

Here c € C, (y(-),sin3¢) =0, k = 1,2, since Ay = —k%, k € N, Pi(\3) = 0.
Conditions (4.8), (4.9) have the form

/ (k4)\3/2 + (b1k? — bokM A2 — (¢g + ok )ATV/3—

r
—(dy — dy k2)A3/2) T (T - 1)dA) >¢, keN\ {3},
/ (e’\T —1)dX\ 20
f (—9b1 + 81b2)A"1/2 + (co + 81ca)A=1/3 + (dg — 9d1)A—3/2 ’
0
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JInHeilinble oOpaTHBIE 33/la4M AJI YPABHEHU C HECKOJIb-
KnMu npousBoaHbIiMU Pumana — JIlmyBusiis

M. M. Typos!, B. E. ®enopos™?, B. T. Kuen?

L Yepabuncrut 2ocydapemeenmnid yrusepcumem, Yeaaburck, Poccutickan Pede-
payUSA

2 FOsicro- Ypasvcruti 2ocydapemeennnidi yrusepcumem (HauuoHaabhvit uccaedo-
sameavckutll yrusepcumem), Yeasbunck, Poccutickan Dedeparyus

3 Mnemumym mamemamuru Boemmamcrxoti axademuu nayku u mexnorout, Xa-
noti, Boemuam

Amnnoramusi. PaccMmarpuBaroTcst BOMPOChl KOPPEKTHOCTU JIMHEHHBIX OOPATHBIX KO-
3bUnMeHTHBIX 337129 /I YpaBHEHW B OAHAXOBBIX MPOCTPAHCTBAX C HECKOJIBKIMU
JIPOOHBIMU TTPOM3BOIHBIMYU PuMana — JIMyBU/LIST U C OrpaHUYEHHBIMU OMEPATOPAMHU TTPU
Hux. [losrygeHbl KpuTepuu KOPPEKTHOCTH KAaK I YPABHEHUs, PA3PENIEHHOTO OTHOCU-
TEJILHO CTapIeil poOHOM MPOU3BOMHON, TaK U B CJIyUae BBIPOKIEHHOTO OMEpATOpa IPU
cTapliieil Mpou3BOAHON B ypaBHEHWH. B BBIPOXKJIEHHON 3ajiade MCCJIe0OBaHbI JIBa CYIIe-
CTBEHHO PA3JIMYHBIX CJIy4asl: KOrJa JpOoOHAasl JacTh MOPSIKA BTOPOW II0 CTAPIIUHCTBY
MIPOM3BOAHON paBHa JPOOHON YaCTU MOPsIAKa CTApIIeil APOOHOM TPOU3BOIHON UJIU OTJIH-
qaeTcst OT Hee. AGCTPAKTHBIE PE3YJIbLTATHI UCIIOIL30BAHBI IIPU UCCIEIOBAHUN OOPATHBIX
3a/1a4 /i1 ypaBHEHUN B 9YACTHBIX NPOU3BOJHBIX C MHOT'OYJIEHAMH OT CAMOCOIIPAKEHHOI'O
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JUINITAIECKOTO MM DEPEHITHATBHOIO 10 TPOCTPAHCTBEHHBIM [IEPEMEHHBIM OIIEPATOPA
¥ ¢ npousBomHbiMu Pumana — JInyBuiuis mo BpeMeHu.

KuaroueBrbie ciioBa: obpartHas 3ama4a, ApodHas npoussoanas Pumana — JlnyBuiisa,

BBIPOXKJIEHHBIE YBOJIIOIMOHHBIE yPaBHEHN, HadaIbHO-KpaeBasl 3aada.
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